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We have measured the running of the effective QED coupling constant α (s) in the time-like region 0.6 <
√
s < 0.975 GeV with the KLOE detector at DANE using the Initial-State Radiation process e + e − →
μ+ μ− γ . It represents the ﬁrst measurement of the running of α (s) in this energy region. Our results
show a more than 5σ signiﬁcance of the hadronic contribution to the running of α (s), which is the
strongest direct evidence both in time- and space-like regions achieved in a single measurement. By
using the e + e − → π + π − cross section measured by KLOE, the real and imaginary parts of the shift
α (s) have been extracted. From a ﬁt of the real part of α (s) and assuming the lepton universality the
branching ratio B R (ω → μ+ μ− ) = (6.6 ± 1.4stat ± 1.7syst ) · 10−5 has been determined.
© 2016 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3 .

where R had (s) is deﬁned as the cross section ratio R had (s) =

1. Introduction
Precision tests of the Standard Model (SM) require an appropriate inclusion of higher-order effects and the very precise knowledge of input parameters [1]. One of the basic input parameters
is the effective QED coupling constant α , determined from the
anomalous magnetic moment of the electron with the impressive
accuracy of 0.37 parts per billion [2]. However, physics at non-zero
momentum transfer requires an effective electromagnetic coupling
α (s).1 The shift of the ﬁne-structure constant from the Thomson limit to high energy involves low energy non-perturbative
hadronic effects which affect the precision. These effects represent the largest uncertainty (and the main limitation) for the electroweak precision tests as the determination of sin2 θ W at the Z
pole or the SM prediction of the muon g − 2 [3].
The QED coupling constant is predicted and observed [4,5]
to increase with rising momentum transfer (differently from the
strong coupling constant α S which decreases with rising momentum transfer), which can be understood as a result of the screening
of the bare charge caused by the polarized cloud of virtual particles. The vacuum polarization (VP) effects can be absorbed in a
redeﬁnition of the ﬁne-structure constant, making it s dependent:

α (0)
α (s) =
.
1 − α ( s )

(1)

The shift α (s) in terms of the vacuum polarization function
γ (s) is given by:


α (s) = −4πα (0) Re [ γ (s) −



γ (0)]

(2)

and it is the sum of the lepton (e , μ, τ ) contributions, the contribution from the ﬁve quark ﬂavours (u, d, s, c, b), and the contribution of the top quark (which can be neglected at low energies):
(5)
α (s) = αlep (s) + αhad (s) + αtop (s) [1].
The leptonic contributions can be calculated with very high precision in QED using the perturbation theory [6,7]. However, due
to the non-perturbative behaviour of the strong interaction at low
energies, perturbative QCD only allows us to calculate the high
energy tail of the hadronic (quark) contributions. In the lower energy region the hadronic contribution can be evaluated through
a dispersion integral over the measured e + e − → hadrons crosssection:

 α (0)s 
αhad (s) = −
Re

∞

3π

2

R had (s )

ds  
,
s (s − s − i )

(3)

mπ

1
In the following we will indicate with s the momentum transfer squared of the
reaction.

σ (e + e − →γ ∗→hadrons)
σ (e + e − →γ ∗→μ+ μ− ) .

In this approach the dominant uncertainty in the evaluation of

α is given by the experimental data accuracy.
In the Eq. (2) Im α related to the imaginary part of the VP

function γ is completely neglected, which is a good approximation in the continuum as the contributions from the imaginary part
are suppressed. However, this approximation is not suﬃcient in the
presence of resonances like the ρ meson, where the accuracy of
the cross section measurements reaches the order of (or even less
than) 1%, and the imaginary part should be taken into account.
In this paper we present a measurement of the running of the
effective QED coupling constant α in the time-like region 0.6 <
√
s < 0.975 GeV. The strength of the coupling constant is measured
as
transfer of the exchanged photon
√ a function of the momentum +
s = M μμ where M μμ is the μ μ− invariant mass. The value of
α (s) is extracted from the ratio of the differential cross section for
the process e + e − → μ+ μ− γ (γ ) with the photon emitted in the
Initial State (ISR) to the corresponding cross section obtained from
Monte Carlo (MC) simulation with the coupling set to the constant
value α (s) = α (0):

√

|

α (s) 2 dσdata (e+ e− → μ+ μ− γ (γ ))| I S R /d s
| =
√
0
α (0)
dσ MC
(e + e − → μ+ μ− γ (γ ))| I S R /d s

(4)

To obtain the ISR cross section, the observed cross section must be
corrected for events with one or more photons in the ﬁnal state
(FSR). This has been done by using the PHOKHARA MC event generator, which includes next-to-leading-order ISR and FSR contributions [8]. In the following we only use events where the photon
is emitted at small angles, which results in a large enhancement
of the ISR with respect to the FSR contribution. From the measurement of the effective coupling constant and the dipion cross
section [9], we extracted for the ﬁrst time in a single experiment
the real and imaginary part of α .
The analysis has been performed by using the data collected
with the KLOE detector at DANE [10], the e + e − collider running at the φ meson mass, with a total integrated luminosity of
1.7 fb−1 .
2. The KLOE detector
The KLOE detector consists of a cylindrical drift chamber (DC)
[11] and an electromagnetic calorimeter (EMC) [12]. The DC has a
momentum resolution of σ p ⊥ / p ⊥ ∼ 0.4% for tracks with polar angle θ > 45◦ . Track points are measured in the DC with a resolution
in r − φ of ∼ 0.15 mm and√∼ 2 mm in z. The EMC has an energy
resolution of σ E / E ∼ √
5.7%/ E (GeV) and an excellent time resolution of σt ∼ 54 ps/ E (GeV) ⊕ 100 ps. Calorimeter clusters are
reconstructed grouping together energy deposits close in space and
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Fig. 2. π π γ and μμγ M T R K distributions. The vertical line shows the μμγ selection cut (M T R K < 115 MeV). The effect of the σ M T R K cut on the two distributions is
clearly visible.

Fig. 1. Detector section with the acceptance region for the charged tracks (wide
cones) and for the photon (narrow cones).

time. A superconducting coil provides an axial magnetic ﬁeld of
0.52 T along the bisector of the colliding beam directions. The bisector is taken as the z axis of our coordinate system. The x axis is
horizontal and the y axis is vertical, directed upwards. A cross section of the detector in the y, z plane is shown in Fig. 1. The trigger
uses both EMC and DC information. Events used in this analysis
are triggered by two energy deposits larger than 50 MeV in two
sectors of the barrel calorimeter.
2.1. Event selection
A photon and two tracks of opposite curvature are required
to identify a μμγ event. Events are selected with a (undetected)
photon emitted at small angle (SA), i.e. within a cone of θγ < 15◦
around the beamline (narrow cones in Fig. 1) and the two charged
muons are emitted at large polar angle, 50◦ < θμ < 130◦ . High
statistics for the ISR signal and signiﬁcant reduction of background
events as φ → π + π − π 0 in which the π 0 mimics the missing
momentum of the photon(s) and from the FSR radiation process,
e + e − → μ+ μ− γ F S R , are guaranteed by this selection. However,
this requirement
results in a kinematical suppression of events
√
with
s < 0.6 GeV, since a highly energetic photon emitted at
small angle forces the muons also to be at small angles (and thus
outside the acceptance).
To avoid spiralling tracks in the drift chamber, the reconstructed
momenta must have p T > 160 MeV or | p z | > 90 MeV. This ensures
good reconstruction and eﬃciency.
The main background reactions are given by:

• e + e − → π + π − γ (γ )
• e+ e− → π + π − π 0
• e + e − → e + e − γ (γ ).
A particle ID estimator (PID) based on a pseudo-likelihood function (L± ) using time-of-ﬂight and calorimeter information (size
and shape of the energy deposit) is used to obtain separation between electrons and pions or muons. Events with both tracks satisfying L± < 0 are rejected as e + e − γ . To separate the muons from
the pions we applied mainly two cuts: the ﬁrst on the track mass
(M T R K ) variable and the second on the σ M T R K , the estimated error

on M T R K . Assuming the presence of only one unobserved photon
and that the tracks belong to particles of the same mass, M T R K is
computed from energy and momentum conservation. The σ M T R K
variable is constructed event by event with the error matrix of the
ﬁtted tracks at the point of closest approach (PCA) [13]. Cutting
the high values of this variable the bad reconstructed tracks are
rejected allowing a reduction of the ππγ events contamination
(shown in Fig. 2).
Residual background is evaluated by ﬁtting the observed M T R K
spectrum with a superposition of MC simulation distributions describing signal and π + π − γ , π + π − π 0 and e + e − γ events. The
normalization factors from signal and backgrounds are free parameters of the ﬁt, performed for 30 intervals in s of 0.02 GeV2 width
for 0.35 < s < 0.95 GeV2 . Additional background from the e + e − →
e + e − μ+ μ− process has been evaluated using the NEXTCALIBUR
√
MC generator [14]. The maximum contribution is 0.7% at
s=
0.6 GeV. The uncertainty on this background has been taken as
50% of the total contribution and added to the systematic error.
The contribution from e + e − → e + e − π + π − has been evaluated
with the EKHARA generator [15] and found to be negligible.
The total fractional systematic uncertainty on background subtraction, obtained by adding in quadrature the uncertainties on the
ﬁt normalization parameters and the e + e − μ+ μ− residual background, ranges from 0.2% to 0.05% decreasing with s.
About 4.5 · 106 μμγ events pass these selection criteria.
3. Measurement of the μμγ cross section
The experimental ISR μ+ μ− γ cross section is obtained from
the observed number of events (N obs ) and the background estimate
(N bckg ) as:





dσ (e + e − → μ+ μ− γ (γ )) 

√

d s

=
ISR

N obs − N bkg

√
 s

·

(1 − δ F S R )
,
√
( s) · L

(5)

where (1 − δ F S R ) is the correction applied to remove the FSR
contribution (which increases with the energy from 0.998 at
0.605 GeV to 1.032 at 0.975 GeV),
is the eﬃciency (see section
below) and L is the integrated luminosity.
We ﬁrstly compare the μ+ μ− γ cross-section with only ISR
with the corresponding NLO QED calculation from PHOKHARA generator including the VP effects.
+ −
In the upper plot
√ of Fig. 3 the measured μ μ γ cross-section
as a function of
s for both experimental (red points) and MC
(blue points) data is shown. The agreement between the two cross
sections is excellent. The same ﬁgure shows an interesting feature
around 0.78 GeV (corresponding to the mass of the ω meson),
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99%, almost constant in s. The systematic uncertainty on tracking
eﬃciency is evaluated changing the purity of the control sample
and ranges from 0.3 to 0.6% as a function of s.
PID: The signal eﬃciency due to the PID cut is more than 99.5%,
as evaluated with μ+ μ− γ samples obtained both from data and
Monte Carlo, with negligible systematic error.
M TRK , σ M TRK and Acceptance cuts: Eﬃciencies are taken from
MC, with systematic errors obtained as:

• The systematic uncertainty due to M T R K cut has been obtained by varying the cut by one standard deviation of the
mass resolution and evaluating the difference in the μμγ
spectrum. We ﬁnd a fractional difference of 0.4% (constant
in s) which we take as systematic error.
• The systematic uncertainty on σ M TRK cut has been evaluated
as the maximum difference between the μμγ normalization
parameters of the background ﬁtting procedure, obtained with
standard cuts, and those obtained by shifting σ M TRK by ±2%.
The contribution is less than 1% in the whole energy range.
• Systematic effects due to polar angle requirements for the
muons and for the photon, are estimated by varying the angular acceptance by ±1◦ (more than two times the resolution
on the polar angle) around the nominal value. The uncertainty
ranges from 0.1 to 0.6%.
Software trigger: A third-level trigger is implemented to keep
the physics events which are misidentiﬁed as cosmic rays. Its efﬁciency for μμγ events, evaluated from an unbiased downscaled
sample, is consistent with one within 10−3 which is taken as systematic error.
Table 1 gives the systematic errors at the ρ -peak mass value.
5. Luminosity and radiative corrections

Fig. 3. Upper plot: comparison of the measured differential cross section (red points)
and PHOKHARA MC prediction (blue points) of the μ+ μ− γ cross section. Lower
plot: the ratio of the two. The green band shows the systematic error. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the
web version of this article.)

where a small step appears in the cross section. This step behaviour is due to the ρ − ω interference in the photon propagator,
as it will be shown in the following. In the lower plot the data to
MC ratio is shown together with the systematic error (green band)
of the order of 1%.
4. Eﬃciencies and systematic errors
The global eﬃciency, which ranges from 0.086 at 0.605 GeV to
0.27 at 0.975 GeV, has been obtained from a μ+ μ− γ events generation with PHOKHARA interfaced with the detector simulation
code GEANFI [16]. It includes contributions from trigger, tracking,
PID, σ M T R K , M T R K and acceptance.
Trigger: the trigger eﬃciency has been obtained from a sample
of μ+ μ− γ events where a single muon satisﬁes the trigger requirement. Trigger response for the other muon is parameterized
as a function of its momentum and direction. The eﬃciency as a
function of s is obtained using the MC event distribution and differs from one by less than 10−4 , with negligible systematic error.
Tracking: the single muon track eﬃciency has been obtained
as a function of the particle momentum and polar angle by means
of a high purity μ+ μ− γ sample obtained by using one muon to
tag the presence of the other. The combined eﬃciency is about

Large angle Bhabha scattering is used to determine the luminosity, with a reference cross section obtained with Babayaga@NLO
MC event generator [17], convolved with detector and beam conditions [18]. Two sources contribute to the systematic uncertainty
in the evaluation of the luminosity:

• the theoretical accuracy of Babayaga@NLO, quoted as 0.1% by
the authors;

• the systematic error associated to the counting of Bhabha
events which is 0.3% [18]
When extracting the running of α (see following Section), the
dependence of the Bhabha cross section on the VP effect must be
taken into account. By switching off the hadronic corrections to
the VP, we checked that the presence of the hadronic contribution
to α for both s and t channels in the cross section gives a 0.2%
contribution which we consider as a systematic error of our measurement (αhad dep. in Table 1).
The uncertainty on PHOKHARA MC generator (Rad. function H in
Table 1) is 0.5% constant in s, mostly due to missing ISR higherorder terms [8]. The uncertainty in the procedure to subtract the
FSR contribution is 0.2%, mostly due to missing FSR diagrams [19].
6. Measurement of the running of α
We use Eq. (4) and Eq. (5) in the angular region θγ < 15◦ to
extract the running of the effective QED coupling constant α (s).
By setting in the MC the electromagnetic coupling to the constant value α (s) = α (0), the hadronic contribution to the photon
propagator, with its characteristic ρ − ω interference structure, is
clearly visible in the data to MC ratio, as shown in Fig. 4. The
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Table 1
List of systematic errors.
Source

σμμγ

Trigger
Tracking
Particle ID
Background subtraction
MT RK

< 0.1%
s dep. (0.5% at

|α (s)/α (0)|2

ρ -peak)

< 0.1%

Acceptance
Software Trigger
Luminosity
αhad dep. (normalization)
FSR treatment
Rad. function H

s dep. (0.1% at ρ -peak)
0.4%
s dep. (< 0.1% at ρ -peak)
s dep. (0.3% at ρ -peak)
0.1%
0.3%
–
0.2%
0.2%
–
0.5%

Total systematic error

s dep. (0.8% at

σM T R K

ρ -peak)

(1% at

ρ -peak)

Fig. 5. Im α extracted from the KLOE data compared with the values provided by
alphaQED routine (without the KLOE data) for Im α = Im αlep (yellow points)
and Im α = Im αlep+had only for π π channels (blue solid line). (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the
web version of this article.)

Similar results are obtained using different α (s) predictions
in Ref. [22,23].
7. Extraction of real and imaginary part of α (s)

Fig. 4. The square of the modulus of the running α (s) in units of α (0) compared
with the prediction (provided by the alphaQED package [20]) as a function of the
dimuon invariant mass. The red points are the KLOE data with statistical errors;
the violet points are the theoretical prediction for a ﬁxed coupling (α (s) = α (0));
the yellow points are the prediction with only virtual lepton pairs contributing to
the shift α (s) = α (s)lep , and ﬁnally the points with the solid line are the full
QED prediction with both lepton and quark pairs contributing to the shift α (s) =
α (s)lep +had . (For interpretation of the references to colour in this ﬁgure legend,
the reader is referred to the web version of this article.)

In the contribution to the running of α , the imaginary part is
usually neglected. This is a good approximation as the contribution
from the imaginary part of α enters at order O (α 2 ) compared
to O (α ) for the real part, and is suppressed [26]. However, the
imaginary part should be taken into account in the presence of
resonances like the ρ meson, where the cross section is measured
with an accuracy better than 1%.
By using the deﬁnition of the running of α (Eq. (1)) the real
part of the shift α (s) can be expressed in terms of its imaginary
part and |α (s)/α (0)|2 :

Re α = 1 −



|α (0)/α (s)|2 − (Im α )2 .

(6)

The imaginary part of α (s) can be related to the total cross
section σ (e + e − → γ ∗ → anything), where the precise relation
4π |α (s)|2

prediction from Ref. [20] is also shown. While the leptonic part
is obtained by perturbation theory, the hadronic contribution to
α (s) is obtained via an evaluation in terms of a weighted average compilation of R had (s), based on the available experimental
e + e − → hadrons annihilation data (for an up to date compilation
see [21] and references therein).
For comparison, the prediction with constant coupling (no running) and with only lepton pairs contributing to the running of
α (s) is given.
The value of |α (s)/α (0)|2 with the statistical and systematic
uncertainty is reported in Table 2. As can be seen, the total uncertainty is at the 1% level.
In order to evaluate the statistical signiﬁcance of the hadronic
contribution to the running of α (s), a χ 2 based statistical test for
two different running hypotheses: (a) no running; (b) running due
to lepton pairs only is performed.
By including statistical and systematics errors, we exclude the
only-leptonic hypothesis at 6 σ which is the strongest direct evidence ever achieved by a single experiment. Our result is also
consistent with the estimate of α (s) of Ref. [22] with a χ 2 probability of 0.3 (χ 2 /ndf = 41.2/37).

reads [3,24,25]: Im α = − α3 R (s), with R (s) = σtot /
. R (s)
3s
takes into account leptonic and hadronic contribution R (s) =
R lep (s) + R had (s), where the leptonic part corresponds to the production of a lepton pair at lowest order taking into account mass
effects:



R lep (s) =

1−

4ml2


1+

s

2ml2
s

, (l = e , μ, τ ).

(7)

In the energy region around the ρ -meson we can approximate
the hadronic cross section by the 2π dominant contribution:

R had (s) =
where F π0


1
4

1−

4m2π
s

3
2

| F π0 (s)|2 ,

(8)

is the pion form factor deconvolved: | F π0 (s)|2 =

2


| F π (s)|2  αα((0s))  .

The results obtained for the 2π contribution to the imaginary
part of α (s) by using the KLOE pion form factor measurement
[9], are shown in Fig. 5 and compared with the values given by
the R had (s) compilation of Ref. [20] using only the 2π channel,
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Table

2

 α (s) 2 , Re α , Im α values in 0.01 GeV intervals are reported; the ﬁrst error is statistical, the
α (0)
second is systematic. The hadronic contribution to Im α includes only the 2π channel from
Ref. [9].

√

s (GeV)

0.605
0.615
0.625
0.635
0.645
0.655
0.665
0.675
0.685
0.695
0.705
0.715
0.725
0.735
0.745
0.755
0.765
0.775
0.785
0.795
0.805
0.815
0.825
0.835
0.845
0.855
0.865
0.875
0.885
0.895
0.905
0.915
0.925
0.935
0.945
0.955
0.965
0.975

| αα((0s)) |2

Re α · 10−3

Im α · 10−3

1.015 ± 0.010 ± 0.011
0.996 ± 0.009 ± 0.014
1.022 ± 0.009 ± 0.014
1.002 ± 0.009 ± 0.012
1.011 ± 0.009 ± 0.012
1.016 ± 0.009 ± 0.013
1.012 ± 0.008 ± 0.011
1.017 ± 0.008 ± 0.012
1.002 ± 0.008 ± 0.011
1.000 ± 0.007 ± 0.010
1.004 ± 0.007 ± 0.010
1.005 ± 0.007 ± 0.010
1.017 ± 0.007 ± 0.010
1.018 ± 0.007 ± 0.010
1.009 ± 0.006 ± 0.010
1.006 ± 0.006 ± 0.010
1.013 ± 0.006 ± 0.010
1.018 ± 0.006 ± 0.010
1.065 ± 0.007 ± 0.011
1.066 ± 0.007 ± 0.011
1.049 ± 0.006 ± 0.011
1.050 ± 0.006 ± 0.011
1.049 ± 0.006 ± 0.011
1.057 ± 0.006 ± 0.011
1.044 ± 0.006 ± 0.011
1.044 ± 0.005 ± 0.011
1.041 ± 0.005 ± 0.011
1.044 ± 0.005 ± 0.011
1.050 ± 0.005 ± 0.011
1.048 ± 0.005 ± 0.011
1.045 ± 0.004 ± 0.011
1.035 ± 0.004 ± 0.011
1.046 ± 0.004 ± 0.011
1.035 ± 0.003 ± 0.011
1.038 ± 0.003 ± 0.010
1.039 ± 0.003 ± 0.010
1.029 ± 0.003 ± 0.010
1.030 ± 0.002 ± 0.010

7.7 ± 4.7 ± 5.4
−2.2 ± 4.6 ± 6.9
10.7 ± 4.5 ± 6.8
1.0 ± 4.4 ± 6.1
5.4 ± 4.3 ± 6.0
7.9 ± 4.2 ± 6.1
6.0 ± 4.1 ± 5.6
8.3 ± 4.0 ± 5.9
0.9 ± 3.9 ± 5.4
0.2 ± 3.7 ± 4.9
2.1 ± 3.4 ± 5.1
2.7 ± 3.3 ± 5
8.6 ± 3.3 ± 4.9
9.3 ± 3.3 ± 5.1
4.8 ± 3.2 ± 4.7
3.3 ± 3.1 ± 5.1
6.5 ± 3.1 ± 5.1
9.2 ± 3.0 ± 4.8
31.1 ± 3.0 ± 4.9
31.8 ± 3.0 ± 5.0
23.8 ± 2.8 ± 5.0
24.2 ± 2.8 ± 5.1
23.6 ± 2.7 ± 5.0
27.2 ± 2.7 ± 5.0
21.3 ± 2.6 ± 5.0
21.4 ± 2.5 ± 4.9
20.2 ± 2.5 ± 5.0
21.6 ± 2.4 ± 5.1
24.4 ± 2.3 ± 4.9
23.1 ± 2.2 ± 5
22.0 ± 2.1 ± 5.1
17.2 ± 1.9 ± 5.3
22.3 ± 1.8 ± 5.1
17.0 ± 1.7 ± 5.1
18.3 ± 1.5 ± 4.8
18.8 ± 1.4 ± 4.8
14.2 ± 1.3 ± 4.8
14.6 ± 1.1 ± 4.7

−8.09 ± 0.08 ± 0.03
−8.47 ± 0.09 ± 0.03
−9.35 ± 0.10 ± 0.04
−9.61 ± 0.10 ± 0.04
−10.20 ± 0.12 ± 0.04
−10.84 ± 0.13 ± 0.04
−12.15 ± 0.15 ± 0.06
−13.04 ± 0.17 ± 0.07
−13.51 ± 0.17 ± 0.04
−15.75 ± 0.21 ± 0.07
−16.89 ± 0.23 ± 0.07
−19.46 ± 0.26 ± 0.09
−20.54 ± 0.28 ± 0.11
−23.04 ± 0.33 ± 0.11
−24.15 ± 0.34 ± 0.23
−25.76 ± 0.37 ± 0.25
−25.89 ± 0.37 ± 0.25
−25.93 ± 0.36 ± 0.51
−21.36 ± 0.27 ± 0.69
−19.49 ± 0.22 ± 0.16
−18.69 ± 0.22 ± 0.17
−16.2 ± 0.17 ± 0.12
−14.79 ± 0.15 ± 0.11
−13.93 ± 0.13 ± 0.1
−12.49 ± 0.11 ± 0.08
−11.65 ± 0.09 ± 0.06
−11.25 ± 0.09 ± 0.05
−10.16 ± 0.07 ± 0.04
−9.53 ± 0.06 ± 0.03
−9.03 ± 0.05 ± 0.03
−8.81 ± 0.05 ± 0.02
−8.35 ± 0.04 ± 0.02
−7.89 ± 0.03 ± 0.02
−7.62 ± 0.03 ± 0.01
−7.33 ± 0.02 ± 0.01
−7.13 ± 0.02 ± 0.01
−6.94 ± 0.02 ± 0.01
−6.82 ± 0.02 ± 0.01

The extraction of the Re α has been performed using the
Eq. (6) and it is shown in Fig. 6. The experimental data with only
the statistical error included have been compared with the alphaQED prediction when Re α = Re αlep (yellow points in the
colour ﬁgure) and Re α = Re αlep+had (dots with solid line). The
Re α (s) values with statistical and systematic errors are given in
Table 2. The systematic errors include the missing hadronic contributions (3π , 4π ,...) which were not included in the evaluation of
Im α (s). As can be seen, an excellent agreement for Re α (s) has
been obtained with the data-based compilation.
8. Fit of Re α and extraction of B R (ω → μ+ μ− ) B R (ω → e + e − )

Fig. 6. Re α extracted from the experimental data with only the statistical error
included compared with the alphaQED prediction (without the KLOE data) when
Re α = Re αlep (yellow points) and Re α = Re αlep+had (blue solid line). (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred
to the web version of this article.)

We ﬁt Re α by a sum of the leptonic and hadronic contributions, where the hadronic contribution is parametrized as a sum
of the ρ (770), ω(782) and φ(1020) resonance components and a
non-resonant term. We use a Breit–Wigner description for the ω
and φ resonances [3,26,27]:

Re αV=ω,φ =

3 BR(V → e+ e− ) · BR(V → μ+ μ− )

α MV
×

with the KLOE data removed (to avoid correlations). Table 2 gives
the 2π contribution to Im α (s) with statistical and systematic
errors.

s(s − M2V )V
,
(s − M2V )2 + sV2

(9)

where M V and  V are the mass and the total width of the mesons
V = ω and φ . For the ρ we use a Gounaris–Sakurai parametriza-
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Table 3
Results from the ﬁt of Re α compared with the world average values (PDG [31]). Second (third) column: without (with)
the ρ − ω interference. Only statistical errors are reported for the ﬁt values.
Parameter

Result from the ﬁt

Result from the ﬁt with

M ρ , MeV
ρ , MeV
M ω , MeV
B R (ω → μ+ μ− ) B R (ω → e + e − )
χ 2 /ndf

775 ± 6
146 ± 9
782.7 ± 1.1
(4.3 ± 1.8) · 10−9
1.19

778 ± 7
147 ± 10
783.4 ± 0.8
(4.4 ± 1.8) · 10−9
1.15

ρ − ω interf.

PDG
775.26 ± 0.25
147 ± 0.9
782.65 ± 0.12
(6.5 ± 2.3) · 10−9
–

where the ﬁrst error is statistical and the second systematic. By
multiplying by the phase space factor ξ = 1 + 2
and assuming lepton universality, B R (ω →
tracted:

m2μ
2

mω



1−4

m2μ

1/2

2

mω

μ+ μ− ) can be ex-

B R (ω → μ+ μ− ) = (6.6 ± 1.4stat ± 1.7syst ) · 10−5

(12)

compared to B R (ω → μ+ μ− ) = (9.0 ± 3.1) · 10−5 from PDG [31].
9. Conclusions

Fig. 7. Fit of the Re α data. Only statistical errors are shown.

tion B W ρG(Ss) [28,29] of the pion form factor, where we neglect the
interference with the ω and the higher excited states of the ρ :

F π (s) = B W ρG(Ss) =

M ρ2 (1 + dρ / M ρ )
M ρ2 − s + f (s) − iM ρ ρ (s)

We have measured the hadronic contribution to the running
of the effective QED coupling constant
√
√ α (s) using the differential
cross section dσ (e + e − → μ+ μ− γ )/d s in the region 0.6 < s <
0.975 GeV, with the photon emitted in the initial state. Our results
show a clear contribution of the ρ − ω resonances to the photon
propagator, which results in a more than 5σ signiﬁcance of the
hadronic contribution to the running of α (s). This is the strongest
direct evidence achieved in both time- and space-like regions by a
single experiment. For the ﬁrst time the real and imaginary parts
of α (s) have also been extracted. From a ﬁt of the real part of
α (s) and assuming the lepton universality the branching ratio
B R (ω → μ+ μ− ) = (6.6 ± 1.4stat ± 1.7syst ) · 10−5 has been obtained.

(10)

The terms d and f (s) are described in Ref. [29]. As it will be
shown in the following, this approximation turns out to be appropriate given the limited statistics of the data. In particular, the
inclusion of the energy dependence on the total widths of ω and
φ resonances [30] gives negligible contributions. The non-resonant
√
term has been parametrized as a ﬁrst-order polynomial p 0 + p 1 s.
The following parameters have been ﬁxed to the PDG values [31]: ω = (8.49 ± 0.08) MeV, M φ = (1019.461 ± 0.019) MeV,
φ = (4.266 ± 0.031) MeV, and B R (φ → e + e − ) B R (φ → μ+ μ− ) =
0.5
−8
(8.5+
−0.6 ) · 10 .

Results of the ﬁt are shown in Fig. 7 and compared in Table 3
(second column) with the corresponding values from PDG [31].
Only statistical errors are reported.
The parameters of the non-resonant term are consistent with
zero within the statistical uncertainties: p 0 = (2.4 ± 4.5) · 10−3 ,
p 1 = (−2.8 ± 5.3) · 10−3 . The χ 2 /ndf of the ﬁt is 36.85/31 = 1.19.
To study the effect of the ρ − ω interference in estimating α ,
an additional term δ s2 B W ω (s) B W ρG S has been included in the
Mω

ﬁt. Results are shown in the third column of Table 3 where we
ﬁx |δ| = 1.45 · 10−3 and arg δ = 10.2◦ [32]. As it can be seen,
results with the interference term are well within the statistical
uncertainties, and in the following we will use the results without
the interference term.
By including the systematic errors (taking also into account the
correlations of the systematic uncertainties on the parameters of
the ﬁt, and the uncertainty of the PDG values for ﬁxed parameters)
the product of the branching fractions reads:

B R (ω → μ+ μ− ) B R (ω → e + e − ) = (4.3 ± 1.8 ± 2.2) · 10−9 , (11)
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