
Springer Proceedings in Physics 225

José-Enrique García-Ramos
María V. Andrés
José A. Lay Valera
Antonio M. Moro
Francisco Pérez-Bernal    Editors

Basic Concepts in 
Nuclear Physics: 
Theory, Experiments 
and Applications
2018 La Rábida International Scientific 
Meeting on Nuclear Physics



Springer Proceedings in Physics

Volume 225



Indexed by Scopus
The series Springer Proceedings in Physics, founded in 1984, is devoted to timely
reports of state-of-the-art developments in physics and related sciences. Typically
based on material presented at conferences, workshops and similar scientific
meetings, volumes published in this series will constitute a comprehensive
up-to-date source of reference on a field or subfield of relevance in contemporary
physics. Proposals must include the following:

– name, place and date of the scientific meeting
– a link to the committees (local organization, international advisors etc.)
– scientific description of the meeting
– list of invited/plenary speakers
– an estimate of the planned proceedings book parameters (number of pages/

articles, requested number of bulk copies, submission deadline).

More information about this series at http://www.springer.com/series/361

http://www.springer.com/series/361


José-Enrique García-Ramos •

María V. Andrés • José A. Lay Valera •

Antonio M. Moro • Francisco Pérez-Bernal
Editors

Basic Concepts in Nuclear
Physics: Theory,
Experiments
and Applications
2018 La Rábida International Scientific
Meeting on Nuclear Physics

123



Editors
José-Enrique García-Ramos
Department of Integrated Sciences
Faculty of Experimental Sciences
University of Huelva
Huelva, Spain

María V. Andrés
Department of Atomic, Molecular
and Nuclear Physics, Faculty of Physics
University of Seville
Seville, Spain

José A. Lay Valera
Department of Atomic, Molecular
and Nuclear Physics, Faculty of Physics
University of Seville
Seville, Spain

Antonio M. Moro
Department of Atomic, Molecular
and Nuclear Physics, Faculty of Physics
University of Seville
Seville, Spain

Francisco Pérez-Bernal
Department of Integrated Sciences
Faculty of Experimental Sciences
University of Huelva
Huelva, Spain

ISSN 0930-8989 ISSN 1867-4941 (electronic)
Springer Proceedings in Physics
ISBN 978-3-030-22203-1 ISBN 978-3-030-22204-8 (eBook)
https://doi.org/10.1007/978-3-030-22204-8

© Springer Nature Switzerland AG 2019
This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part
of the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations,
recitation, broadcasting, reproduction on microfilms or in any other physical way, and transmission
or information storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar
methodology now known or hereafter developed.
The use of general descriptive names, registered names, trademarks, service marks, etc. in this
publication does not imply, even in the absence of a specific statement, that such names are exempt from
the relevant protective laws and regulations and therefore free for general use.
The publisher, the authors and the editors are safe to assume that the advice and information in this
book are believed to be true and accurate at the date of publication. Neither the publisher nor the
authors or the editors give a warranty, expressed or implied, with respect to the material contained
herein or for any errors or omissions that may have been made. The publisher remains neutral with regard
to jurisdictional claims in published maps and institutional affiliations.

This Springer imprint is published by the registered company Springer Nature Switzerland AG
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland

https://doi.org/10.1007/978-3-030-22204-8


Preface

The name of La Rábida has a special significance for the nuclear physics com-
munity. At the beginning of the 80s of the past century, professors from the
University of Seville launched a series of Summer Schools on Nuclear Physics,
which was first known as “La Rábida Summer Schools” and later as “Hispalensis
Summer Schools”. The first edition took place in 1982, that is, 36 years ago. Since
then, a large fraction of today’s world-leading nuclear physicists have participated
in one of several editions of the School, either as student or as a keynote speaker or,
in some cases, as both. After eight editions and a gap of several years, in 2009
professors of the University of Sevilla and Huelva decided to rekindle this event
and organized a new edition, which was named International Scientific Meeting on
Nuclear Physics, trying to convey the same spirit and zest enjoyed in the pioneer
editions.

The 2018 La Rábida International Scientific Meeting on Nuclear Physics was
held from June 18 to 22, 2018 in the campus of the International University of
Andalucía (UNIA) at La Rábida (Huelva, Spain) and it is the fourth of the new
series, with the same structure and general title, i.e., Basic Concepts in Nuclear
Physics: Theory, Experiments and Applications than the three previous ones. The
opening ceremony was presided over by the Director of the International University
of Andalucía (UNIA) at La Rábida, Prof. Agustn Galán, with the presence of the
Rector of the University of Huelva, Prof. María Antonia Peña, and of the Director
of the Meeting, Prof. José-Enrique García-Ramos.

The aim of the meeting, as in the previous editions, has been to provide the
participants—mostly graduate students and young postdocs—with a wide and solid
education in different aspects of the field of Nuclear Physics. The course was
divided into three main topics: theory, experiments, and applications. Six
experienced and well-known researchers have participated as keynote speakers in
the event; each of them giving four-hour lectures covering some of today’s hottest
topics in the field of Nuclear Physics. In addition to this, young participants have
also presented their own research results through seminar and poster sessions. Most
of the lectures and contributions have been collected and published in the present
special number of Springer Proceeding in Physics.
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The topics presented by the speakers in their lectures covered the whole field of
Nuclear Physics, from applications with a significant social impact, as nuclear
medicine or medical image processing, to fundamental topics in basic research,
theory, and experiment. Here we list the keynote speaker names and affiliation as
well as the topics covered in their lectures:

• Prof. Alex Brown. Michigan State University (USA). Shell model.
• Prof. Pierre Capel. Johannes Gutenberg-Universität Mainz (Germany). Nuclear

reaction theory.
• Dr. Tommi Eronen. University of Jyväskylä (Finland). Experimental techniques

for mass measurements.
• Prof. Juan José Gómez Cadenas. Instituto de Física Corpuscular, IFIC-CSIC

(Spain). Neutrino physics and NEXT experiment.
• Dr. Alexandre Obertelli. Institut für Kernphysik, Technische Universität

Darmstadt (Germany). Nuclear Reaction Experiments.
• Prof. Katia Parodi. LMUMunich Physics (Germany).Medical image processing,

treatment planning, PET applications.

The number of registered Ph.D. students and postdocs was around 60 and they
came from very different countries: Algeria, Belgium, Brazil, Bulgaria, China,
Colombia, India, Iran, Italy, Germany, Mexico, Nigeria, Poland, Portugal, Spain,
and Turkey. In the particular case of Spain, participants came from 9 different
Universities and Research Centers, covering basically all institutions where active
nuclear physics groups are working.

Grants covering partly lodging and boarding expenses were supplied to 25
participants. This has been possible thanks to the financial support received from
the Consejera de la Presidencia, Administración Local y Memoria Democrática de
la Junta de Andaluca, and the Cátedra AIQBE (Asociación de Empresas Químicas,
Básicas y Energéticas de Huelva) de la Universidad de Huelva.

The brilliant lectures given by the keynote speakers and the contributions of the
young participants have undoubtedly shown the current interest and impact of
Nuclear Physics, witnessed by the many bright students working in fundamental
research or in the very diverse applications of Nuclear Physics that attended the
meeting. Two students were awarded diplomas: Sìlvia Viñals i Onsès with the
poster “Electron Capture of 8B into highly excited states of 8Be” and Kajetan
Niewczas with the seminar “Modeling nuclear effects for neutrino-nucleus scat-
tering in the few-GeV region”, for the most outstanding poster and seminar,
respectively.

Nevertheless the event dense academic program, an intense social program was
allocated in the evenings. In particular, all participants had the opportunity to enjoy
the nearby beach of “El Parador” in Mazagón in two occasions, a special dinner
took place in the touristic town of Punta Umbría, and a boat excursion along “la ría
de Huelva” that included dinner on board. The participants also visited the replicas
of Columbus’ “carabelas”, located at walking distance from the conference venue.
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Last, but not least, a farewell dinner was served at the conference venue, where we
enjoyed the show of the rock band “Rosam”.

We would like to conclude giving thanks with special gratitude to the students
and young postdocs, who have helped us with the daily work and to the staff of the
UNIA campus at La Rábida. Organizing this event would have been impossible
without their support.

Huelva, Spain José-Enrique García-Ramos
Seville, Spain Francisco Pérez-Bernal

María V. Andrés
Antonio M. Moro

José A. Lay Valera
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Chapter 1
The Nuclear Configuration Interations
Method

B. Alex Brown

Abstract This contribution consists of several connected parts: a brief introduction
to nuclear physics and nuclear theory; the evidence for magic numbers in nuclear
properties, and their interpretation in terms of the single-particle nuclear shell model;
the construction ofmany-bodywave functions for configurationmixing calculations;
model space truncations of the many-body basis; types of configuration interaction
codes and the Lanczos method; types of effective Hamiltonians for specific model
spaces; and an introduction to the NuShellX code for calculating, wavefunctions,
energies and observables for a given model space and Hamiltonian.

1.1 Introduction

The study of nuclear physics is part of much broader intellectual endeavor to under-
stand the fundamental building blocks of matter and how they combine, interact and
evolve to form the universe. At themost microscopic level, the quarks and leptons are
the building blocks of the Standard Model of electro-weak and strong interactions.
But at this fundamental level there are many questions and unknowns that nuclear
physics will help to understand: what are the properties of neutrinos and what is their
mass?, what is dark matter?, why is the universe made of matter and not anti-matter?,
is there an even more fundamental way of understanding the number or particles,
their mass and their weak-strong integration mixing angles?

Quarks and gluons interact to form the proton and neutron. The proton has never
been observed to decay, and the neutron beta decays into the proton emitting an
electron and a antineutrino. Nucleons interact via the exchanges of mesons to form
nuclei. The extra binding energy of this interactionmeans that many nuclei are stable.
The heaviest nuclei are unstable due to the repulsive Coulomb interaction between
protons. The complex interplay of motion between these nucleons in nuclei leads
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to a wide variety of mesoscopic structures. At one level this structure gives rise to
collective motion involving all of the nucleons such as in the rotations and vibrations.
At another level this structure is dominated by the motion of one nucleon relative to
the others—the foundation of the nuclear shell model. All nuclei involve an interplay
between these extremes which is the subject of nuclear theory.

The nuclei are at the center of atoms. The interaction between the electrons in
the atom and nucleus provides an essential experimental tool for studying nuclear
properties. Nuclei and atoms constitute matter. Particles, nuclei and matter interact
and evolve during the evolution of the universe. How this process proceeds depends
upon the properties of nuclei and their extrapolation to the extremes of nucleon
number (neutron stars) and temperature.

The theoretical models used for nuclear structure fall into the three broad cate-
gories. This division is determined by the limitations of eachmodel. Ab initio models
that include all degrees of freedom for the nucleons in the nucleus are limited to light
nuclei. Density Functional models are based primarily on single Slater determinants
as an approximation for the ground state and low-lying excited states of spherical or
deformed nuclei. Configuration Interactionmodels includemany Slater determinants
(up to the order of one billion) usually in a spherical basis. This limits the applica-
tions to a subset of the states in nuclei with up to about 100 nucleons and to nuclei
near the closed shells (up to 132Sn and 208Pb). There are many variations within these
models including those based upon limiting the number of configurations based on
symmetries. There are also many additions to these models including, for example,
the quasi-particle random-phase approximation model for particle-hole states. At
present, many interrelated models are needed to describe everything. My lectures
concentrate on the practical applications of the configuration interaction model.

1.2 The Nuclear Shell Model

In the shell model, the quantummechanical problem for the motion of one nucleon in
a nucleus is similar to that for the motion of an electron in the hydrogen atom, except
that overall scale is determined by the size of the nucleus (10−15 m) rather than the
size of the atom (10−10 m). Another important difference between the atomic and
nuclear potentials is that the dependence of the potential on the relative orientation
of the intrinsic nucleon (electron) spin and its orbital angular momentum is much
stronger and opposite in sign for the nucleon compared to that for the electron.

The single-particle potential has eigenstates that are characterized by their single-
particle energies and their quantum numbers. The properties of a nucleus with a
given number of protons and neutrons are determined by the filling of the lowest
energy single-particle levels allowed by the Pauli exclusion principle which must
be obeyed in a system of identical Fermions (the nucleons in this case). The Pauli
exclusion principle allows only one proton or neutron to occupy a state with a given
set of quantum numbers. The average nuclear potential arises from the short-ranged
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Fig. 1.1 The difference
between the experimental
and liquid-drop binding
energies as a function of N
for even-even nuclei. The
peaks occur at the magic
numbers 28, 50, 82 and 126
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attractive nucleon-nucleon interaction and is determined by the shape of the nuclear
density distribution.

Evidence for the validity of the nuclear shell model comes from the observation
of shell effects in experimental observables such as binding energy, size, spin, and
level density. In particular, the nuclear binding energy is not a smooth function of
proton and neutron number, but exhibits small fluctuations. The liquid-drop model
binding energy is a smooth function of proton and neutron number. When the liquid-
drop values for the binding energies are subtracted from the experimental values, the
differences show peaks at the magic numbers: Nm = 28, 50, 82 and 126 as shown in
Figs. 1.1 and 1.2.

The peaks indicate that the nuclei with these magic numbers are more tightly
bound than average. Those nuclei that are magic with respect to both neutron and
proton numbers are referred to as doubly-magic; an example is the nucleus 208Pb
with N = 126 and Z = 82. Although not so obvious from the binding energy data
Nm = 2, 6, 8, 14, 16, 20 and 32 are also magic numbers for some nuclei. At these
magic numbers the shell gaps are relatively large. This is also reflected in the energy
of the first excited 2+ in even-even nuclei as shown in Fig. 1.3 where the energies
range from over 4 MeV for the doubly magic nuclei down to less than 100 keV for
the deformed nuclei. Many of these shell gaps are weakened in neutron-rich nuclei
to the extent that the energy of particle-hole configurations can come lower in energy
than those for the filled shell, leading to “islands of inversion” [1].

The calculated single-particle energy levels appropriate for the neutrons in 208Pb
are shown in Fig. 1.4. The potential arises from the average interaction of one neutron
with the 207 other nucleons. Since the nuclear force is short-ranged, the shape of
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Fig. 1.2 The difference between the experimental and liquid-drop binding energies as a function
of Z for even-even nuclei. The peaks occur at the magic numbers 28, 50, 82 and 126
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Fig. 1.3 Energies of the first 2+ states in even-even nuclei. The nuclei shaded in light-brown are
those predicted to exist out to the drip lines but not yet observed
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Fig. 1.4 Neutron single-particle states in 208Pb with three potential models, harmonic oscillator
(left), Woods-Saxon without spin-orbit (middle) and Woods-Saxon with spin orbit (right). The
numbers in square brackets are the maximum number of neutrons in that each level can contain,
the following number is a running sum of the total. In addition the harmonic oscillator is labeled by
the major quantum number N = 2n + �, the Woods Saxon is labeled by n, � and the Woods-Saxon
with spin-orbit is labeled by n, �, 2 j
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potential is similar to the nucleon density in 208Pb which is experimentally known to
be close to the Fermi or Woods-Saxon shape of

V (r) = Vo

[1 + exp(r − R)/a] , (1.1)

where R ≈ 1.2A1/3 fm and a ≈ 0.60 fm. The single-particle energy levels for a
potential of approximately this shape and with a central depth of about Vo = −50
MeV are shown in the middle of Fig. 1.4. The number of neutrons that are allowed
by the Pauli principle to occupy one of these levels, the occupation number, is given
by the number in square brackets. In addition, each level is labeled by its cumulative
occupation number (the total number of neutrons needed to fill up to the given level)
and its n� value. n is the radial quantum number (the number of times the radial wave
function changes sign) and � is the angular momentum quantum number represented
in the spectroscopic notations s, p, d, f, g, h, i and j for � = 0, 1, 2, 3, 4, 5, 6 and 7,
respectively. Each � value can have 2� + 1m states and each m state can contain a
proton or neutron with spin up and spin down (sz = ±1/2). The occupation number
given by the Pauli principle is thus No = 2(2� + 1).

The Woods-Saxon results are compared to the levels of an harmonic oscillator
potential on the left-hand side of Fig. 1.4. Note that the � degeneracy present in the
oscillator is broken in the Woods-Saxon potential with levels of larger � coming
lower in energy.

The relative spacing of the neutron and proton levels for all nuclei are qualita-
tively similar to those shown in Fig. 1.4. (The overall spacing between levels goes
approximately as A−1/3.) According to the Pauli principle, as neutrons are added to
nuclei they go into the lowest energy level not already occupied. When a nucleon
is added to a nucleus in which the neutron number is equal to one of the cumula-
tive occupation numbers, the neutron must be placed into a relatively higher-energy
(more loosely bound) state. Thus the nuclei with the highest relative binding energy
are those for which the proton or neutron number is equal to one of the cumulative
occupation numbers. A magic number occurs when there is a relatively large energy
gap above one of the cumulative numbers. The magic numbers are thus related to
the bunching of energy levels. The Woods-Saxon potential gives the correct magic
numbers for Nm = 2, 8 and 20 but is incorrect for the higher values.

In 1949 the key role of the spin-orbit splitting in the one-body potential was
proposed by Mayer [2] and Haxel et al. [3]. This one-body potential model is the
starting point for the nuclear shell model. A short history of Mayer’s contributions is
given in [4]. The spin-orbit potential has the form, Vso(r)� · s, where � is the orbital
angular momentum and s is the intrinsic spin angular momentum of the nucleon. The
radial shape conventionally takes the form

Vso(r) = Vso
1

r

d fso(r)

dr
, (1.2)
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with

fso(r) = 1

1 + [exp(r − Rso)/aso] . (1.3)

The form of (1.2) is based on the the relativistic Thomas interaction energy in atomic
physics [5].

With the � · s term, m and sz are no longer good quantum numbers. The orbital
and spin angular momentum must be coupled to a definite total angular momentum,
j = � + s. Eigenstates of the spin-orbit potential are determined by the total angular
momentum quantum number j = � ± 1/2 (except j = 1/2 for � = 0) and the quan-
tum number m j associated with the z component of j . The expectation value of � · s
can be obtained from

− � · s | ψ j 〉 = −1

2

(
j2 − �2 − s2

)
| ψ j 〉 = −1

2
[ j ( j + 1) − �(� + 1) − s(s + 1)] | ψ j 〉

(1.4)
(the minus sign takes into account the observed sign of the 〈Vso(r)〉) which gives

〈ψ j=�+1/2 | −� · s | ψ j=�+1/2〉 = −�

2
(1.5)

and

〈ψ j=�−1/2 | −� · s | ψ j=�−1/2〉 = + (� + 1)

2
(1.6)

Each j has 2 j + 1 m j values and hence each j orbit can contain up No = 2 j + 1
protons or neutrons. The energy levels obtained when the spin-orbit potential is
added to the Woods-Saxon potential are shown on the right-hand side of Fig. 1.4.
The dashed lines that connect to the middle of Fig. 1.4 indicate the effect of the
spin-orbit potential in splitting the states of a given � value. The overall strength
of the spin-orbit potential has been determined empirically. Each level is labeled
by the occupation number (in square brackets), the cumulative occupation number,
and the values for n, �, 2 j (2 j is twice the angular momentum quantum number j).
The values of the neutron number for which there are large gaps in the cumulative
occupation number now reproduce all of the observedmagic numbers (as emphasized
by the numbers shown in the energy gaps on the right-hand side).

The averagenuclear potential canbe calculatedmicroscopically from thenucleon–
nucleon interaction by usingHartree–Fock theory togetherwith theBrueckner theory
for taking into account the repulsion at very short distances between the nucleons.
The strength of the spin-orbit potential for nucleons is much larger and opposite
in sign to spin-orbit potential for electrons atoms. The radial part of the spin-orbit
potential, Vso(r), is largest at the nuclear surface and is often taken to be proportional
to the derivative of the Woods-Saxon form.

The essential physics behind the shell model is that the many-nucleon collisions
that might be expected are greatly suppressed in the nuclear ground states and low-
lying nuclear levels because the nucleons would be scattered into states which are
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forbidden by the Pauli principle. At higher excitation energy the number of allowed
states becomes much greater and the nuclear properties indeed become complex and
chaotic.

The shell model in its simplest form is able to successfully predict the properties
of nuclei which are one nucleon removed or added to the one of the magic number.
The shell model can also be extended to include themore complex configurations that
arise for the nuclei with nucleon numbers that are in between the magic numbers. For
many applications these complex configurations can be taken into account exactly by
the diagonalization of a Hamiltonian matrix. In other cases approximations must be
used; these include the use of a deformed intrinsic single-particle potential, and the
use of group theory to classify the configurations. Current theoretical investigations
using the shell model focus on these complex configurations.

We will refer to the closed-shell configurations for the oscillator magic numbers
as LS closed shells since they can be described in a basis with good � and s quantum
numbers. A equation for the LS sequence of magic numbers, 2, 8, 20, 40, 70, 112,
. . ., is

N = (n)(n + 1)(n + 2)/3, (1.7)

wheren = 1, 2, 3, . . ..Wewill refer to the closed-shell configurations for caseswhere
only one of the spin-orbit partners is filled as J J closed shells since only the total
angular momentum j is a good quantum number. A equation for the J J sequence
of magic numbers, 2, 6, 14, 28, 50, 82, 126, . . ., is

N = (n3 + 5n)/3, (1.8)

where n = 1, 2, 3, . . .. In addition, in neutron-rich nuclei far from stability magic
numbers associated with the filling of specific n� j states appear, N = 16 (1s1/2),
N = 32 (1p3/2) and N = 34 (1p1/2). Other magic numbers can appear due to shell
gaps in a deformed basis.

1.3 Many-Body Wavefunctions in the m-Scheme

For a spherical potential the single-particle wavefunctions are labeled by their radial,
orbital angular momentum, and total angular momentum quantum numbers, nr, �
and j , respectively. This set of quantum numbers will be denoted by k ≡ (nr, �, j).
Each j value has (2m + 1)m-states, and the associated single-particlewavefunctions
will be labeled by α ≡ (km). It is useful to think of k as unique numerical sequence
of numbers associated with the complete set of single-particle states. A particular
choice for this labeling which is often used [6] is k = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, . . .,
for the sequence 0s1/2, 0p3/2, 0p1/2, 0d5/2, 0d3/2, 1s1/2, 0 f7/2, 0 f5/2, 1p3/2, 1p1/2,
…. The k value for a given n�j can be computed from:
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k = 1

2
[(2n + �)(2n + � + 3) − 2 j + 3]. (1.9)

The formalism developed thus far is basically all that is needed for an M-scheme
calculation [7]. In the M-scheme one starts with a set of basis states Φ for a given
M value

M =
∑

α

mα, (1.10)

where the sum is over the m values for the occupied states. In general there are
an infinite number of basis states Φ, but a for a given situation one truncates the
number of states based upon those that are lowest in unperturbed energy. Since the
Hamiltonian is diagonal inM one need only consider the subset of basis statesΦ with
a single value of M in the construction of the many-particle wavefunctions Ψ . The
many-body matrix elements of the relevant one- and two-body operators can then be
calculated with the techniques of second quantization. Many computer codes have
been written to do this.

A basis state with a given value of M does not in general have a definite (good)
value of the total angularmomentum J .However, since theHamiltonian is spherically
symmetric, the Hamiltonian is also diagonal in J . Thus, the eigenvalues of H , which
are linear combinations of the Φ basis, will automatically have good a J value with
J ≥ M , as long as the basis contains the complete set of states that are connected by
the Ĵ 2 operator. The J value can be determined by calculating the expectation value
〈Ψ | Ĵ 2 | Ψ 〉.

We can calculate the total number of states for a given J , the J -dimension D(J ),
from the M-scheme dimensions d(M). This is based upon the fact that for each J
state there must be (2J + 1) M-states. Thus we find:

D(J ) = d(M = J ) − d(M = J + 1). (1.11)

The meaning of (1.11) is that the number of extra M = J states compared to the
number of M = J + 1 states must be the number of states with angular momentum
J . Since d(−M) = d(M) one only has to consider M ≥ 0. Equation1.11 will be
illustrated with with some examples. The results for these examples only depend
upon the ( j,m) quantum numbers, and thus the (nr, �) values are not given explicitly.

Table 1.1 gives all possible M ≥ 0-states for the [( j = 5/2)2] configuration for
identical nucleons (the M < 0 states are obtained from M > 0 with a sign change
in the m). Due to the Pauli principle we cannot have M = 5, and thus J = 5 is not
allowed. The M-scheme dimensions for this case are given in Table1.2. Mmax = 4
means that the highest J value is J = 4 and this will account for nine of the M states,
M= 4, 3, 2, 1, 0, −1, −2, −3 and −4. J = 3 is not allowed since there is only one
M = 3 state which must go with J = 4. The extra M = 2 state means that there is
a state with J = 2 which accounts for five more M states M= 2, 1, 0, −1, and −2.
J = 1 is not allowed since all of the M = 1 states are now used, and the extra M = 0
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Table 1.1 M ≥ 0 values for the [( j = 5/2)2] configuration for identical nucleons. The x’s under
columns headed by 2m indicate that the state is occupied, and the total M value is given on the
right-hand side

2m 5 3 1 −1 −3 −5

M

x x 4

x x 3

x x 2

x x 1

x x 0

x x 2

x x 1

x x 0

x x 0

Table 1.2 Table of dimensions for [( j = 5/2)2]
M d(M) J D(J )

4 1 4 1

3 1 3 0

2 2 2 1

1 2 1 0

0 3 0 1

states means that there is one state with J = 0. Thus, the allowed J values are 0, 2
and 4.

A second example is given for the [( j = 5/2)]3 configuration given in Table 1.3.
From the multiplicity of the M values one can deduce that only J = 3/2, 5/2 and
9/2 are allowed.

In general, the maximum J -value allowed for a [kn] configuration is given by the
sum of the n largest possible m values,

Jmax =
n∑

i=1

mmax
i . (1.12)

In the [( j = 5/2)3] example, Jmax = 5/2 + 3/2 + 1/2 = 9/2. Lawson [8] discusses
other rules which can be deduced from these counting procedures. In particular, the
kn state with J = Jmax − 1 is not allowed by the Pauli principle.

For combinations of more than one orbital, all possible J values are allowed that
satisfy the triangle condition for the total J or each orbital. For example, for the
[( j = 5/2)2( j = 1/2)] configuration all possible J values allowed by the triangle
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Table 1.3 M values (M ≥ 0) for the [( j = 5/2)3] configuration for identical nucleons. The x’s
under columns headed by 2m indicate that the state is occupied, and the total M value is given on
the right-hand side

2m 5 3 1 −1 −3 −5

2M

x x x 9

x x x 7

x x x 5

x x x 3

x x x 5

x x x 3

x x x 1

x x x 1

x x x 3

x x x 1

condition of coupling j = 1/2 to the J = 0, 2 and 4 states allowed for two particles
in the j = 5/2 state are allowed: J = 9/2, 7/2, 5/2, 3/2 and 1/2.

If there is only one M value allowed, the wavefunctions of the J state is given by
that of the single M state. If there is more that one M value allowed, then one must
diagonalize the Hamiltonian in a space which has the dimension d(M). The states of
good J will be linear combinations of the M states. For a given J value of interest,
one usually chooses M = J , since the number of M states is minimized in this case.
However, one could also choose any M ≤| J | value.

Alternatively, the linear combination of M-states with good J can be calculated
using angular-momentum projection methods. This is the method used by the code
OXBASH to construct a matrix with dimension D(J ) corresponding to the states of
good J in terms of the M-scheme basis.

A partition is defined as a specific distribution of the nucleons into the allowed
(active) set of k states. The examples discussed above include the three partitions
allowed for putting three protons (or three neutrons) into the j = 5/2 and j = 1/2
states. Written in the form [( j = 5/2)a( j = 1/2)b], we have (a, b) = (3, 0), (2, 1)
and (1, 2).

The first step in a shell model calculation is to specify the number of particles,
the number of active orbits, and then to make a list of the complete set of partitions.
Then for each partition we calculate the number of states for each J value. The
total dimension is obtained by summing this over all partitions. The calculation
may proceed with the full set of partitions within a given model space (a full-space
calculation) or it may be restricted to some subset of the partitions (a truncated
calculation).

Compilations of D(J ) for j n configurations for some values of j are available in
the literature [9], and computer codes are available for the general case [6, 10, 11].
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1.4 Model Spaces

Shell-model configuration mixing is carried out within a model space. The model
space is a truncation of the infinite set of orbitals into a finite set. All operators in
this model space must be renormalized to account for the orbitals left out.

For light nuclei up to about A = 12 we can consider a no-core basis where we
start with the 0s1/2 orbital (N = 0) and go up to some maximum value Nmax in the
oscillator basis [12, 13]. Typically up to about Nmax = 8, but can go higher for few
nucleon systems or lower above A = 12. The Hamiltonian in the no-core space is

H = T + G, (1.13)

where T is the kinetic energy operator, and G is the G-matrix type interaction that
would be obtained from the Vlowk [14] or similarity renormalization group (SRG)
[15] methods. Some calculations also include a three-body interaction.

For heavier nuclei calculations can only be carried out exactly in a much smaller
model space based upon a closed-shell, some valence orbitals in themodel space, and
followed by an infinite set of empty orbitals. All operators in thismodel spacemust be
renormalised to account for this truncation. This is usually done in two steps, first aG
matrix type interaction is obtained that takes into account the short-ranged repulsion,
and then this is renormalised with pertubation theory to account for the mixing of
configurations beyond the model space. The choice of model space is determined by
the computational limitations together with guidance from experiment as to which
orbitals contribute to the observables for a given mass region. The model space is
also guided by the observed shell gaps as indicated for example by the energies of the
2+ states in even-even nuclei shown in Fig. 1.3. Some model spaces for A = 4−100
are shown in Fig. 1.5 and model spaces for A up to 300 are shown in Fig. 1.6.

In the NuShellX Hamiltonian library [15], the names of some model spaces for
heavy nuclei are labeled by the number of orbitals that are between the standard
magic numbers;

k = 4 (0 f5/2, 1p3/2, 1p1/2, 0g9/2) for 28−50;

k = 5 (0g5/2, 1d5/2, 1d3/2, 2s1/2, 0h11/2) for 50−82;

k = 6 (0h9/2, 1 f5/2, 1 f5/2, 2p3/2, 2p1/2, 0i13/2) for 82−126;

etc. The model space names in proton-neutron formalism where isospin is not neces-
sarily conserved are labeled j jkpkn pn. For example, the model space called j j45pn
is for protons in the group of four above and neutrons in the group of five above. The
model space in isospin formalism where total isospin is an explicit quantum number
is labeled by j jkpkn (without the pn on the end).
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1.5 Intruder States and Islands of Inversion

A shell-model calculation with some choice of model space can be considered suc-
cessful if it can describe some subset of the observed energy levels and transitions for
the nuclei covered by the model space, with Hamiltonians and operators which are
close to those expected from the renormalized properties of free nucleons. Intruder
states are those whose configurations are dominated by nucleons excited across the
shell gap into or out of the model space. If the single-particle energy gap is Egap,
then the single-particle energy contribution to the excitation energy of a configura-
tion with n particles excited across the gap is just n Egap. However, there is also a
correlation energy contribution that lowers the energy of the intruder states relative
to nEgap. For example, the N = 8 gap energy near 16O is about 11.5 MeV. But the
experimental excitation energy of the intruder 1/2+ state in 19F that involves one
nucleon excited across the N = 8 gap is only 100keV. In the sd model space the
1/2+ ground state of 19F has the configuration (sd)3, while the 1/2− intruder state
has the configuration (p)−1(sd)4. The extra correlation energy associated with the
(sd)4 “alpha-particle-like” configuration lowers the energy of the 1/2− state relative
to Egap. Another example in 11Be where the 1/2+ intruder state (with one neutron in
the sd shell) comes 320 keV below the p shell 1/2− state.

Two-particle two-hole (2p − 2h) intruder states have the same parity as those in
themodel space and canmixwith them. For example, the structure of low-lying states
in 18O involves a complex mixture of (sd)2 and (p)−2(sd)4 configurations [16]. Part
of the correlation energy associated with 2p − 2h intruder states is the gain in pairing
energy in the 2p and 2h configurations. These 2p − 2h intruder states are seen in all
nuclei near the closed shells.

In light nuclei the intruder states are associated with excitations across the LS
shell gaps. For heavier nuclei, the intruder states are associated with excitations
across the J J shell gaps. In heavy nuclei the intruder states can also come very low
in excitation energy, as in the case of nuclei around 186Pb [17] related to the Z = 82
shell gap.

The history of the shell model has been to consider progressively larger and larger
model spaces, so that states which would be called intruders in a small model space
become fully incorporated into a larger model space. For example, the model space
for 18O can be enlarged to include both the p and sd shells [18].

A decrease in the shell gap can lead to situations where whole regions of nuclei
have intruder states that come lower in energy than the normal state. The phrase
“island of inversion” was used in [1, 19] to describe a region of nuclei centered
around 31Na where the configuration of the ground states consists of intruder np–nh
excitations across the N = 20 shell gap. This region is illustrated in Fig. 1.7 by the red
circle just above the arrow for N = 20. As an example, the normal (A) and 2p − 2h
(B) neutron configurations for 32Mg are shown in upper part of Fig. 1.7. The energy of
the 2p–2h state is lowered by the additional pairing correlation and by a change in the
proton–neutron interactionwhich gives a larger quadrupole deformation energy [19].
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Fig. 1.7 Islands of inversion. The red circles are regions of neutron-rich nuclei where the indicated
magic numbers are no longer valid. The green inset shows an example for a configuration involving
the N = 20magic number. The energy of the cross-shell configuration (two-particles and two-holes
in this case) is lower than that of the closed-shell configuration due to the addition the energy coming
from pairing and deformed correlations in the open-shell configuration

The island-of-inversion near 31Na is part of an archipelago of islands related to the
breaking of LS magic numbers, starting with an islet near 11Li (N = 8) and extending
to a larger island centered around 64Cr (N = 40); the red circles in Fig. 1.7. It has
been predicted that there is an island-of-inversion related to excitations of neutrons
across (J J ) N = 50 gap in the region of 76Fe [20].

The main reason why these islands-of-inversion are found in neutron-rich nuclei
is that Egap tends to decrease as one approaches the neutron drip line. This is a
generic feature of loosely bound levels in a finite potential well. More specifically,
the single-particle energies with low � values decrease in energy relative to those
with higher � values [21]. For example, in the region of N = 8, the 1s1/2 orbital
from the sd shell is lowered in energy relative to 0p1/2 orbital as one goes from 16O
to 10He with an associated decrease in the N = 8 shell gap [22]. In the region of
32Mg, the lowering of the 1p3/2 energy relative to that of 0d3/2 is important [23]. The
proton-neutron tensor interaction [24, 25] also plays a role in reducing the shell gap
in neutron-rich nuclei [23]. For example, for N = 20, as 0d5/2 protons are removed
starting at Z = 14 the single-particle energy of the 0d3/2 orbital moves up the energy
of the 0 f7/2 orbital moves down, reducing the N = 20 energy gap [23] near Z = 8.
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1.6 Configuration-Interaction Codes

1.6.1 Types of Basis States

For configuration-interaction model calculations we need to;

(i) select a basis in terms of partitions, and J states within each partition,
(ii) calculate the matrix elements of the Hamiltonian in this basis,
(iii) find the eigenvalues and eigenvectors of this matrix.

The matrix is symmetric and Hermitian. There are several ways to specify the
basis:

1. The M − pn scheme makes a basis that has fixed total M and Tz values. Diag-
onalization will give all states with J ≥ M and T ≥ Tz . The J values are
obtained by comparing 〈ψ f | Ĵ 2 | ψi 〉 to expected results of J (J + 1)δ f i . Isospin
is obtained by 〈ψ f | T̂ 2 | ψi 〉. If the Hamiltonian conserves isospin, then this will
be T (T + 1)δ f i . If the Hamiltonian does not conserve isospin then the results
will deviate from this and there will be non-zero off-diagonal terms.

2. The J − pn scheme makes a basis that has fixed J and Tz value. The J basis
states are linear combinations of M states obtained by applying the J -projection
operator to a selected set of M basis states. Diagonalization will give all states
T ≥ Tz .

3. The J − T scheme makes a basis that has fixed J and T . The J − T basis states
are obtained by applying the J − T projection operator to a selected set of the
M, Tz basis states.

The matrix dimension depends on the type of basis. For example, for 20Ne in the
sd shell model space there are:

• M − pn: 640 states with M = 0 and Tz = 0,
• J − pn: 46 states with J = 0 and Tz = 0,
• J − T : 21 states with J = 0 and T = 0.

If we only want states with J = 0 and T = 0, the matrix will be smallest for the
J–T basis. But the construction of the matrix is easiest in the M–pn basis. If the
Hamiltonian does not conserve isospin then we must use pn basis. Various CI codes
have been written to be most efficient for a given type of basis.

One of the first M–pn code was written by Whitehead et al. [26]. Other codes
that use this basis are ANTOINE [27], MFDn [28] and BIGSTICK [29].

The code Oxbash [30] uses the J–T or the J–pn basis. Since the entire matrix is
stored, the maximum basis dimension is on the order of 100,000.

The code NuShellX [31] only uses the J–pn basis. For states with both protons
and neutrons, dimensions up to about 108 can be considered. Details of this code are
given in the next section.
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1.6.2 The Lanczos Method

We are usually interested in only the lowest n states, where typically n = 10. But
the dimension d of the matrix H is much larger. All CI codes use a version of what
is called the Lanczos method. The Lanczos method is based on the power-iteration
method for finding the eigenfunction for the eigenvalue λ that has the largest absolute
value. For nuclear Hamiltonians this is the most negative λ corresponding to the
ground state for a given matrix, λg with wavefunction | vg〉. We start with any vector
| v0〉 that contains some of | vg〉, for example a vector generated by random numbers.
(One might also start with the unit vector (1, 1, 1, . . .). But in some cases there might
be some eigenfunctions which are orthogonal to this unit vector.) Then multiply this
by the matrix and normalize

| v1〉 = H | v0〉, | v1〉/ | 〈v1 | v1〉 |→| v1〉. (1.14)

Continue this for k times.
| vk〉 = H | vk−1〉 (1.15)

The | vk〉 will converge to | vg〉 for k 	 d. The reason for this is that | v0〉 contains
a random linear combination of all of the eigenfunctions, | ui 〉

| v0〉 =
∑
i=1,d

αi | ui 〉, (1.16)

with
H | ui 〉 = λi | ui 〉. (1.17)

Operating with (Hk/λg)
k gives

(H/λg)
k | u0〉 =

∑
i=1,d

αi (λi/λg)
k | ui 〉. (1.18)

All of the terms with become small except for the one with i = g leaving the (unnor-
malized) wavefunction αg | vg〉.

The Lanczosmethod starts with powermethod and then also generates orthogonal
excited states that converge into series of excited state wavefunctions [32]. The
procedure is as follows:

1. Start with some any initial vector | vi 〉, for example, one obtained with random
numbers in the range of −1 to 1 and normalized.

2. Multiply by the Hamiltonian matrix to get | wi 〉 = H | vi 〉.
3. Take the overlap, αi = 〈vi | wi 〉.
4. Orthogonalize against the initial vector, | wi 〉 − αi | vi 〉 →| wi 〉.
5. If i〉1 orthogonalize against the prior vector, | wi 〉 − βi−1 | vi−1〉 →| wi 〉.
6. Find the norm to get βi = √〈wi | wi 〉.
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7. Normalize to get the next Lanczos vector | vi+1〉 = | wi 〉/βi .
8. Repeat this process this process n times.

Due to round-off errors it is better to replace (1.4) with an orthogonalization
against all previous vectors. This procedure results in an n dimensional symmetric
tridiagonal matrix with the αi as the diagonal and βi as the off diagonal, e.g.

H | v1〉 = α1 | v1〉 + β1 | v2〉

H | v2〉 = β1 | v1〉 + α2 | v2〉 + β2 | v3〉

H | v3〉 = β2 | v2〉 + α3 | v3〉 + β3 | v4〉

continued up to
H | vn〉 = βn−1 | vn−1〉 + αn | vn〉.

The eigenvalues and eigenvectors of this tridiagonal matrix converge to the exact
results. Typically 10 states converged to 1 keV accuracy requires about n = 100
Lanczos iterations. An example of the convergence in energy for the first 30 states
in 48Cr is shown in Fig. 1.8.

Fig. 1.8 Energies for first 30
states with J = 0 in 48Cr as
a function of the number of
Lanczos iterations
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1.7 Effective Hamiltonians

The Hamiltonian has the form

H = H0 + H1 + H2. (1.19)

The first term is the binding energy of the closed shell. The second term is a one-
body operator whose matrix elements are given by the single-particle energies (SPE)
multiplied by the orbital occupancy. It implicitly contains both the kinetic energy
and the monopole interaction of the valence nucleon with those in the closed core.
One often uses experimental information for the single-particle energies, or when
this is not known, some approximate calculations such as results from a Woods-
Saxon potential. The two-body part represented, H2, could be obtained in a variety
of ways. For a qualitative understanding one could use schematic forms such as
the delta-function interaction. More microscopic forms start with the potentials that
reproduce nucleon-nucleon scattering data and then are renormalized for the chosen
model space. Empirical Hamiltonians are based on fitting the two-body matrix ele-
ments (TBME) to a selection of experimental data. These empirical Hamiltonians
implicitly contain the corrections due the addition of three-body interactions and to
the limitations of the many-body approaches.

It is conventional to determine a Hamiltonian for one mass value and then to use
the same Hamiltonian over a wide mass region. Sometimes a smooth scaling of H2 is
used to account for an implicit mass scaling. For example, the USD interaction in the
sd-shell model space assumes the form TBMEA = TBMEA=18(A/18)−0.3, where the
power was determined empirically [33]. The scaling is a result of the change of the
(implicit) radial wave function as a function of mass (A). If one takes the simplest
oscillator dependence of �ω = 41A−1/3, then the TBME calculated with a delta
function vary as A−1/2 and the TBME for the long-range Coulomb interaction varies
as A−1/6. Nuclear interactions of intermediate range would vary somewhere between
these two extremes. The smooth scaling is an approximation. As we approach the
drip line one might expect to observe deviations from experiment due to the larger
radial extent of the valence wave functions.

Usually the core, H0 and one-body, H1 (the SPE) terms are not changed as a
function of mass. But there is no reason they should not change. The effective values
for H2 implicitly compensate for possible changes in H0 and H1.

A common element of most configuration-mixing calculations in light nuclei is
that the interactions used conserve isospin and are specified in terms of TBMEwhich
have good J and T . The effects of the Coulomb interaction are usually treated by
adding a Z -dependent constant. It can be deduced from the energy shift between
analogue states. In practice, this means that a shell-model result for a given isotopic
chain (fixed Z ) gives the relative binding energy and excitation energy as a function
of neutron number. To obtain the absolute binding energy, a constant must be added
to connect it to a given experimental value which can be taken as that of the T = 0
ground state for even Z and that of the T = 1/2 ground state for odd Z . The levels
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in mirror nuclei are identical in this approximation. The experimental excitation
energies inmirror nuclei are typically shifted by 100 keV or less relative to the ground
state energy. This is small compared to the accuracy of most configuration-mixing
calculations (200 keV or more). There are larger shifts in light nuclei associated with
the Thomas-Ehrman shift of low � orbitals, and these should be treatedmore carefully
in terms of the structure change between mirror nuclei. Configuration mixing in light
nuclei can be carried out in a proton-neutron basis [34], but the main interest is in
the special problem of overlaps in Fermi beta decay [35] and in isospin forbidden
processes [36].

1.7.1 Types of Hamiltonians

One usually begins with a set of TBME obtained from a realistic Hamiltonian based
on the renormalized G matrix. But quality of the predictions and applications for
a given model space and mass region can be greatly improved if the values of the
TBME are constrained to reproduce some selection of energy data. There a several
approaches to doing this that are outlined below.

ETBME: For very small model spaces the wavefunctions for a large number of states
arise from a relatively few TBME. One of the best examples is the 0 f7/2 shell [37]
where this one orbital is rather isolated. For the 0 f7/2 shell there are only eight
TBME and one SPE which can be used to obtain the energies and wave functions of
several hundred levels in the A = 40–56 mass region [38] (a more complete model
space for these nuclei is possible now). In small model spaces such as the p-shell,
essentially all of the TBME can be obtained empirically, and these will be referred
to as effective-TBME (ETBME) hamiltonians.

ETBME+G: In larger model spaces the number of TBME is large and they cannot
all be well determined by existing data. The data are sensitive to particular linear
combinations of SPE and TBME. The well determined linear combinations can be
obtained from the single-values decomposition (SVD) discussed in the next section.
The other linear combinations are left at their G matrix values. Early examples of
this are [39, 40]. The SVD method was used in the sd model space to obtain the
USD Hamiltonians [33, 41], and and in the p f shell to obtain the GXPF pf-shell
hamiltonians [42].

G+MON: In larger model spaces the most important part of the Hamiltonian are
the monopole combinations of TBME, because these determine the evolution of the
SPE a function of mass. Effective interactions where some or all of the monopole
are used to fit some selected set of energy data will be called G+MON. Examples
of G+MON Hamiltonians are the KB3 [43] and KB3G [44] in the pf shell.

POT: Empirical hamiltonians can also be based upon two-body potential models
in which the strengths of the various channels (central, spin-orbit and tensor) are
obtained from a fit to energy data. These will be called potential “POT” models



1 The Nuclear Configuration Interations Method 23

for the shell-model hamiltonian. The simplest form of the potential models are the
delta functions and MSDI mentioned above. A more elaborate form is the modified-
surface-one-boson-exchange-potential (MSOBEP) [45]. Other types of fits related to
the potential models can be based upon the relative matrix elements [46] and Talmi
integrals [45, 47].

For heavy nuclei one usually finds Hamiltonians specifically designed for use
only for a relatively small region of nuclei, such as those around 132Sn or 208Pb.

These empirical hamiltonians provide a way to generate realistic wave functions
(from which one calculates observables) and to extrapolate the known properties of
nuclei to the unknown. When one observes something which does not agree with
these extrapolations, it is usually an indication of “new physics” involving degrees
of freedomwhich are not in the assumed model space. The observation of such “new
physics” in neutron-rich nuclei is the essential aspect of the current and proposed
radioactive-beam experimentations.

1.7.2 Hamiltonians for Specific Model Spaces

The names of some commonly used effective hamiltonians and the model-space they
are associated with are given in Table1.1. These hamiltonians have been determined
by a least-squares fit to binding energy and excitation energy data. This was accom-
plished by varying the full set of two-body matrix elements (ETBME), by varying
well determined linear combinations of two-body matrix elements and keeping the
rest fixed at some G matrix values (ETBME+G), by adding monopole corrections
to the G matrix (G+MON), and by varying potential parameters (POT).

1.7.3 Hamiltonians in the j j44 Model Space

Historically, the first j j44x type of Hamiltonian for the j j44 model space was called
j j44pna in theNuShellX library for the j j44pnmodel space [59]. ThisHamiltonian
contains one set of two-body matrix elements (TBME) with T = 1 for neutrons that
are constrained to reproduce the binding energies and excitation energies for the
nickel isotopes (Z = 28) with N = 33–44, and another set of TBME with T = 1
for protons that are constrained to reproduce the binding energies and excitation
energies for isotones with N = 50 and Z = 32–50. The j j44pna Hamiltonian does
not contain proton–neutronTBMEand cannot be used away from Z = 28 or N = 50.
For j j44pna the neutron and proton TBME are different. As a consequence of this,
the 8+ seniority isomers obtained in 94Ru and 96Pd are not present in the analogous
nuclei 72,74Ni due to a crossing of some states dominated by seniority two and four
[59] (Table1.4).

The j j44b and JUN45 Hamiltonians are for the j j44 model space. Both of
these contain an assumed mass dependence of (A/58)−0.3. The TBME for j j44b
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Table 1.4 Table of model spaces and interactions names

Model space A Interaction Type References

0p (p) A = 5–16 (6–16)TBME ETBME [48]

PJT ETBME [49]

PJP POT [49]

A = 8–16 (8-16)POT POT [48]

(8–16)TBME ETBME [48]

A = 10–16 PWBT ETBME [18]

1s0d (sd) A = 16–40 USD ETBME+G [33]

SDPOTA POT [45]

USDA ETBME+G [41]

USDB ETBME+G [41]

1p0f (pf) A = 40–50 FPMG G+MON [50]

FPD6 POT [51]

KB3 G+MON [43]

A = 40–60 KB3G G+MON [44]

GXPF1 ETBME+G [42]

GXPF1A ETBME+G [52]

sd-pf Near N = 20 WBMB [19, 53]

RCNP [54]

Utsuno et al. [55]

Dean et al. [56]

Near N = 28 Z > 14 SDPFU G+MON [57]

Near N = 28 Z ≤ 14 SDPFUSI G+MON [sdpfu]

jj44 A = 70–100 SDPFU G+MON [57]

SDPFUSI G+MON [57]

jun45 ETBME+G [58]

jj44pna ETBME+G [59]

jj44b ETBME+G (see text)

are based on those obtained with the renormalized Bonn-C potential. The singlular-
value decomposition (SVD) method was used to constrain 30 linear combinations
of the 133 TBME to 77 binding energies and 470 excitation energies in nuclei with
Z = 28–30 (N = 28 = 50), and N = 48–50 (Z = 28–50). For a given Z , the bind-
ing energies are corrected by an overall shift obtained from the Coulomb part of a
Skyrme energy-density functional calculation. The rms deviation between the theo-
retical and experimental energies was about 240 keV.When the j j44bHamiltonian is
used in the proton-neutron model space j j44pn it is called j j44bpn; the results with
j j44b and j j44bpn are the same. Starting in 2007, the j j44b Hamiltonian has been
used for comparison to data in many publications [where it is sometimes called j j4b
and sometimes cited as B. A. Brown and A. F. Lisetskiy (private communication)]
[60–70].
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The T = 1TBMEfor j j44b are approximately an average of those for protons and
neutrons in the the j j44pna Hamiltonian. When the j j44b Hamiltonian is applied
to Z = 28 or N = 50 it does work as well as the j j44pna Hamiltonian. Starting
with j j44b another Hamiltonian called j j44c was obtained by leaving out energy
data above Z = 38. This is a better Hamiltonian to use for Z = 28–30. These j j44
are described in the appendix of [71].

Amethod similar to that used to obtain the j j44bHamiltonianwas used byHonma
et al. to obtain the JUN45 Hamiltonian [58]. For the JUN45 Hamiltonian, 45 SVD
linear combinations were determined by a fit to about 69 binding energies and 330
excitation energies for nuclei in the range N = 30–32 and Z = 46–50, as shown in
Fig. 1 of [58]. The rms deviation was 185 keV. These data included the ground state
and first three excited states in 76Ge.

1.8 The NuShellX Code

NuShellX is a set of computer codes written by Bill Rae. NuShellX@MSU is a set
of wrapper codes written by Brown [31] that use data files for model spaces and
Hamiltonians to generate input for NuShellX. The wrapper codes also convert the
NuShellX output into figures and tables for energy levels, gamma decay and beta
decay.

Any paper that is written using the NuShellX@MSU code should contain a sen-
tence of the type—“The calculations were carried out in the x model space with the y
Hamiltonian (give the reference for the interaction) using the code NuShellX@MSU
[31]”. If the model space, model-space truncation or Hamiltonian is changed from
the original reference it must be discussed and justified in the text. The NuShellX
library contains some Hamiltonians without references or documentation. These are
only for tests and examples and cannot be used for publications.

All calculationswithNuShellX are in the proton-neutron formalism.When single-
particle state (*.sp) files and Hamiltonian (*.int) files in isospin formalism are used,
they are converted to proton-neutron formalism. If the file iso.nux exists, the expec-
tation value of the T 2 operator will be calculated with the results given in the file
*.ovl. If isospin is conserved only the diagonal matrix elements of the *.ovl file are
non-zero and have the value T (T + 1). If isospin is not conserved then the *.ovl file
will have off diagonal matrix elements that can be used to calculate isospin mixing.

Detailed information on the installation and use of NuShellX is given in the file
help.pdf contained in the NuShellX package. Truncations can be made only in the
proton and/or neutron orbital occupations. They cannot be made in both at the same
time. For this reason it is not possible to make �ω-type truncations for model spaces
such as s–p–sd–p f as use in [18]. The model space sd–p f can only be used in the
case where active protons are restricted to the sd shell (the proton p f shell is empty),
the neutron sd shell is full, and the active neutrons are in the p f shell.

The NuShellX code uses a proton-neutron basis and a technique similar to that
used for the code NATHAN [72]. The first step is to make a list of partitions with
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a given set of orbital occupation restrictions for protons (neutrons). Then for each
partition the d(M) M states are constructed and stored in terms a string of binary
numbers (0 of 1) that give the state occupancy. Then the D(J ) J basis states are
obtained as linear combinations of these M states using an angular momentum pro-
jection operator.

The two-body part of the Hamiltonian is written as a sum of three terms:

H = Hnn + Hpp + Hpn (1.20)

for the sum of the neutron–neutron (nn), proton–proton (pp) and proton–neutron
(pn) interactions. The pp (nn) Hamiltonian matrix elements are calculated for each
partition and its connection to all other partitions that differ in not more that two
protons (neutrons) being moved between different orbitals.

The second quantized form for Hpn is

Hpn =
∑

pnp′n′,Jo

〈pnJo | V | p′n′ Jo〉
{[a+

p a
+
n ]Jo ⊗ [ãp′ ãn′ ]Jo}(0)

. (1.21)

We can recouple the operators to:

{[a+
p a

+
n ]Jo ⊗ [ãp′ ãn′ ]Jo}(0) = −

∑
λ

√
(2λ + 1)(2Jo + 1) (−1) jn+ jp′ −λ−Jo

×
{
jp jn Jo
jn′ jp′ λ

}
× {[a+

p ãp′ ]λ ⊗ [a+
n ãn′ ]λ}(0)

, (1.22)

where, for example, p stands for the single-particle wavefunction (np, �p, jp). Hpn

can thus be written in the particle-hole form:

Hpn =
∑

pp′nn′λ

Fλ(pp
′nn′) {[a+

p ãp′ ]λ ⊗ [a+
p ãn′ ]λ}(0), (1.23)

where

Fλ(pp
′nn′) = −

∑
Jo

√
(2λ + 1)(2J + 1) (−1)n+p′−λ−Jo

×
{
p n Jo
n′ p′ λ

}
〈pnJo | V | p′n′ Jo〉. (1.24)

The NuShellX basis states have the form:

| Bi , J 〉 = | [(Jpi , αpi ) ⊗ (Jni , αni )]J 〉 ≡ | [Pi ⊗ Ni ]J 〉, (1.25)

where, Pi stands for labels (Jpi , αpi ), where Jpi is the proton angular momentum
and αpi are all of the other quantum numbers needed to specify the complete basis.
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These proton (neutron) basis states can be subdivided into partitions of the protons
(neutrons) among the the orbitals p. For the Lanczos multiplications we need the
matrix elements of Hpp

〈B f , J | Hpp | Bi , J 〉 = δN f ,Ni δJp f ,Jpi 〈Pf | Hpp | Pi 〉, (1.26)

Hnn

〈B f , J | Hnn | Bi , J 〉 = δPf ,Pi δJn f ,Jni
〈N f | Hnn | Ni 〉, (1.27)

and Hpn

〈B f , J | Hpn | Bi , J 〉 =
∑

pp′nn′,λ
Fλ(pp′nn′)

〈
B f , J | {[a+

p ãp′ ]λ ⊗ [a+
p ãn′ ]λ}(0) | Bi , J

〉
.

=
∑

pp′nn′λ
Fλ(pp′nn′) Γλ(Jp f , Jpi , Jn f , Jni , J )

× RDM(Pf , Pi , p, p
′, λ) RDM(N f , Ni , n, n′, λ), (1.28)

where

Γλ(Jp f , Jpi , Jn f , Jni , J ) =
⎧⎨
⎩

Jp f Jpi λ

Jn f Jni λ

J J 0

⎫⎬
⎭ (1.29)

and RDM are the reduced density matrices:

RDM(Pf , Pi , p, p
′, λ) = 〈Pf ||[a+

p ãp′ ]λ||Pi 〉, (1.30)

and
RDM(N f , Ni , n, n′, λ) = 〈N f ||[a+

n ãn′ ]λ||Ni 〉.

These RDM are precalculated and stored.
Starting with an initial vector

| ωi , J 〉 =
∑
Pi ,Ni

A(Pi , Ni , J ) | [Pi ⊗ Ni ]J 〉. (1.31)

Multiplying Hpn on | ωi , J 〉 gives:

Hpn | ωi , J 〉 = | ω f , J 〉 =
∑
Pf ,N f

A′(Pf , N f , J ) | [Pf ⊗ N f ]J 〉, (1.32)
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with

A′(Pf , N f , J ) = δN f ,Ni δJp f ,Jpi 〈Pf | Hpp | Pi 〉 + δPf ,Pi δJn f ,Jni
〈N f | Hnn | Ni 〉,

+
∑

λpp′nn′
Fλ(pp

′nn′)
∑
Pi

RDM(Pf , Pi , p, p
′, λ)

×
∑
Ni

RDM(N f , Ni , n, n′, λ) Γλ(Jp f , Jpi , Jn f , Jni , J ) A(Pi , Ni , J ).

(1.33)
The Hamiltonian matrix elements are calculated “on-the-fly”. The amount of

storage associated with the separate proton and neutron basis and the combined
proton-neutron vectors is modest. NuShellX makes use of OpenMP to use many
cores with nearly 100% efficiency for the Lanczos iterations. The power of this
method is illustrated in Fig. 1.9 where the J -scheme and M-scheme dimensions for
8 protons and 8 neutrons in the p f model space. The eigenvectors associated with
the very large J -scheme combined dimensions are generated from the pre-calculated
information on the separate proton and neutron basis states that each have relative
small dimensions. The proton and neutron basis states are obtained by J -projection
on M-states with the code NuShell. NuShell is a modern Fortran replacement for the
original JT projection code Oxbash.

The layout of NuShellX@MSU is shown in Fig. 1.10. NuShellX is surrounded
by a wrapper codes that bring in information from a library of previously derived
Hamiltonians (bottom left). Or the Hamiltonians may be obtained from ab-initio

protons or neutrons (fp)8

56Ni [protons (fp)8]  x [neutrons (fp)8]

J dim

M dim

di
m

en
si

on

J

10
2

10
3

10
4

10
5

10
6

10
7

10
8

10
9

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

Fig. 1.9 Basis dimensions for the 8 protons or 8 neutron in the p f model space (bottom). The
combined proton-neutron J -scheme and M-scheme dimensions are shown at the top
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Hamiltonians

based NN scattering

library of published

effective interactions

(sps folder)

NuShellX

NuShellX@MSU

wrapper

Data from the

Table of Isotopes

(toi folder)

energies (*.lpt)
plot for exp vs theory (*.eps)
gamma decay scheme (*.deo)
beta decay scheme (*.beo)
one nucleon transfer (*.lsf)
two nucleon transfer (*.tna)

Fig. 1.10 Schematic layout of the NuShellX@MSU codes

Fig. 1.11 Levels up to 3 MeV in excitation obtained with the GPFX1A Hamiltonian in the full
p f model space are shown in the right-hand side. The length of each line indicates the J value.
These are compared with the experimental energies from NNDC on the left-hand side. The blue
lines are states with negative parity, and the red line are states with positive parity. If the spin-parity
is uncertain it is shown as a black circle on the y axis
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approaches such as those available from [73] (top left). At the end the wrapper
combines the theoretical energies with the information from the ENSDF files to
produce a figure for the comparison between experiment and theory. An example is
shown in Fig. 1.11 for the levels of 57Fe obtained in the p f model space with the
GPFX1A Hamiltonian [52].

As a second step NuShellX takes the overlaps for the operators a+, a+a+ and
a+a. The wrapper converts these into spectroscopic factors, two-nucleon transfer
amplitudes and one-body transition densities, respectively. The one-body transition
densities are then used together with the program DENS to calculate the matrix ele-
ments for Mλ, Eλ and Gamow-Teller (GT) operators. The M1 and E2 results are
used to obtain a gamma-ray decay scheme togetherwith themagnetic and quadrupole
moments for all states in the calculation. TheGTmatrix elements are used to obtain an
allowed beta-decay scheme. The program DENS allows one to use radial wavefunc-
tions from harmonic-oscillator, Woods-Saxon or Skyrme energy-density functions
methods for the matrix elements.
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Chapter 2
Introduction to Nuclear-Reaction Theory

Pierre Capel

Abstract These notes summarise the lectures I gave during the summer school
“International Scientific Meeting on Nuclear Physics” at La Rábida in Spain in June
2018. They offer an introduction to nuclear-reaction theory, starting with the basics
in quantum scattering theory followed by the main models used to describe breakup
reactions: the Continuum Discretised Coupled Channel method (CDCC), the Time-
Dependent approach (TD) and the eikonal approximation. These models are illus-
trated on the study of the exotic structure of halo nuclei.

Introduction

Nuclear reactions are used for a variety of goals. They can be used to study the
structure of nuclei; sometimes, they can be the only way to probe nuclear structure,
especially far from stability. Nuclear reactions also provide information about the
interaction between nuclei, either to study the fundamentals of the nuclear force,
or to measure reaction rates, which are major inputs in other fields of physics, like
nuclear astrophysics, or in a broad range of nuclear applications, like nuclear power
or the production of radioactive isotopes for medical purposes.

To correctly analyse and exploit data of reaction measurements, it is important to
know the basics in nuclear-reaction theory. The present notes offer an introduction
to this exciting discipline. Sect. 2.1 presents the basics of non-relativistic scattering
theory for two colliding particles, which interact through a potential. In this section,
the notion of cross section is introduced and its calculation from the solution of
the stationary Schrödinger equation is explained. In particular, the method based
on the partial-wave expansion of the wave function is presented in detail. To close
this first chapter, I introduce the optical model, which enables to account for other
reaction channels that can take place during the collision of the particles. In these
developments, I closely follow the Chapter VIII of the textbook on quantummechan-
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ics by Cohen-Tannoudji, Diu and Laloë [1]. For interested readers, a more detailed
presentation of quantum reaction theory can be found in [2].

In Sect. 2.2, I give a brief overview of the main methods used to describe breakup
reactions. That sections starts with a presentation of halo nuclei, which are one of the
most exotic quantal structures found far from stability, and which are studied mostly
through reactions, like breakup. I then pursue with the three main models of breakup:
the Continuum Discretised Coupled Channel method (CDCC), the Time-Dependent
approach (TD) and the eikonal approximation. The section closes with a comparison
between them that emphasises the advantage and drawbacks of each of these models,
and which gives their respective range of validity. More advanced developments on
nuclear-reaction theory can be found in [3, 4].

In Sect. 2.3, I review the information about the structure of halo nuclei that can
be inferred from the analysis of breakup measurements. We will see in this section
what can be expected from experimental data, and, most importantly, what cannot be
inferred from experiments. This section is built mostly from recent articles published
in the literature. Their selection of course reflects my personal biases on the subject
as well as my own research activity.

I do not believe this paper exhausts the vast subject of nuclear-reaction theory, but
I hope that it will give an incentive to some of the readers to pursue their journey in
the landscape of nuclear physics within this exciting and flourishing field of research.
Without further ado, let us start this introduction with the basics in quantum collision
theory.

2.1 Quantum Collision Theory

2.1.1 Types of Collisions

Quantum collisions are used in various applications. They are sometimes one of the
only way to study the interaction between particles. For example, the potentials used
in nuclear-structure calculations to simulate the interaction between the nucleons is
deduced mostly from observables measured in nucleon-nucleon collisions [5] (see
Sect. 2.1.4). Collisions are also used to infer information about the structure of quantal
objects. The famous experiment of Rutherford, Geiger and Marsden performed in
1909 is a good example. This experiment, in which alpha particles were fired at a
gold foil, enabled the discovery of the structure of atoms. Nowadays, reactions are
measured to study the structure of nuclei throughout the whole nuclear chart. In a
more natural way, collisions can also be used to obtain reaction rates of particular
interest, e.g., for reactions that take place in stars or that are needed in technological
applications, like nuclear reactors or to produce radioactive isotopes of medical use.
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Fig. 2.1 Typical measurement scheme of nuclear reactions

The usual measurement scheme of these reactions in nuclear physics is schemati-
cally illustrated in Fig. 2.1. An incident beammade up of projectile particles, coming
from the left, is first collimated before impinging on a fixed target. The particles pro-
duced during the collision are then scattered in all possible directions� ≡ (θ, ϕ) and
measured in the detectors surrounding the target. These detectors have a finite size
and are seen from the target under a solid angle ��. Note that a significant amount
of the incoming particles will not react and continue straight ahead, undeflected by
the target. Due to this unscattered beam, measuring reactions at very small scattering
angle can be quite difficult, when not impossible.

When two quantal objects collide, various reactions can take place. Let us consider
the collision of two “particles” a and b, where the term particle is taken in a broad
sense and can mean molecules, atoms, nuclei, nucleons,…

1. a + b → a + b (elastic scattering)
2. → a + b∗ (inelastic scattering)
3. → c + f + b (breakup)
4. → d + e (rearrangement or transfer)

The first and most evident one is the elastic scattering, in which the two particles
merely scatter while remaining in their initial states. Second, if the incident energy
is high enough, some energy can be transferred from the relative motion of a and
b towards one of the—or both—particles, which then leave(s) the collision in an
excited state. Such a state is denoted by the asterisk (∗) next to the excited particle.
The scattering is then said inelastic. A third possibility is that this energy transfer is
high enough to break up one of the particles into its more elementary constituents
(e.g. in two ions in the case of a collision of molecules, into an ion and an electron
if the collision involves atoms, or into nucleon clusters in a nuclear collision). The
fourth case envisaged here is the case of rearrangement or transfer, in which some
sub-particles are transferred from the projectile to the target or vice versa (like atoms
in molecular collisions, electrons in atomic collisions, or nucleons or groups of
nucleons in nuclear reactions).
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As an example in the realm of nuclear physics, let us consider the collision of
11Be on 208Pb, which can be 1. elastically scattered, 2. inelastically scattered (e.g. if
11Be is excited to its 1

2
−
state during the collision), 3. broken up into a 10Be and a

neutron (see Sect. 2.2), or 4. have that valence neutron transferred to the 208Pb target
to form 209Pb:

1. 11Be+208Pb → 11Be+208Pb (elastic scattering)
2. → 11Be∗(1/2−)+208Pb (inelastic scattering)
3. → 10Be+n+208Pb (breakup)
4. → 10Be+209Pb (transfer)

Although the reactions taking place during the collision can significantly affect
the structure of the colliding particles, some physical values are conserved. One
particular case is the total energy of the system, which remains the same before and
after the collision. Its conservation means that the sum of the mass energy and total
kinetic energy in any outgoing channel must equal that in the incoming channel:

ma c
2 + mb c

2 + Tin =
∑

i

mi c
2 + Tout (2.1)

where ma and mb are the masses of the colliding particles a and b respectively,
and Tin is the total kinetic energy in the incoming channel. In the right-hand side of
equation (2.1) mi are the masses of all the particles produced during the collision in
one particular channel, and Tout is their total kinetic energy.

From this expression, one can define the Q value of a particular reaction, which
corresponds to the energy “produced” by this reaction

Q = ma c
2 + mb c

2 −
∑

i

mi c
2. (2.2)

If Q > 0 the reaction is said exoenergetic as it produces energy. Energetically, the
reaction is then always possible. On the contrary, if Q < 0, the reaction is said
endoenergetic and requires a minimal initial kinetic energy to take place. On the sole
energy viewpoint, a channel will be said open if Tin > −Q. If this is not the case, i.e.
if the reaction is endoenergetic and the incident kinetic energy is lower than |Q|, the
channel is said closed. Note that the elastic-scattering channel is always open, since
in that case Q = 0.

2.1.2 Notion of Cross Section

Tocharacterise a reaction andmeasure its probability to take place during the collision
of two particles, we use the notion of cross section. To introduce this observable, let
us go back to the measurement scheme pictured in Fig. 2.1. The number of particles
�n detected in the direction � per unit time within the solid angle �� covered by
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the detector will be naturally proportional to the flux Fi of incoming particles and
the number N of particles within the target:

�n = Fi N �σ. (2.3)

the factor of proportionality �σ is the cross section for the outgoing channel con-
sidered in the measurement. The dimensions of �n are that of a number of event per
unit time, those of Fi that of a number of particles per unit time and unit area, and N
is of course just a number of particles. Consequently, the dimensions of �σ are that
of an area. Its units are usually expressed in barns (b) : 1 b = 10−24 cm2 = 100 fm2.

The differential cross section corresponds to the limit

dσ

d�
= lim

��→0

�σ

��
(2.4)

= lim
��→0

�n

Fi N��
. (2.5)

The direction Ẑ is often chosen along the beam axis. In that case, thanks to the
cylindrical symmetry of the problem, the cross section dσ/d� depends only on the
colatitude θ and is independent of the azimuthal angle ϕ.

This schematically explains how these values can be measured. To see how they
can be calculated, let us consider the elastic scattering of two particles, a and b, which
interact through a potential V . This potential depends on the a-b relative coordinate
R = Rb − Ra (for the sake of clarity, the spin of the particles is neglected in this
development). The Hamiltonian of the system hence reads

H (Ra,Rb) = Ta + Tb + V (R), (2.6)

where the kinetic energy of particles a and b, respectively, read

Ta = p2a
2ma

= −�
2�Ra

2ma
(2.7)

Tb = p2b
2mb

= −�
2�Rb

2mb
, (2.8)

with pa and pb the momenta of a and b, respectively.
SinceV depends only on the relative coordinateR it is useful to change coordinates

and use, instead of Ra and Rb, their relative coordinate R and the coordinate of their
centre of mass

Rcm = maRa + mbRb

M
, (2.9)

were M = ma + mb is the total mass in the incoming channel. Within this new set
of coordinates, the Hamiltonian of the system reads



38 P. Capel

H (Ra,Rb) = Tcm + TR + V (R), (2.10)

where

Tcm = P2
cm

2M
= −�

2�Rcm

2M
(2.11)

is the kinetic energy of the centre of mass of a and b, with Pcm its momentum, and

TR = P2

2μ
= −�

2�R

2μ
, (2.12)

is the kinetic energy of the relativemotion between a and b, withP the corresponding
momentum and μ = mamb/M the reduced mass of a and b.

It follows from (2.10) thatH is the sum of twoHamiltonians, which are functions
of two independent variables Rcm and R:

H (Ra,Rb) = Hcm(Rcm) + H(R). (2.13)

Accordingly the wave function that describes this two-particle system can be fac-
torised into

�tot(Ra,Rb) = �cm(Rcm) �(R). (2.14)

The wave function �cm describes the motion of the centre of mass of a and b. It
is solution of the Schrödinger equation

Hcm �cm(Rcm) = Ecm �cm(Rcm), (2.15)

where Hcm = Tcm [see (2.10)], which describes the motion of a free particle of mass
M . For a particle of initial momentum Pcm = �Kcm, �cm corresponds simply to a
plane wave

�Kcm (Rcm) = (2π)−3/2eiKcm ·Rcm , (2.16)

with �
2K 2

cm/2M = Ecm, the kinetic energy of the a-b centre of mass in the reference
frame in which Ra and Rb are defined. The normalisation factor (2π)−3/2 is chosen
such that

〈�K′
cm |�Kcm 〉 = δ(Kcm − K′

cm) (2.17)

This wave function (2.16) hence describes a centre of mass in uniform translation,
as we would have expected from Galilean invariance. Accordingly, this motion does
not add anything and can thus be ignored. The physics of the problem is thus entirely
captured within the Hamiltonian
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H(R) = TR + V (R), (2.18)

which describes the relative motion of particles a and b. In scattering theory, the
meaningful eigenstates of H are the stationary scattering states.

2.1.3 Stationary Scattering States

A stationary scattering state �K Ẑ is a solution of

H �K Ẑ(R) = E �K Ẑ, (2.19)

which exhibits the following asymptotic behaviour

�K Ẑ(R) −→
R→∞(2π)−3/2

[
eiK Z + fK (θ)

eiK R

R

]
. (2.20)

In (2.19) and (2.20), Ẑ has been chosen as the beam axis, for which choice the
expression does not depend on the azimuthal angle ϕ as explained above.

The solutions of equation (2.19) we are looking for behave asymptotically as the
sum of a plane wave eiK Z and an outgoing spherical wave fK (θ)eiK R/R, whose
amplitude is modulated as a function of the scattering angle θ by the function fK ,
which is called the scattering amplitude. Note that, for both terms in equation (2.20),
the momentum �K is related to the energy E = �K 2/2μ. To interpret the physical
meaning of this asymptotic behaviour, let us recall the operator of the current of
probability

J(R) = 1

μ
ℜ [�∗(R) P �(R)], (2.21)

and let us compute this operator on each term of equarion (2.20). For the plane wave,
we obtain

Ji (R) = (2π)−3 �K

μ
Ẑ = (2π)−3 v Ẑ (2.22)

where v = �K/μ is the incoming a-b relative velocity. We can thus interpret this
term as the incoming current of probability, describing the projectile impinging on
the target at a velocity v along the beam axis.

For the spherical wave, we get

Js(R) = (2π)−3 v | fK (θ)|2 1

R2
R̂ + O

(
1

R3

)
, (2.23)
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which, at large distance, is purely radial and directed outwards. This current is still
proportional to v, but its magnitude varies with θ according to the square modulus
of the scattering amplitude | fK (θ)|2. It can thus be seen as the scattered current that
describes the relative motion of the two particles after they have interacted.

To obtain a formal expression of the cross section, let us go back to its defini-
tion (2.5). Following the physical interpretation of the asymptotic behaviour of the
scattering state �K K̂, we can assume that in a quantal description of the process, the
incoming flux Fi [see (2.3)] will be proportional to the incoming current Ji (2.22)

Fi = C Ji . (2.24)

In the same line of thought, the flux of particle scattered in direction � is related to
the scattered current Js (2.23) by

Fs = C Js . (2.25)

For a single scattering centre, i.e. N = 1, the number of particles �n observed in a
given direction per unit time in a detector of section �S will thus be

�n = Fs �S (2.26)

= C Js R
2 ��, (2.27)

where �� is the solid angle under which the detector is seen from the target when it
is placed at a distance R. Following the definition (2.4), the differential cross section
for the scattering of a by b hence reads

dσ

d�
= lim

��→0

�n

Fi ��
(2.28)

= R2 Js
Ji

(2.29)

= | fK (θ)|2. (2.30)

The cross section is therefore just the square modulus of the scattering amplitude.
This means that all the effect of the interaction between a and b—viz. of the poten-
tial V—on the scattering process is included in fK , as expected from the physical
interpretation we gave of Js (2.23). In order to obtain that scattering amplitude, it is
necessary to solve the Schrödinger equation (2.19) under the asymptotic condition
(2.20). There exist various techniques to do that. In the next section, we will see one
that works for central potentials and that is often used for low-energy scattering: the
partial-wave expansion.
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2.1.4 Partial-Wave Expansion and Phasesift
2.1.4.1 Partial-Wave Expansion

When the potential is central, i.e. when it depends only on the distance R between a
and b, the Hamiltonian H commutes with the orbital angular momentum operators
L 2 and LZ . The wave function �K Ẑ, solution of equation (2.19), which describes
the a-b relative motion can then be expanded upon the eigenfunctions of L 2 and
LZ , which are the spherical harmonics Y M

L

�K Ẑ(R) = (2π)−3/2 1

K R

∞∑

L=0

cL uK L(R) Y 0
L (θ), (2.31)

taking into account the aforementioned cylindrical symmetry. Including this expan-
sion in equation (2.19), we obtain the following equation for the reduced radial wave
functions uK L

(
d2

dR2
− L(L + 1)

R2
− 2μ

�2
V (R) + K 2

)
uK L(R) = 0. (2.32)

This equation can be solved using numerical techniques. One advantage of this
decomposition is to reduce the three-dimensional problem (2.19) to one dimension.
Of course, (2.32) will have to be solved for all the values of L . However, as we will
see later, especially at low energy E , the sum over L in the expansion (2.31) can be
truncated to a limited number of terms.

2.1.4.2 Phaseshift

For now, let us assume that (2.32) can be solved for all the values of L that are
needed. Our goal being to calculate the cross section (2.30), we need to evaluate the
scattering amplitude fK , which appears in the asymptotic expression of the stationary
scattering states (2.20). To see how to obtain fK from the solution of equation (2.32),
let us study the behaviour of uK L at large R. If we assume the interaction potential V
to be short-ranged, viz. R2 V (R) −→

R→∞ 0, the asymptotic solution of equation (2.32)

uasK L is solution of

(
d2

dR2
− L(L + 1)

R2
+ K 2

)
uasK L(R) = 0, (2.33)

whose solutions are known analytically and exhibit a well-known asymptotic
behaviour

uasK L(R) = A K R jL(K R) + B K R nL(K R) (2.34)

−→
R→∞ A sin(K R − Lπ/2) + B cos(K R − Lπ/2) (2.35)
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where jL and nL are the spherical Bessel functions of the first and second kinds,
respectively. We can re-define the constants A and B as A = C cos δL and B =
C sin δL , respectively. This gives us

uasK L(R) −→
R→∞C sin(K R − Lπ/2 + δL), (2.36)

where C is just an overall normalisation constant, whereas δL , which is called the
phaseshift, contains all the information about the scattering potential. To better grasp
the physical meaning of this phaseshift, let us re-write (2.36) as the sum of an
incoming and an outgoing spherical waves

uK L(R) −→
R→∞ i C

e−iδL

2

[
e−i(K R−Lπ/2) − SL ei(K R−Lπ/2)] (2.37)

where

SL = e2iδL (2.38)

is the scattering matrix.
Equation (2.37) shows that, when we interpret the asymptotic behaviour of these

radial scattering wave functions uK L as the sum of an incoming and an outgoing
spherical waves, we observe that the outgoing wave is shifted in phase by 2δL from
the incoming wave. Intuitively, the former can be seen as describing the particles
in the incoming channel, while the latter corresponds to the particles leaving one
another after having interacted. This phaseshift therefore contains all the information
available to us on the interaction potential V . Accordingly, following what was said
earlier, it can be used to compute the elastic-scattering amplitude, and hence the cross
section.

To obtain the scattering amplitude from the phaseshifts, we have to compute the
coefficients cL of the partial-wave expansion (2.31). This can be achieved formally
by comparing the asymptotic behaviour of that expression to that of the stationary
scattering wave function (2.20) taking (2.37) into account. Using the partial-wave
expansion of plane waves

eiK Z −→
R→∞

∞∑

L=0

(2L + 1)i L PL(cos θ)
i

2K R

[
e−i(K R−Lπ/2) − ei(K R−Lπ/2)

]

(2.39)

we obtain

cL = √
4π

√
2L + 1i LeiδL (2.40)

and finally
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fK (θ) = 1

2i K

∞∑

L=0

(2L + 1)(SL − 1)PL(cos θ). (2.41)

Following (2.30), the differential elastic-scattering cross section therefore reads

dσ

d�
=

∣∣∣∣∣
1

2K

∞∑

L=0

(2L + 1)(e2iδL − 1)PL(cos θ)

∣∣∣∣∣

2

. (2.42)

After integration over � the total scattering cross section reads

σ = 4π

K 2

∞∑

L=0

(2L + 1) sin2 δL . (2.43)

These expressions show that all the partial waves contribute to the total cross
section, however with variable importance depending on the value of the phaseshift
δL . To understand this point, let us have a look at the effective potential V eff

L , which
is the sum of the actual potential V with the centrifugal term �

2

2μ
L(L+1)

R2 .

V eff
L (R) = V (R) + �

2

2μ

L(L + 1)

R2
. (2.44)

This effective potential is displayed in Fig. 2.2 for a typical nucleus-nucleus interac-
tion considering different values of the orbital angular momentum for the projectile-
target relative motion L . The purely repulsive centrifugal term combines with the
(mostly) attractive potential V to form a centrifugal barrier at intermediate distance,
where the potential V becomes negligible (here at R ∼ 4 fm). In a nucleus-nucleus
collision as pictured here, this would correspond roughly to the distance at which
the surfaces of both nuclei touch one another. As L increases, the centrifugal barrier

Fig. 2.2 Effective potential
V eff (2.44) plotted for L = 0
(i.e. V ), 1, 2, 3 and 4. We
observe that the influence of
the interaction potential V on
the projectile-target motion
decreases as L increases
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Fig. 2.3 Proton-neutron phase shift in various partial waves. The experimental data (red crosses) are
compared with the theoretical prediction of Navarro-Pérez, Amaro and Ruiz-Arriola [5]. Reprinted
figure with permission from [5] Copyright (2013) by Elsevier

increases in height and eventually overcomes the pulling effect of the actual inter-
action. Therefore, above a certain value of L , the centrifugal term will prevent the
colliding particles to come close to one another and therefore to interact with each
other. In that case, the effect of V on the radial wave function uK L will diminish
significantly, the phaseshift δL will become very small and hence the contribution of
these partial waves to the cross sections (2.42) and (2.43) can be neglected. This is
the mechanism that limits the a priori infinite sum in the expansion (2.31).

Figure2.2 also illustrates that the repulsive effect of the centrifugal term will be
larger when the a-b relative kinetic energy E is lower. When E gets smaller, the
centrifugal barrier gets wider and its top gets higher relative to that incoming energy.
Themaximumnumber of partial waves to include in the expansion hence gets smaller
at lower energy. Eventually, at very low energy, e.g. for reactions of astrophysical
interest or for fissions induced by thermal neutrons in conventional nuclear reactors,
only one partial wave will matter, the one for which there is no centrifugal barrier,
i.e. L = 0.

To illustrate this effect, I reproduce in Fig. 2.3 the proton-neutron phase shift
expressed in degrees in different partial waves; this figure is extracted from [5]. Each
partial wave is identified by the notation 2S+1L J , where S = 0 or 1 is the total spin
of the two nucleons, L is their relative orbital angular momentum denoted by a letter
(S ⇔ L = 0, P ⇔ L = 1, D ⇔ L = 2, F ⇔ L = 3, G ⇔ L = 4,…) and J is the
total angular momentum obtained from the coupling of S and L .
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The actual value of these phaseshifts are not important to us. What matters in this
example is to note that when L increases, the range of variation in the phaseshift
decreases, going from 180◦ in the 3S1 partial wave down to less that 2◦ in the H
and I ones. This illustrates that the influence of the different partial waves generally
decreases as L increases and that this is particularly true at low energy. At very low
energy, the G, H and I phaseshifts are indeed negligibly small and can therefore be
ignored in the computation of the cross sections.

Before concluding on this partial-wave expansion, let us comment on the analysis
performed in [5]. As mentioned in Sect. 2.1.1, the study of the collision between two
particles can provide information on the interaction between them. This is exactly
what Navarro-Pérez, Amaro and Ruiz-Arriola have done here: use the experimental
information on the phaseshift in different partial waves in nucleon-nucleon elastic
scattering to build a potential that will reliably describe the nucleon-nucleon inter-
action. All accurate nucleon-nucleon potentials have been constrained in this way,
from the phenomenological ones, like Argonne V18 [6] or CD-Bonn [7] to the more
recent nucleon-nucleon interactions derived in chiral effect field theory [8].

In conclusion, we should therefore see the partial-wave expansion as a low-energy
method.When the incoming energy increases, the number of partial waves to include
in the expansion becomes large, and it becomes sensible to consider approximations,
like the Born Approximation or the eikonal model of reactions, which have been
developed for high-energy reactions (see [4] and Sect. 2.2.2.5).

2.1.4.3 Resonances

In the previous section, we have seen that due to the growing influence of the cen-
trifugal term with L , the contributions of the partial waves tend to decrease with the
orbital angular momentum. However, there are cases in which one partial wave can
have an unexpected dominant contribution over the other ones within a short energy
range. This can happen if the phaseshift in that partial wave δL goes quickly from
somewhere close to zero to π/2 and then up to π . In that case, following (2.43),
we see that the corresponding contribution will go from a small contribution (when
δL is small) to its maximum contribution (when δL = π/2) and then back to some-
thing small again (when δL ∼ π ). This behaviour, which corresponds to a significant
variation of a cross section within a short energy range, is called a resonance.

Because they correspond to a well defined orbital angular momentum L and other
quantum numbers (total angular momentum J , parity etc.), they can be assimilated
to structures in the continuum similar to bound states. In a sense, they can be seen
as a structure composed of the two colliding nuclei sticking to, or orbiting around,
one another for a while before separating.

To illustrate this point, Fig. 2.4 (left) reproduces the 3S1 phaseshift for the elastic
scattering of a proton off 13C as a function of the proton energy Ep. We observe a
sharp increase in that phaseshift at an energy of about Ep = 550 keV. The presence
of that resonant state eases the capture of the proton by 13C to form 14N (a photon γ

is then emitted to conserve the total energy and momentum of the system). This is
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Fig. 2.4 Example of a resonance. Left, the 3S1 phaseshift in the p-13C elastic scattering (in degrees)
as a function of the proton energy Ep (in keV). It varies quickly from about 0◦ to nearly 180◦ around
E = 550 keV. Right, this behaviour explains the sudden increase in the cross section for the radiative
capture 13C(p,γ )14N [9]. Reprinted figure with permission from [9] Copyright (2012) by Springer
Nature

shown in the right panel of Fig. 2.4, where the cross section for that reaction exhibits
a sudden and very significant increase at that energy. This reaction p+13C→14N+γ ,
also noted 13C(p,γ )14N in short, is called a radiative capture.

2.1.5 Optical Model

So far,we have focussed only on the elastic-scattering reaction, i.e.when the colliding
particles come out of the collision in their initial state, merely scattering each other
without change neither in their internal structure nor in their internal energy.However,
as seen in Sect. 2.1.1, other channels can be open. A cross section can be equally
defined for these other channels. For example, a differential cross section for the
transfer a + b → d + e can be defined as

dσ

d�
(a + b → d + e) = lim

R→∞
R2 Jd+e

Ji
, (2.45)

where Jd+e corresponds to the probability current for the outgoing channel d + e,
while Ji is the probability flux for the incoming channel (2.22).

We can also define a cross section for various channels. In particular, the reaction
cross section (σr ) corresponds to the sum of the cross sections for all the channels,
but the elastic one:

σr =
∑

channel\a+b

σ(a + b → channel). (2.46)
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The interaction cross section (σI ) corresponds to all channels, but the elastic and
inelastic scatterings:

σI =
∑

channel\(a+b)∪(a+b∗)∪(a∗+b)∪(a∗+b∗)

σ (a + b → channel). (2.47)

This cross section corresponds therefore to all the channels in which the projectile or
the target—or both—change their internal structure. This includes fusion, transfer,
breakup, fragmentation, spallation,…

The existence of other open channels can affect the elastic-scattering process. In
particular, since probability flux appears in these non-elastic channels, some prob-
ability flux has to be removed from the elastic-scattering one. The optical model
enables us to account for these other channels phenomenologically.

When the interaction between the two particles a and b is described by a real
potential, the Hamiltonian H (2.18) is unitary and hence the total probability flux J
is conserved. Since that Hamiltonian accounts only for the elastic channel, that prob-
ability flux stays in that very channel, even if it shifts from the incoming plane wave
to an outgoing spherical wave during the collision [see (2.20)]. This conservation is
expressed as the continuity equation, which, for a stationary state, reads

∇J(R) = 0 (2.48)

To simulate absorption of the probability flux towards other channels, it has been
suggested to use a complex—or optical—potential

Uopt(R) = V (R) + i W (R). (2.49)

Usually, but not always, optical potentials are referred to by the symbolU , instead of
V , which is often kept for real potentials or, as in (2.49), for the real part of complex
potentials. The imaginary part of these potentials is usually denoted by W .

When the interaction between the colliding particles is complex, the divergence of
the probability flux is no longer nil. Accounting for the Schrödinger equation (2.19)
written with the optical potential Uopt instead of the purely real one used so far, we
obtain

∇J(R) = ∇ 1

μ
ℜ {�∗(R)P�(R)}

= −i
�

2μ
∇[�∗(R)∇�(R) − �(R)∇�∗(R)]

= i
�

2μ
[�∗(R)

2μ

�2
Uopt(R)�(R) − �(R)

2μ

�2
U ∗

opt(R)�∗(R)]

= 2

�
W (R) |�(R)|2 . (2.50)
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For that divergence tomodel absorption from the elastic channel, it has to be negative.
Therefore, the imaginary part of optical potentials has to be negative (or nil):W (R) ≤
0 ∀R.

To understand how this affects the wave function, let us have a look at the partial-
wave expansion explained in the previous section. From (2.32), we can see that using
a complex optical potential in the calculation will lead to a complex phaseshift δL . It
can be shown that since the imaginary part of the potential is negative, the imaginary
part of the phaseshift is positive [ℑ (δL) ≥ 0]. The scatteringmatrix (2.38) then reads

SL = ηL e2iℜ (δL ), (2.51)

where ηL = e−2ℑ (δL ) ≤ 1. Accordingly, the asymptotic behaviour of the radial wave
function uK L (2.37) exhibits an outgoing spherical wave with a reduced amplitude
compared to the incoming one

uK L −→
R→∞ ∝

[
e−i(K R−Lπ/2) − ηL e2iℜ (δL ) ei(K R−Lπ/2)

]
. (2.52)

This clearly corresponds to a loss of flux from the entrance channel, simulating the
presence of other open channels that can be populated during the collision. The name
optical model comes from optics, where a complex index of refraction can be used
to simulate the absorption of light by the medium.

Within this model, one can compute an absorption cross section σa that corre-
sponds to all non-elastic channels. It can be computed as the elastic-scattering cross
section in equation (2.29) or the transfer cross section in equation (2.45). Alterna-
tively, we can also integrate the loss of flux (2.50) over the whole space:

σa = − ∫ ∇J dR
Ji

(2.53)

= − limR→∞
∮
J · R̂ R2d�

Ji

= π

K 2

∞∑

L=0

(2L + 1)
(
1 − η2

L

)
. (2.54)

Byanalogy to equation (2.52), let us note that sinceη2
L measures thefluxof probability

that remains in the elastic channel, 1 − η2
L corresponds to what has been absorbed

from that channel. At the limit of a real potential, ηL = 1 ∀L and the absorption cross
section is nil. From what has been introduced at the beginning of this section, we
see that σa can be compared to the reaction cross section σr , which can be measured
experimentally.

Note that all the developments performed in this section have been made for a
short-range potential, i.e. for which R2V (R) −→

R→∞ 0. This is not valid for a Coulomb

potential, which is non-negligible in most of the nuclear-physics problems, since
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nuclei are charged. Fortunately, although it leads to more complicated calculations,
the Coulomb part of the interaction can be treated exactly and results similar to what
has been shown here can be performed seeing the nuclear interaction as a short-
ranged perturbation to the Coulomb interaction. I refer the interested readers to more
detailed references to study the corresponding developments [2–4].

2.2 Breakup Models

2.2.1 An Introduction to Halo Nuclei

Stable nuclei exhibit a compact structure with a density (for both matter and charge)
roughly constant from the centre of the nucleus until its surface. Beyond that point,
the density drops quickly with a decay similar throughout the whole nuclear chart.
This structure leads to a liquid-dropmodel of the nucleus [10], in which the nucleons
are seen tightly packed, interacting mostly to their closest neighbours and forming a
nuclear droplet of constant density. Their volume being directly proportional to the
number A of nucleons, the radius of these drops hence vary linearly with A1/3.

In the mid-80s, when the first Radioactive Ion Beams became available, Tanihata
and his collaborators have undertaken to test if this property remains true away from
stability. Because radioactive nuclei are, by definition, unstable, it is not possible
to measure their radii with usual techniques, like electron scattering. Therefore, to
estimate the size of these nuclei, they have measured their interaction cross section
σI (see Sect. 2.1.5) on various targets at high energy [11, 12]. In a very geometric
model, where the projectile P and the target T are seen as hard spheres, they will
interact in the sense of σI when they touch each other. The cross section for this
process is thus expressed as

σI (P, T ) = π [RI (P) + RI (T )]2, (2.55)

where RI is the interaction radius. In a first approximation, this radius can be used
to estimate the size of the nucleus.

Figure2.5 shows the interaction radii obtained by Tanihata et al. for various iso-
topes of He (full circles), Li (open circles), Be (full squares) and B (open squares)
[13]. In addition to the data, the A1/3 usual behaviour is plotted as a dotted line. We
can see that most of the nuclei studied here exhibit more or less the radius predicted
by this empirical law. However, a few of them, like 11Li, 11Be or 14Be stick out of this
trend and seem larger than expected. One possibility to explain this unusual feature
could be a significant collective deformation. However, an exotic structure is actually
the reason for these variations from a well established property of stable nuclei.

Subsequent studies have shown that the valence neutrons play a significant role in
the sudden increase of the interaction cross section for these nuclei. For example, it
has been observed that the difference between the interaction cross section of one of
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Fig. 2.5 Interaction radius
for isotopes of He, Li, Be
and B. Data are from [13]
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these exotic nuclei and that of the isotope one or two neutron down the isotopic line
roughly equals the one- or two-neutron removal cross section for that very nucleus
[13]. This suggests that most of the increase in the interaction cross section is due to
the additional valence neutrons.

Other groups have then measured one-neutron knockout (KO) on these nuclei. In
that reaction, one neutron is removed from the projectile during a high-energy colli-
sion on a light target, like C or Be (see, e.g., [14]). In these measurements, only the
A − 1 nucleus produced by the knockout is measured, not the kicked out neutron. For
the nuclei that exhibit an unusually large interaction radius, experimentalists have
observed narrow parallel-momentum distributions of the remaining A − 1 nucleus.
Since the reaction takes place at high energy, one can assume that the measured dis-
tribution reveals themomentum distribution the remnant cluster had within the initial
nucleus. That distribution being narrow, it means, from the Heisenberg uncertainty
principle, that the spatial neutron-core distribution must be extended.

These different results—large interaction cross section, special role of the valence
neutrons, narrow momentum distribution of the A − 1 nucleus in KO,…—have led
to the notion of halo nuclei [15]. Halo nuclei are light, neutron-rich nuclei that are
unusually large compared to their isobars, viz. their matter radius does not follow
the empirical A1/3 rule. This large size is qualitatively understood as resulting from
their small one- or two-neutron separation energies (Sn or S2n). Thanks to this loose
binding, the valence nucleons can tunnel far into the classically forbidden region, i.e.
far away from the range of the nuclear interaction. They hence form a sort of diffuse
halo around the core of the nucleus, which exhibits a usual nuclear structure, being
tightly bound and compact. Quantum-mechanically, this translates by a long-range
tail in the wave function that describes their relative motion to the other nucleons.

Two types of halo nuclei have been observed so far: the one-neutron halo nuclei,
and those with two neutrons in their halo. 11Be and 15C exhibit a one neutron halo;
they are thus seen as a 10Be, respectively 14C, core to which one neutron is loosely
bound. 6He and 11Li are typical examples of two-neutron halo nuclei; they exhibit
a clear three-body structure with an α, respectively 9Li, core surrounded by two
valence neutrons.
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Fig. 2.6 Left: Effective potential V eff
L (2.44) in S, P and D waves fitted to host a state bound by

0.5 MeV. Right: Reduced radial wave functions of the corresponding bound states

In order for a halo to develop in a nucleus, not only does Sn or S2n need to be small,
but also nothing may hinders the extension of the wave function to large distances.
Therefore halos are observed mostly when the valence neutrons sit in an orbital
corresponding to a low orbital angular momentum L , i.e. usually in an S or P wave.
This is illustrated in Fig. 2.6, where effective potentials V eff

L (2.44) in the S, P and D
waves are plotted as a function of the radial distance R (left). Each of them is fitted to
host a state bound by 0.5 MeV, which is the one-neutron separation energy of 11Be,
the archetypical one-neutron halo nucleus. The corresponding radial wave functions
are depicted in Fig. 2.6 (right). We observe that a higher orbital angular momentum
will lead to a higher centrifugal barrier, which will force the wave function inside
the nucleus, hence reducing the probability that the valence neutron can be found far
from the other nucleons.

For this reason, although not impossible, the development of a halo in proton-rich
nuclei is less probable. In that case, in addition to the centrifugal barrier, the valence
nucleon always feels a Coulomb barrier, that also reduces the density of probability
at large distance. The ground state of 8B and the first excited state of 17F are often
seen as candidates for one-proton halo nuclei.

Note that in addition to exhibiting a halo, two-neutron halo nuclei, like 6He or
11Li, are also Borromean nuclei. This means that although the three-body system
composed of the core plus two neutrons is bound, none of the two-body subsystems
is: although 6He exists, neither the dineutron 2n nor 5He exist [16]. This name was
coined by Zhukov et al. after the Borromean rings, which are three rings entangled
in such a way that when one of the rings is broken, the other two get loose. These
rings appear on the coat of arms of the Borromeans, a noble family from Northern
Italy, hence their name.

As mentioned above, halo nuclei are usually located close to the neutron dripline,
i.e. on the edge of the valley of stability. These nuclei are therefore (very) short-lived
and cannot be studied through usual spectroscopic methods, like electron or proton
elastic scattering. To probe their internal structure, we must then rely on indirect
techniques, like reactions. To infer reliable nuclear-structure information about the
projectile from the experimental data, a precise model of the reaction coupled to a
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realistic description of the projectile must be used. In the next section, I describe
different models that exist for breakup reactions.

2.2.2 Breakup Reaction

2.2.2.1 Introduction

In breakup reactions the projectile dissociates into its more elementary constituents
during its collision with a target (see also Sect. 2.1.1). Such process takes place
because the constituents of the projectile interact differently with the target, leading
to a tidal force that can be sufficient to break the nucleus apart. This reaction hence
reveals the internal structure of the projectile. It is particularly well suited to study
the cluster structure of loosely bound nuclei, like halo nuclei. When performed on
heavy targets, i.e. when they are dominated by the Coulomb interaction, breakup
reactions can also be used to infer reaction rates of astrophysical interest [17, 18].

In what follows, we will focus on what is called the elastic or diffractive breakup,
i.e. the reaction in which all the clusters are measured in coincidence. In that case
we talk of exclusive measurements, in opposition to the inclusive measurements, in
which only some of the outgoing particles are detected, like in knockout.

2.2.2.2 Theoretical Framework

Since breakup leads to the dissociation of the projectile into two or more parts,
the most basic descriptions of that reaction must include these parts as degrees of
freedom. The simple model presented in Sect. 2.1, in which the internal structure of
the colliding nuclei is neglected, is therefore not sufficient to describe the dissociation
of the projectile. In this introduction to breakup modelling, we will assume the
simplest case of a two-cluster projectile: a core c towhich a fragment f , e.g. a valence
nucleon, is loosely bound. This corresponds to reactions involving one-nucleon halo
nuclei, like 11Be or 8B.

Such a projectile is described phenomenologically by the one-body Hamiltonian

H0 = Tr + Vcf (r), (2.56)

where r is the coordinate of the fragment relative to the core and Tr = −�
2�r/2μc f

is the operator corresponding to the c- f kinetic energy, with μc f = mcm f /mP the
c- f reduced mass, where mc and m f are the masses of the core and the fragment,
respectively, and mP = mc + m f is the mass of the projectile. In (2.56), Vcf is a
phenomenological potential that simulates the interaction that binds the fragment to
the core.

In this simple picture, the c- f relativemotion is described by the eigenstates of the
Hamiltonian H0 (2.56). Since the potential Vcf is usually chosen as central, the c- f
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orbital angularmomentum l and its projectionm are good quantum numbers (the spin
is ignored here for clarity; although a bit tedious, the extension of the developments
of this section to the case of particles with spin is not difficult). In partial waves lm
these states are thus solution of

H0 φlm(r) = E φlm(r), (2.57)

where E is the c- f relative energy. The threshold E = 0 corresponds to the fragment
separation from the core. Negative energies (E < 0) correspond to states in which
the fragment is bound to the core, while positive-energy states (E > 0) describe the
projectile broken up into its core and fragment. The former states are discrete; we add
the number of nodes in the radial wave function n to l andm to enumerate them: φnlm .
Since the latter states describe the fragment separated from the core, they correspond
to a continuum of energies, possibly including resonances (see Sect. 2.1.4.3). We add
the wave number k (E = �

2k2/2μc f ) to l and m to distinguish them and remind that
they belong to the continuum: φklm .

The c- f potential Vcf usually exhibits a Woods-Saxon form sometimes with a
spin-orbit coupling term. Its parameters (mostly its depth) are adjusted to reproduce
the know low-energy spectrum of the nucleus, i.e. the binding energy of the fragment
to the core, the spin and parity of the ground state and maybe some of the excited
states as well, including sometimes resonances.

As an example, let us mention the case of 11Be, which I will use later to illustrate
different models of reactions. Being the archetypical one-neutron halo nucleus, 11Be
is usually described as a 10Be core to which a neutron is bound by a mere Sn(11Be) =
501.64 ± 0.25 keV [19]. Its ground state has spin and parity 1

2
+
. In addition, it also

has an excited 1
2

−
bound state with Sn(11Be∗) = 181.60 ± 0.35 keV [19, 20]. Above

the one-neutron separation threshold, at a c- f energy E = 1.281 MeV±4 keV [20],
11Be exhibits a 5

2
+
resonance. Assuming that the 10Be core is in its 0+ ground state,

the 1
2

+
state of 11Be is described as a neutron bound to the core in the 1s1/2 orbit,

where we have added to the number of radial nodes n = 1 and the orbital angular
momentum l = 0, the total angular momentum j obtained from the coupling of l to
the spin s = 1

2 of the valence neutron, hence j = 1
2 here. In thatmodel, the 1

2
−
excited

state is seen as a 0p1/2 neutron bound to 10Be(0+) and the 5
2

+
resonance is usually

reproduced in the d5/2 orbital. In this way the energy relative to the one-neutron
separation threshold, the total angular momenta and the parity of these states agree
with the known low-energy spectrum of 11Be. Note that this enables us to constrain
the potential Vcf in partial waves s1/2, p1/2, and d5/2, but not in the p3/2 or higher.
This has significant implications in the analysis of actual breakup data (see Sect. 2.3).

The third body in themodel of the reaction is the target T . It is usually described as
a structureless particle, whose interaction with the projectile constituents are simu-
lated by optical potentialsUcT andU f T (see Sect. 2.1.5). Once the three-body centre
of mass motion has been removed, we are left with the Jacobi set of coordinates
illustrated in Fig. 2.7. It is composed of the coordinate of the projectile centre of
mass relative to the target R, in addition to the c- f coordinate r used in (2.56).
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Fig. 2.7 Jacobi set of coordinates (r,R) used to describe the breakup on a target T of a projectile
P composed of two internal clusters, a core c and a fragment f . The beam axis is usually chosen
as the Z axis. The transverse coordinate of R is denoted by b. The c-T (Rc) and f -T (R f ) relative
coordinates are shown for completeness

Within this three-body model, describing the P-T collision reduces to solving the
following Schrödinger equation

[
TR + H0 +UcT (Rc) +U f T (R f )

]
�(r,R) = ET�(r,R), (2.58)

where TR = −�
2�R/2μ is the P-T kinetic-energy operator, withμ the P-T reduced

mass, and Rc and R f are the c-T and f -T relative coordinates, respectively (see
Fig. 2.7). In the center-of-mass rest frame, the total energy is related to the initial
P-T relative momentum �K and the binding energy En0l0 of the projectile ground
state φn0l0m0 : ET = �

2K 2/2μ + En0l0 .
The (2.58) has to be solved with the condition that the projectile, initially in its

ground state φn0l0m0 , is impinging on the target:

�(m0)(r,R) −→
Z→−∞ eiK Z φn0l0m0(r). (2.59)

It is not possible to solve this three-body problem exactly. Therefore, various meth-
ods have been developed over the years to solve it numerically with more or less
sophistication and using different levels of approximation. We will see three of them
in the next sections: the Continuum Discretised Coupled Channel method (CDCC),
the time-dependent approach (TD) and the eikonal approximation. A recent andmore
complete review of these methods can be found in [21].

2.2.2.3 Continuum Discretised Coupled Channel Model (CDCC)

Since the eigenstates |φi 〉 of the Hamiltonian H0 (2.56) form a basis in the vector
space of the projectile internal coordinate r, the idea of the Continuum Discretised
Coupled Channel method (CDCC) is to expand the three-body wave function �
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upon that basis

�(r,R) =
∑

i

χi (R)〈r|φi 〉. (2.60)

Introducing this expansion in the Schrödinger equation (2.58) leads to

∑

i

TRχi (R)|φi 〉 + χi (R)H0|φi 〉 + [
UcT (Rc) +U f T (R f )

]
χi (R)|φi 〉

=
∑

i

ETχi (R)|φi 〉.

(2.61)

Accounting for the fact that H0|φi 〉 = Ei |φi 〉 and projecting each member of the
equality on 〈φ j | one gets the equations the functions χ j of R must satisfy

TR χ j (R) +
∑

i

〈φ j |UcT +U f T |φi 〉χi (R) = (ET − E j ) χ j (R). (2.62)

This is a set of coupled equations in which the coupling terms are thematrix elements
of the optical potentials UcT +U f T within the basis of the eigenstates of H0 |φi 〉.
These terms simulate the interaction between the projectile constituents and the
target. Without them nothing would happen and the projectile would pass by the
target unscathed, and the P-T system would stay in the initial channel eiK Zφn0l0m0 .
As mentioned above, because of these interactions, the system can shift from this
initial (elastic) channel to other channels, where the projectile is in other eigenstates
of H0. A stated in Sect. 2.2.2.2, these states can correspond to excited bound states
of the projectiles or, in the case of breakup, to the c- f continuum, i.e. one of the
states φklm . Because they describe a continuum part of the spectrum, these states are
not numerically tractable. The symbolic expansion (2.60) should actually include an
integral over the value of the c- f relative momentum �k. To circumvent this issue,
Rawitscher has suggested to discretise this continuum [22], viz. to approximate the
continuum functions φklm by a set of discrete φilm . This hence leads to the Continuum
Discretised Coupled Channel method or CDCC [23, 24], see [25] for a recent review.

Various methods have been suggested to discretise the continuum. The simplest
idea is to divide the continuum into small energy intervals, also known as bins:
[Ei − �Ei/2, Ei + �Ei/2] and choose to describe each interval by the continuum
wave function at the midpoint:

φilm(r) = φki lm(r), (2.63)

with Ei = �
2k2i /2μc f .

Unfortunately, these mid-point functions are not square integrable (as seen in
Sect. 2.1.4.2 they oscillate indefinitely when r → ∞). It has then been suggested to
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choose as bin functions the average

φilm(r) = 1

Wil

∫ Ei+ �Ei
2

Ei− �Ei
2

fl(E) φklm(r) dE, (2.64)

where fl is a weight function that can differ from one partial wave to another and

the normalisation factor Wil = ∫ Ei+ �Ei
2

Ei− �Ei
2

fl(E)dE . This method produces square-

integrable wave functions, which ease the calculation of the coupling terms in (2.62)
[22–24]. However, these bin wave functions may extend over a long distance before
becoming negligible, especially if the bins are narrow.

A third way to obtain a discretised continuum is to use pseudo-states. These states
can be generated in different ways. A first one is by diagonalising the projectile
Hamiltonian H0 within a finite set of square-integrable basis states, e.g. using an
R-matrix formalism [26]. The resulting eigenstates of H0 are thus also discrete and
square integrable, even for positive energies E . Another way to obtain pseudo-states
is to use a Transformed Harmonic Oscillator (THO) basis [27]. The idea of this
method is to build a mathematical transformation between the harmonic-oscillator
states and the eigenstates of H0 (2.56). Since the eigenstates of the harmonic oscillator
are naturally discrete and square integrable, the transformation produces the desired
discretised continuum.

The pseudo-states produced by these different methods usually vanish faster at
large r than the radial wave function obtained by averaging (2.64), which is useful in
the calculation of the coupling matrix elements of equation (2.62). However, unlike
in the binning technique, the eigenenergies Ei cannot be chosen at will because
they are the direct outcome of the diagonalisation of the Hamiltonian H0, and hence
depend on the choice of the basis states considered, or the way the THO is built.

Except for this discretisation of the continuum, the CDCCmethod does not make
any other approximation and solves the three-body Schrödinger equation (2.58)
“exactly”, viz. numerically. It is therefore fully quantal and makes no approximation
on the P-T relative motion. It can thus be used at all energies. However, it may be
quite computationally expensive, especially at high energies. This is the reason why
other models based on different approximations of the P-T relative motion have
been suggested (see Sects. 2.2.2.4 and 2.2.2.5).

Various codes have been written to solve the CDCC coupled equations. The code
fresco written by Thomson is the best known [28]; it can be freely downloaded
from www.fresco.org.uk.

To illustrate the CDCC method, I display in Fig. 2.8 the elastic-scattering cross
section of 11Be onZn at 24.5MeV [29, 30]. Thismeasurement is part of a larger effort
to measure the elastic scattering of beryllium isotopes 9,10,11Be on Zn around the P-
T Coulomb barrier to see if the presence of the one-neutron halo in 11Be has any
effect on the elastic process. The stable 9Be and near-to-stability 10Be exhibit usual
elastic-scattering cross sections, which can be easily described with usual optical
potentials (see Sect. 2.1.5). The halo nucleus 11Be, however, exhibits a significant

www.fresco.org.uk
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Fig. 2.8 Elastic scattering of
11Be on Zn at 24.5 MeV
measured at ISOLDE
(CERN) [29, 30]. The
coupling to the 10Be-n
breakup channel included in
the “full” CDCC calculation
must be accounted for in
order to properly reproduce
the measured cross section.
Reprinted figure with
permission from [30]
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suppression of its elastic-scattering cross section around θ ∼ 30◦–40◦ (see Fig. 2.8),
which can only be reproduced if a long-range term is added to the imaginary part
of the optical potential [29]. This suggests that the halo indeed influences the elastic
scattering. To investigate in more details this effect, precise CDCC calculations of
this collision have been performed [30].

Toproperly reproduce the data, a full calculation, i.e., including the coupling to and
within the 10Be-n continuum needs to be included (solid blue line in Fig. 2.8). Solely
accounting for the extended wave function of the projectile without the couplings to
the continuum (red dotted line in Fig. 2.8) does not exhibit the strong suppression of
the elastic-scattering cross section at 30◦. This shows the importance to account for
the breakup channel in collision involving loosely bound systems, like halo nuclei,
even if the breakup process is not the primarily study of the experiment.

2.2.2.4 Time-Dependent Approach

To reduce the computational complexity of the CDCC framework, various approxi-
mations have been suggested. The first one I present in this short review is the Time-
Dependent approach (TD). The main idea is to approximate the P-T relative motion
by a classical trajectoryR(t), while maintaining a quantum description of the projec-
tile. This approach was first developed to describe Coulomb excitation in heavy-ion
collisions, in which a nucleus is excited during its collision with a heavy target [31].
The high Z of the target ensures that the process is dominated by the Coulomb inter-
action. The reaction can thus be described as resulting from the exchange of virtual
photons between the colliding nuclei. It has naturally be extended to describe the
Coulomb breakup of halo nuclei, where the excitation takes place between the initial
ground state of the projectile (2.59) and its continuum [32–36].

In this approximation, the projectile follows a classical trajectory R(t) along
which it feels a time-dependent potential simulating its interaction with the target.
This leads to the resolution of the time-dependent Schrödinger equation
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i�
∂

∂t
�(r, b, t) = {

H0 +UcT [Rc(t)] +U f T
[
R f (t)

] − Vtraj [R(t)]
}
�(r, b, t),

(2.65)

where Vtraj is the potential used to generate the trajectories and b is the impact
parameter, which characterises each trajectory. The time dependence of the optical
potentials UcT and U f T arises from the time dependence of R, upon which Rc and
R f depend (see Fig. 2.7).

Equation (2.65) has to be solved for each value of the impact parameter b with
the condition that the projectile is initially in its ground state:

�(m0)(r, b, t → −∞) = φn0l0m0(r) ∀b ∈ R
+. (2.66)

The usual way to solve the time-dependent equation (2.65) is to numerically
compute the wave function � by small time steps �t using an approximation of the
time-evolution operator U :

�(m0)(r, b, t + �t) = U (t + �t, t)�(m0)(r, b, t) (2.67)

with

U (t ′, t) = exp

[
−i

�

∫ t ′

t

[
H0 +UcT (τ ) +U f T (τ ) − Vtraj(τ )dτ

]
]

, (2.68)

starting from φn0l0m0 at a large negative time t → −∞.
Since each trajectory is treated separately, the computational cost of the TD

approach is strongly reduced compared to CDCC’s. However, as we will see in
Sect. 2.2.3, because of that some quantal effects are lost, in particular the model
lacks the interferences between neighbouring trajectories.

Various codes—mostly unpublished—have been written to solve (2.65). In [32–
34], the wave function � is expanded in partial waves and the P-T optical poten-
tials are decomposed into multipoles. This technique has the advantage to lead to
a diagonal representation of H0, which is simpler to use in the expression of the
time-evolution operator U . Reference [35] makes use of a three-dimensional cubic
mesh in r upon which � is expanded. This enables to treat the kinetic-energy term
of H0 using a fast Fourier transform. Finally, in [36], the wave function is expanded
on a three-dimensional spherical mesh, which leads to a diagonal representation of
the P-T optical potentials.

Figure2.9 illustrates this method; it displays the cross section obtained by
Esbensen within his TD code for the breakup of 15C into 14C and a neutron while
impinging on Pb at 68AMeV [38, 39], which correspond to the conditions of the
RIKEN experiment performed by Nakamura et al. [37]. Once folded with the exper-
imental resolution (solid red lines in Fig. 2.9), the TD calculations are in excellent
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Fig. 2.9 Coulomb breakup cross section for 15C impinging on Pb at 68AMeVmeasured at RIKEN
[37] with two angular cutoffs. The TD calculation of Esbensen is shown with the dotted lines [38,
39], the solid lines correspond to these calculations folded with the experimental energy resolution.
Reprinted figure with permission from [38] Copyright (2009) by the American Physical Society

agreement with the data, which confirms, besides the validity of the TD approach
for this kind of observable, the clear two-cluster structure of 15C.

2.2.2.5 Eikonal Approximation

The second approximation, which is often used to model reactions involving halo
nuclei, is the eikonal approximation. This approximationwas first derived byGlauber
[40] and is suited to describe high-energy reactions. The cornerstone of this approx-
imation is to realise that at sufficiently high energy, the P-T relative motion is not
very different from the incoming plane wave eiK Z [see (2.59)]. At high energy, the
fragments of the projectile are emitted at a velocity close to the projectile one and are
scattered at very forward angles. The idea of the approximation is thus to factorise
the plane wave out of the three-body wave function by posing

� = eiK Z
̂�. (2.69)

Inserting this in the Schrödinger equation (2.58), the only term that requires some
attention is the kinetic operator TR

TR� = eiK Z
(
TR + vPZ + μPT

2
v2

)
̂�, (2.70)

where v = �K/μPT is the asymptotic P-T relative velocity. Since the major depen-
dence on R has been removed from the wave function through the factorisation
(2.69), �̂ is smoothly varying with R and hence its second-order derivatives TR�̂

can be neglected compared to its first-order derivative vPZ �̂. Accounting for the
energy conservation ET = μPT v2/2 + En0l0 , (2.58) then reads



60 P. Capel

i�v
∂

∂Z
�̂(r,b, Z) = [

H0 − En0l0 +UcT (Rc) +U f T (R f )
]
�̂(r,b, Z), (2.71)

where b is now the transverse component ofR (see Fig. 2.7), not to be mixed up with
the classical impact parameter of the previous section. Note that b is still a quantal
variable here; unlike in the TD approach, no semiclassical hypothesis has been made
in the derivation of (2.71).

Following the initial condition (2.59), (2.71) has to be solved knowing that

�̂(m0)(r,b, Z) −→
Z→−∞ φn0l0m0(r) ∀b ∈ R

2. (2.72)

At this level of approximation, we obtain the Dynamical Eikonal Approximation
(DEA) [41, 42]. For completeness, note that a similar approximation called the
Eikonal-CDCC (E-CDCC) has been derived by the Kyushu group [43]. It is based on
the CDCC expansion but exploits the eikonal approximation to simplify the coupled
equations (2.62).

Note that (2.71) and its initial condition (2.72) are mathematically equivalent to
equations (2.65) and (2.66), respectively, which means that it can be solved using
the same codes as that time-dependent Schrödinger equation. The DEA has thus a
computational cost similar to TD calculations, hence significantly lower than CDCC.
The major difference with the TD approach is that b being a quantal variable, inter-
ference effects between neighbouring trajectories can be taken into account. The
DEA hence extends the TD technique by including part of the quantal interferences
that are neglected within the semiclassical approximation. We will come back to that
in the next section.

What people usually call the eikonal approximation performs a subsequent adia-
batic—or sudden—approximation to simplify (2.71). Since the factorisation (2.69)
is applied at high energy, the idea of this additional approximation is to say that the
collision time will be short and that during this time, the projectile structure will
not evolve much. One can thus see the internal coordinates of the projectile, i.e. r,
as being frozen during the collision. This amounts to neglect the influence of the
projectile Hamiltonian and set

H0 ∼ En0l0 . (2.73)

With that adiabatic approximation, the solutions of equation (2.71) that corresponds
to the incoming condition (2.72) can be easily computed and read

�̂
(m0)
eik (r,b, Z) = exp

{
− i

�v

∫ Z

−∞
[
UcT (r, b, Z ′) +U f T (r, b, Z ′)

]
dZ ′

}
φn0l0m0 (r).

(2.74)

This expression can be easily interpreted: the projectile is seen as following a straight-
line trajectory (R = b + ẐZ) along which it accumulates a phase through its inter-
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action with the projectile. As can be seen from expression (2.74), this model of the
reaction is quite simple to implement and has a significantly shorter computational
cost compared to CDCC, and even to TD methods. The fact that the eikonal wave
function (2.74) includes the initial ground state of the projectile φn0l0m0 translates
the fact that the internal coordinate r of the projectile is seen as frozen during the
collision.

This approximation will provide accurate results only if the adiabatic approxima-
tion is well justified. If the dynamics of the projectile plays a significant role, then the
DEA or the E-CDCC have to be considered. This is the case for Coulomb-dominated
reactions. The long—actually infinite—range of the Coulomb interaction makes the
sudden approximation invalid. In that case, the collision time cannot be considered
as brief, since the projectile will never end interacting with the Coulomb field of
the target and hence couplings within the continuum, like post-acceleration of the
core, must be accounted for in the description of the reaction. This is illustrated in
Fig. 2.10, where the breakup cross section for 11Be impinging on Pb at 69A MeV
is plotted as a function of the scattering angle θ of the centre of mass of the 10Be
and n constituents after dissociation with a relative energy 0 ≤ E ≤ 1 MeV [42].
The DEA calculation (solid line) is in excellent agreement with the data of RIKEN
[44]. The contributions of the main partial waves to the cross section (s wave with
short-dashed line, p wave with dash-dotted line and d waves with dotted line) show
that at forward angle the process is dominated by a transition towards the 10Be-n
continuum in the p wave, i.e. a direct E1 transition from the s ground state of 11Be.
The usual eikonal approximation (long-dashed line), however, diverges at forward
angles, confirming that the adiabatic approximation does not hold in this Coulomb
case. This result emphasises the importance to know the range of validity of the
reaction model one uses when analysing experimental data.

Fig. 2.10 Angular distribution for the Coulomb breakup of 11Be on Pb at 69A MeV measured
at RIKEN [44]. The DEA calculation is in excellent agreement with the data. The usual eikonal
approximation diverges at forward angle due to its additional adiabatic approximation, which is
invalid for the infinitely ranged Coulomb force [42]. Reprinted figure with permission from [42]
Copyright (2006) by the American Physical Society
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2.2.3 Benchmark of Breakup Models

Various comparisons between reaction models have been performed recently [45,
46]. In this section, I present the results of [45], where the three models presented in
the previous section, CDCC, TD and DEA, have been compared to one another on
the test case of the breakup of 15C on Pb at 68A MeV, which has been measured at
RIKEN [37].

Using the same 14C-n potential Vcf and the same optical potentialsUcT andU f T ,
the breakup cross section has been computed within each of the reaction models.
The results are summarised in Fig. 2.11. The energy distribution displayed in the
left panel shows that all three models provide nearly identical cross sections when
the same two-body potentials are considered in input. This shows that, at this beam
energy and for this observable, all three models are equivalent. Incidentally, their
predictions are in excellent agreement with the RIKEN data [37], which confirms
the two-body structure of 15C.

The differences appear in the right panel of Fig. 2.11, which presents the breakup
cross section as a function of the scattering angle θ of the 14C-n centre of mass after
dissociation. For that observable, we observe oscillations in both the CDCC (solid
line) and DEA (dashed line) cross sections, whereas the TD calculation (dotted line)
provides a smooth observable. This is the sign of themissing quantal effectswithin the
semi-classical approximation mentioned in Sect. 2.2.2.4. Both CDCC and the DEA
includes these interferences. They also show excellent agreement with one another
at this energy, although the DEA is much less time consuming than CDCC. Note
however, that the TD model provides a cross section that follows the general trend
of the quantal results. This explains that the agreement of the TD energy distribution
with the other two observed in Fig. 2.11 (left) is not accidental. Since that observable
is obtained after integration over the scattering angle θ , the oscillations around the
general trend cancel out, which leads to identical energy distributions.
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Fig. 2.11 Comparison of breakup models (CDCC, TD and DEA) on the Coulomb breakup of 15C
on Pb at 68A MeV measured at RIKEN [37]. Left: energy distribution. Right: angular distribution
[45]. Reprinted figures with permission from [45] Copyright (2012) by the American Physical
Society
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In [45], the comparison has also been extended to lower beam energy, viz.
20A MeV, where the eikonal approximation is no longer supposed to provide a
reliable description of the reaction. As expected, it is observed that the DEA is no
longer in agreement with CDCC: the DEA breakup cross section is too large and
focused at too forward a scattering angle compared to CDCC’s. This comes from
the hypothesis that the P-T relative motion does not differ much from the incom-
ing plane wave (see Sect. 2.2.2.5). The semi-classical interpretation of this eikonal
approximation, in which the projectile follows a straight-line trajectory, suggests
that the projectile is then forced to pass through the high-field zone of the target,
in which it would otherwise not enter at low beam energy due to the significant
Coulomb repulsion by the target. The TD approximation, which naturally includes
the P-T repulsion through the semi-classical (non-linear) trajectory, does not exhibit
such a flaw and hence provides an agreement with CDCC similar to what is seen
in Fig. 2.11: a nearly identical energy distribution and an angular distribution which
lacks the quantal oscillatory pattern but otherwise follows the trend of the CDCC
prediction [45].

To account for the P-T Coulomb repulsion within the DEA (or E-CDCC), it has
been suggested to use a semi-classical correction, in which the norm of the transverse
part b of the P-T relative coordinateR is replaced by the distance of closest approach
in the corresponding Coulomb trajectory [4]. With that correction, the DEA and E-
CDCCcalculations fall in perfect agreementwith theCDCCprediction, including the
effect of the quantal interferences [47]. In this way, at least for Coulomb-dominated
reactions, the eikonal approximation in its most general expression, i.e. without the
adiabatic approximation, can be safely extended to low energies. Since this model
of reactions is significantly less time consuming than CDCC, this is not a vain gain.

2.3 Application of Breakup Reactions to Nuclear-Structure
Study

2.3.1 Binding Energy

The first observable to which breakup reactions are sensitive is the binding energy
of the projectile. This is illustrated in Fig. 2.12, where the Coulomb-breakup cross
section of 19C—another candidate one-neutron halo nucleus—is displayed as a func-
tion of the 18C-n energy E after dissociation. The beam energy is 67A MeV and the
target is Pb. The experiment was performed at RIKEN [48] and the theoretical anal-
ysis illustrated in Fig. 2.12 is due to Typel and Shyam using a TD approach (see
Sect. 2.2.2.4) [49]. In this analysis, 19C is described as an inert 18C core to which a
1s1/2 neutron is loosely bound. At the time, the binding energy of 19C was poorly
known, which is why two series of calculations were made, corresponding to two
realistic choices of the one-neutron separation energy for 19C: Sn(19C) = 530 keV
(top panel) and 650 keV (bottom panel).



64 P. Capel

Fig. 2.12 Coulomb breakup
of 19C on Pb at 67A MeV
measured at RIKEN [48].
The theoretical analysis of
Typel and Shyam illustrates
the influence of the binding
energy of the system on the
breakup energy distribution
[49]. Sn(19C) = 530 keV
(top) and 650 keV (bottom).
Reprinted figures with
permission from [49]
Copyright (2001) by the
American Physical Society
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Typel and Shyam’s analysis clearly shows that the breakup cross section is signif-
icantly sensitive to the binding energy of the system. This can be easily understood
at a qualitative level: the less a system is bound the easier it will be to break. We
indeed see that calculations for a 19C bound by 530 keV (top panel of Fig. 2.12),
the breakup cross section is about 50% higher than when it is bound by 650 keV. In
addition to the change in magnitude, we also witness a variation in the dependence of
the cross section on the continuum energy E . The RIKEN data are better reproduced
in both magnitude and shape when Sn(19C) is set to 650 keV. Since this analysis, the
mass of 19C has been accurately measured and its binding energy has been precisely
determined to be 580 ± 9 keV [19]. This value is clearly higher than 530 keV, but it
is lower than the suggested value of Typel and Shyam of 650 keV.

In addition to its sensitivity to the binding energy of 19C, the analysis of Typel
and Shyam also shows how the breakup cross section is affected by the Coulomb
and nuclear parts of the interaction between the projectile and the target. The thick
solid (higher) lines in Fig. 2.12 correspond to the full calculation, i.e. containing both
the Coulomb and nuclear parts of the P-T interaction. Purely Coulomb—yet fully
dynamical—calculations are shown by the dashed lines. The cross sections obtained
with the sole nuclear interaction are displayed by the thin solid (lower) lines. As
expected, this reaction is strongly dominated by the Coulomb interaction. Yet, the
nuclear part of the interaction has non-negligible effects, especially at high 18C-n
energy.

A systematic analysis of the sensitivity of the Coulomb-breakup cross section to
the projectile structure (binding energy, orbital angular momentum in the ground
state l0,…) has been made by Typel and Baur within a perturbative solution of the
TD approach assuming a purely Coulomb P-T interaction [50, 51]. This seminal
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work provides an analytical expression for the cross section. Although the influence
of the nuclear interaction is entirely neglected, and the effects of orders beyond the
first one, i.e. beyond a mere one-step transition between the ground state and the
continuum, this enables them to explain in simple terms how the shape of the energy
distribution depends on the structure of the projectile. This helps identifying the key
degrees of freedom to properly describe Coulomb breakup.

2.3.2 Spectroscopy

All themodels of breakup presented in Sect. 2.2 are based on a single-particle descrip-
tion of the projectile [see (2.56)], where the internal structure of the core is neglected
and the bound states of the projectile are described within a single configuration with
a wave function of norm 1. In reality the structure of any nucleus AP in its state of
spin and parity Jπ is an admixture of various configurations in which the core A−1c
can be in different states ci of spin and parity Jπci

ci (see A. Brown lectures to this
summer school)

AP(Jπ ) =
∑

ci

[
A−1c(Jπci

ci ) ⊗ ψci
l

]JM
(2.75)

For each configuration, the overlap wave function ψci
lm describes the relative motion

of the halo neutron to the core in a given state ci . The square of the norm of this
overlapwave functionmeasures the probability to find the system in the configuration
ci . It is called the spectroscopic factor (SF)

S ci
l = ‖ψci

lm‖2. (2.76)

The structure of halo nuclei is usually dominated by one configuration c0, which
provides the largest contribution to the breakup cross section. It has therefore been
suggested to extract spectroscopic factors from the comparison of reaction calcula-
tions to actual breakup data. This idea is based on the approximation that the overlap
wave function ψc0

l0m0
can be well approximated by the single-particle wave function

φn0l0m0 (2.57)

ψc0
l0m0

(r) =
√
S c0

l0
φn0l0m0(r). (2.77)

This single-particle approximation leads to the idea that the spectroscopic factor can
be obtained through the simple ratio

S c0
l0 = σ

exp
bu

σ th
bu

, (2.78)



66 P. Capel

where the experimental cross section σ
exp
bu is compared to the theoretical prediction

σ th
bu starting from the initial single-particle ground-state wave function φn0l0m0 .
The question I would like to raise here is whether this approach is valid for

breakup. Because of the large extension of the halo, this reaction is expected to be
rather peripheral, in the sense that it should probe mostly the halo structure, i.e. the
tail of the projectile wave function. If this is the case, we would expect the breakup
cross section to scale with the normalisation of the tail of the c- f wave function [see
Fig. 2.6 (right)] rather than with the norm of the whole overlap wave function, i.e.
the spectroscopic factor S c0

l0
. At large distance, i.e. beyond the centrifugal barrier,

the effect of the short-range nuclear c- f potential is negligible and the behaviour of
the radial wave function is exactly known, but for its normalisation. For the effective
single-particle wave function φn0l0m0 it reads (the radial part of the actual overlap
wave function ψc0

l0m0
has an identical behaviour)

uκn0 l0 l0
(r) −→

R→∞Cn0l0 e
−κn0 l0 r , (2.79)

where the wave number κn0l0 is related to the projectile binding energy En0l0 =
−�

2κ2
n0l0

/2μc f , andCn0l0 is the Asymptotic Normalisation Coefficient (ANC), which
measures the probability strength in the halo. The value of this ANC depends on the
short-range physics, i.e. the particulars of the effective Vcf potential in the single-
particle viewpoint.

To test which part of the wave function is actually probed, breakup calculations
have been performed using two choices for Vcf that lead to radial single-particle
wave functions with identical asymptotics, i.e. identical ANCs, but with significant
different interiors [52]. This was achieved using supersymmetric transformations of
deep Vcf potentials [53, 54]. The deep potentials are chosen to host, in addition to the
physical loosely bound state, a deeply spurious bound state in the ground-state partial
wave of orbital angular momentum l0. The presence of that state adds a node in the
radial wave function of the physical loosely bound state. Through supersymmetric
transformations the spurious deeply bound state can be removed without affecting
the long-range physics of the projectile Hamiltonian H0, viz. the ANC of the other
bound states and the phaseshift in the continuum.

This provides us with two descriptions of the projectile with identical ANCs but
strongly different interiors: onewith a node and onewithout a node. This is illustrated
in Fig. 2.13 (left) in the case of 8B, the best known one-proton halo candidate, which
is thus described as a 7Be core to which a valence proton is loosely bound. The 7Be-p
radial wave function obtained with the deep potential exhibits a node at r � 2 fm
(solid red line), which disappears once the spurious deeply bound state is removed
by the sypersymmetric transformations (blue dashed line). Note that by construction,
both wave functions exhibit exactly the same tail, i.e. the same ANC.

If the reaction process is sensitive to the internal part of the projectile wave func-
tion, significant differences should appear in the breakup cross section. However,
the calculations performed with such pair of descriptions show no sensitivity to the
choice of the potential. This is illustrated in Fig. 2.13 (right) in the particular case of
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Fig. 2.13 Influence of the internal part of the projectile wave function upon breakup calculations
[52]. Using two descriptions of 8B with identical asymptotics but strongly different interiors (left),
the breakup calculations provide identical cross sections, shown here on the right as an angular
distribution obtained on a nickel target at 26 MeV. Reprinted figures with permission from [52]
Copyright (2007) by the American Physical Society

the angular distribution for the breakup of 8B on Ni at 26 MeV, which correspond
to the conditions of the Notre-Dame experiment [55]. The calculations were per-
formed within the CDCC framework as in [56]. Although both descriptions of 8B
exhibit significant differences [see Fig. 2.13 (left)], the corresponding breakup cross
sections are superimposed on one another. This result is very general as it is observed
for both Coulomb- and nuclear-dominated reactions, at low and high beam energies,
for one-proton and one-neutron halo nuclei, and is valid for various kinds of breakup
observables (energy and angular distributions) [52]. This clearly shows that the reac-
tion process is purely peripheral and hence probes only the ANC of the initial bound
state. Since the reaction process is not sensitive to the internal part of the wave func-
tion, it cannot be sensitive to the norm of the whole wave function. The spectroscopic
factors extracted from such measurements are thus highly questionable.

2.3.3 Resonances

In addition to its two bound states, the 11Be spectrum hosts a resonance at low
energy in its continuum. It is a 5

2
+
resonance, which is interpreted as a single-particle

resonance in the d5/2 partial wave [57] (see Sect. 2.1.4.3). Measuring the breakup of
11Be on carbon at 67A MeV, Fukuda et al. have observed a large peak in the 10Be-n
continuum at the energy of this resonance [44], see Fig. 2.14.

Within a TD technique, it has been confirmed that the increase of the breakup
strength in that region could be explained when the 10Be-n potential is fitted to host
such a resonance in the d5/2 partial wave [57], see Fig. 2.14. The sharp peak observed
in the theoretical cross section (dashed line) is entirely due to the contribution of the
d5/2 partial wave that hosts the resonance (dotted line). Interestingly, the width of that
peak matches that of the resonance, confirming that nuclear-dominated breakup can
provide significant information about structures within the continuum. Once folded
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Fig. 2.14 Influence of a resonance within the low-energy 10Be-n continuum upon the breakup
of 11Be on C at 67A MeV [44, 57]. The contribution of the d5/2 partial wave, which hosts the
resonance, is responsible for the sharp peak in the theoretical cross section. Once folded with the
experimental energy resolution, the results of this TD calculation fit nicely with the data of [44]

with the experimental energy resolution, these TD calculations come quite close to
the data of [44].

2.3.4 Role of the Non-resonant Continuum

In the previous section, we have seen that resonant structures within the continuum
could affect nuclear-dominated breakup reactions. In this section, let us explore the
sensitivity of breakup calculations to the non-resonant part of the continuum. One
way to do so is to fit various c- f potentials, e.g. with different geometries, to the
same nuclear-structure inputs. This was done, for example in [58], where different
10Be-n potentials of Woods-Saxon shape were fitted to reproduce the 1

2
+
ground

state of 11Be within the 1s1/2 orbit, its first excited state 1
2

−
in the 0p1/2, and the 5

2
+

resonance in the d5/2 partial wave.
The breakup cross section on Pb at 69A MeV computed with these potentials

within a TD approach are shown in Fig. 2.15 [58]. To remove the significant depen-
dence on the ANC mentioned in Sect. 2.3.2, they have been divided by the square
of the ANC of the single-particle wave function of the ground state (denoted in
Fig. 2.15 by b1s1/2) We observe that although the main dependence on the ANC has
been removed, there remains a large variation in the breakup cross sections obtained
with the different potentials. A detailed analysis shows that most of that sensitivity
comes from the p3/2 partial wave, which is not constrained by any physical observ-
able. The variation between the p3/2 contributions to the breakup cross sections
obtained with the10Be-n potentials built in [58] can be traced back to the changes
induced in the p3/2 phaseshifts.
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Fig. 2.15 Influence of the non-resonant continuum upon the breakup cross section. Example on
the Coulomb breakup of 11Be on Pb at 69AMeV [58]. The sensitivity to the ground state ANC has
been removed by dividing the cross section by the square of the ANC. The remaining difference
comes mostly from the differences in the p3/2 partial wave, which has not been constrained in
the construction of the different 10Be-n potentials. Reprinted figure with permission from [58]
Copyright (2006) by the American Physical Society

Such an influence of the non-resonant continuum upon the breakup cross section
is very general. Similar results have also been observed for the breakup of a 8B
projectile at low energy [58]. This effect should be taken into account in the analysis
of experiments, as it can significantly affect theoretical predictions. In particular, this
could spoil the extraction of an ANC for the initial ground state from the direct—and
naive—comparison of calculations to data. A similar conclusion has been drawn in
a recent work using a Halo-EFT description of the projectile [59].

2.3.5 Effect of Core Excitation

So far, we have seen models in which the core was seen as a structureless body, of
which the spin and parity are neglected. Although this is usually a good approxi-
mation, especially when the ground state of the core is a 0+ state and the energy
of its first excited state is large, other configurations are possible, as mentioned in
Sect. 2.3.2. Including these other configurations in reaction models is a tricky busi-
ness, not only because it increases the complexity of the structure of the projectile,
but also because the reaction mechanism must then include the possible dynamical
excitation of the core, i.e. reaction channels in which the core is excited by the target
during the collision.

The first attempt to include the core excitation within the CDCC framework was
performed by Summers et al. [60–62]. It led to the development of the XCDCC
model, which stands for eXtended CDCC. However, the effect of this core excitation
in the case of 11Be seemed then rather small [63, 64].
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More recently, Moro and Lay have extended a DWBA code to include the core
excitation [65]. This enabled them to study the resonant breakup of 11Be on C at
67AMeV, already mentioned in Sect. 2.3.3 . Their results are illustrated in Fig. 2.16,
which displays the breakup cross sections as angular distributions at the energy of the
5
2

+
(top) and 3

2
+
(bottom) resonances within the 11Be continuum. Their calculations

(black solid lines) are in very good agreement with the data. In particular, the angular
dependence of the cross sections perfectly matches that of the RIKEN data [44].
Such a good result is obtained only if both the excitation of the valence neutron to
the continuum (red dash-dotted lines) and the core excitation (blue dashed lines) are
included together in the reaction model. For the 5

2
+
resonance (Fig. 2.16 top), we

see that albeit small, the effect of the core excitation is required to obtain an angular
dependence that fits the data. For the 3

2
+
state, however, the core excitation is the

dominant process in the reaction, suggesting that the structure of this resonance is
dominated by a configuration in which the 10Be core is in its 2+ excited state.

These results indicate that for some observables, the core excitation can be a
significant part of the breakup process, especially at higher energy in the continuum.

Fig. 2.16 Influence of the
core excitation on the
breakup of 11Be on C at
67A MeV [65]. The shape of
the data for these angular
distributions can be
reproduced only if the core
excitation is included in
these DWBA calculations.
Data are from [44].
Reprinted figure with
permission from [65]
Copyright (2012) by the
American Physical Society
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More efforts should therefore be made to include it within models to improve the
description of the collision and increase our understanding of reactions involving
exotic nuclei.

Conclusion

Reactions are used in many fields of quantum physics. Whether in the field of molec-
ular, atomic, nuclear, or particle physics, significant amounts of information can be
gathered through the study of collisions. The present notes offer an introduction to
quantum scattering theory explained in the realm of nuclear physics. The extension
of that theory to reactions in which the projectile can break up into two more ele-
mentary constituents and its particular application to the study of halo nuclei has also
been presented. The three major models of breakup reaction have been detailed, the
CDCC method, the TD approach and the eikonal approximation. A benchmark of
these models on the special case of 15C shows the limitation of each model, which
enables us to estimate the range of validity of each of these approaches.

In the last section, an analysis of the nuclear-structure information about halo
nuclei one can get from breakup measurements has been provided. Through exam-
ples chosen from the literature, the complexity of the reaction mechanism and its
sensitivity to the structure of the projectile has been presented. By showing which
part of the projectile wave function is probed during breakup, these results emphasise
the importance to study in detail to which structure observable the reaction is actually
sensitive. The blind application of an accepted recipe can lead to misinterpretation
of experimental results.

Two key points should be taken away from this brief summary: the first is to pay
attention to the domain of validity of the reaction model used to analyse data. Does
the model fit the experimental conditions under which they have been gathered? For
example, it does not make sense to use an eikonal model of reaction to analyse an
experiment performed at the Coulomb barrier. The second is to know to what the
reaction is sensitive. For example, it does not make sense to extract a spectroscopic
factor from a peripheral experiment.

With this short review, I hope to have delivered a basic introduction to quantum-
reaction modelling within the realm of nuclear physics. Hopefully, it will have trig-
gered the interest of the reader in reaction theory and provide him/her with a list of
useful references to deepen his/her knowledge in this exciting field of physics.
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Chapter 3
Nuclear Reaction Experiments

Alexandre Obertelli

Abstract Nuclear reactions play an essential role to address themany-body problem
of nuclear structure. Reactions are used to produce exotic nuclei, to populate specific
nuclear states and the so-called direct reactions have been a unique tool to built up our
representation of the nuclear shell structure. In this lecture, the basics of radioactive
beam production are described and direct reactions are introduced. In particular,
spectroscopic factors (SF) are defined and discussed. Transfer and knockout reactions
are introduced in the light of today’s experiments and detection setups.

3.1 Overview of Nuclear Reactions and Their Relevance to
Nuclear Studies

Nuclear reactions have been studied since the discovery of the nucleus: the atomic
nucleus was actually evidenced by use of elastic scattering, the simplest nuclear
reaction: in 1911, Rutherford and Geiger, in England, investigated the nature of gold
atoms by bombarding themwith alpha particles emitted froma collimated radioactive
source. A fraction of these alpha particles, known at the time to be penetrating
particles, were scattered at large angles and even backward. This observation of
backward-angle elastic scattering was the first use of nuclear reactions to evidence
the existence of a nucleus inside the atom [1].

Since then, with the development of particle accelerators, nuclear structure has
grown as a major domain of physics with unique specificities. Nuclear Physics is a
non perturbative quantum domain par excellencewhere the strong interaction drives
structure and where new phenomena emerge by the addition or removal of few
nucleons. The richness of nuclear structure originates in many phenomena steaming
from the complexity of the nuclear many-body problem, spanning over a wide range
of energy scales, as illustrated on Fig. 3.1. Nuclei have the particularity to be bound
systems composed of two kinds of fermions, the protons and neutrons. As finite-size
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Fig. 3.1 In subatomic physics, phenomena correspond to specific energy scales. Although the
energy scales of phenomena can partially overlap, the modelling and the understanding of phe-
nomena requires the choice of a suitable energy scale and degrees of freedom. Inspired from
[2]

composite quantum systems, they develop a shell structure. A comprehensive picture
of nuclear structure and its dependence with the number of nucleons and isospin is
an exciting fundamental question which has not been solved yet, despite the joint
efforts of theorists and experimentalists.

The understanding of the structure of a nucleus usually requires several probes.
Nuclear reactions play a central role in building our representation of nuclear struc-
ture, in several ways:
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Fig. 3.2 Partial overview of nuclear reactions categorised as a function of the collision energy (in
MeV/nucleon) and impact parameter from peripheral to central collisions. Direct reactions take
place at the nuclear surface

• as a tool to produce radioactive ions from stable beams,
• as a tool to excite nuclei, a necessary step to go beyond the study of ground-state
properties,

• as a probe to investigate nuclear structure,
• as a subject in itself to understand the dynamics of hadronic systems.

A partial overview of nuclear reactions is represented in Fig. 3.2, where reactions
are categorised as a function of the collision energy (in MeV/nucleon) and impact
parameter from peripheral to central collisions. Direct reactions take place at the
nuclear surface.

In the following, we first introduce the concept of cross sections (Sect. 3.2). Then
(Sect. 3.3), the production of Radioactive-Ion Beams (RIB) is exposed. Direct reac-
tion cross sections are used to infer information on the overlap of initial and final
states involved in the reaction [3] and therefore to learn about the nuclear wave func-
tion. We then describe the main features of the most used direct reactions: nucleon
transfer and nucleon knockout reactions (Sect. 3.4).

3.2 Cross Sections

A cross section for a given reaction quantifies its probability to happen. It has the
unit of a surface. The most common unit used in nuclear physics is the barn:

1 barn = 1 b = 10−24 cm−2, 1millibarn = 1mb = 10−27 cm−2 (3.1)



78 A. Obertelli

θ
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d Ω = 2π × sin θ × dθ

Fig. 3.3 (Left) The cross section of a reaction relates the number of incident particles to the number
of reaction events. It quantifies the probability of a given reaction to happen. (Right) Cross sections
can be integrated over all angles (called inclusive) or expressed as differential cross sections, for
example as a function of the scattering angle θ of the reaction products, defining the solid angle d�

The number of events Nr(�) produced by a specific reaction in a solid angle �

is related to the number of incoming particles Ni and target thickness e (number of
scattering centers per surface unit) by the differential cross section dσ/d�:

Nr(�) = Ni × dσ

d�
× e, (3.2)

where d� is given by the scattering angle θ at which reaction products are detected,
as illustrated in Fig. 3.3. The above relation is valid for small target thicknesses, i.e.
for which the number of unreacted projectiles at the exit of the target is ∼Ni.

We define the following cross section terminology:

• The total cross section (σT ) is the sum of all interaction processes, including the
elastic scattering.

• The elastic cross section (σel) gathers interactions where both the projectile and
target nuclei remain in their ground state.

• The reaction cross section (σR) gathers processes where the projectile (or target)
nucleus is excited during the process.

• The interaction cross section (σI ) gathers all processes which change the number
of protons and/or neutrons of the projectile (or target).

The above cross sections are related to each other:

σT = σel + σR = σel + σinel + σI , (3.3)

where σinel is the inelastic cross section to bound excited states (i.e. N and Z remain
unchanged). The interaction cross section σI gathers all reaction events for which
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the final nucleus has a change of nucleons compared to the projectile. It is related to
the reaction cross section σR as follows

σR = σI + σinel. (3.4)

If σinel is small enough, one can assume that σI ∼ σR, depending on the targeted
accuracy. As an example, at the relativistic energy of 600MeV/nucleon, the inelastic
cross section for 132Sn+12C is measured to be σinel = 100mb, amounting to 4% of
the reaction cross section σR [4].

In the following, we illustrate the use of reactions for nuclear structure with the
example of the sensitivity of the inclusive interaction cross section σI to the matter
radius of nuclei. Indeed, the nuclear interaction is short range and strong: the nuclear
potential follows the matter density profile. This feature is used to extract the matter
radius of nuclei from interaction cross sections.

One can define an interaction radius RI of a nucleus B with a target A, following
a black disk approximation

σI (A,B) = π [RI (A) + RI (B)]2. (3.5)

The target interaction radius can be extracted from a symmetric reaction,

σI (A,A) = 4π [RI (A)]2, (3.6)

leading to the interaction radius of the projectile

RI (B) =
√

σI (A,B)

π
−

√
σI (A,A)

π
. (3.7)

An example of interaction radii extracted from heavy-ion collisions at relativistic
energies of several 100MeV/nucleon is shown in Fig. 3.4.

The above approach can be refined by using a microscopic reaction model in
which microscopic density profiles can be used as inputs. Reaction cross sections at
relativistic energies can be predicted under the eikonal approximationwhich assumes
that the projectile is not deflected during the reaction process. The reaction cross
section can be expressed as a summation over impact parameters b of the probabilities
for the projectile to interact

σR = 2π
∫ +∞

0
[1 − T (b)]bdb, (3.8)

where T (b) is the transmission function at impact parameter b. T (b) expresses the
probability for projectile impinging at impact parameter b not to react with the target.
It can be expressed as
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Fig. 3.4 Interaction radii of
Be (top panel) and Li
(bottom panel) obtained
from interaction cross
sections with different
targets. Reprinted from [5]
with permission from the
American Physical Society

T (b) = exp

[
−σ̄

∫ +∞

−∞
q(b, z)dz

]
, (3.9)

where σ̄ is the effective NN cross section, taking into account the isospin asymmetry
of the target and projectile and q(b, z) is given by

q(b, z) =
∫ +∞

−∞
dη2π

∫ +∞

0
ρ t(b, z, b, η)ρp(b, z, r, η)rdr, (3.10)

whereρ t,p are the target and projectilematter densities. (3.10) shows the sensitivity of
the reaction cross section to the projectile density ρp. For a measured reaction cross
section, the extracted matter radii 〈r2〉m would be taken as those of microscopic
density profiles that reproduce the experimental reaction cross section within the
above formalism (Fig. 3.5).

One known technique to measure interaction cross section is the so called trans-
missionmethod which consists ofmeasuring the unreacted beam particles after trans-
mission through a target of thickness e (cm−2). Assuming that the interaction cross
section σI does not vary across the target thickness, one gets a number of reactions
δN (z) produced in a slice of thickness δz at a position z along the beam axis

δN (z) = −N (z) × σI × δz, (3.11)

where N (z) is the number of unreacted beam particles at position z. By integrating
the above relation over the target length, one gets
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Fig. 3.5 Transmission method for interaction cross section measurements

σI = 1

t
ln

(
N0

Ni

)
, (3.12)

with N0 the number of unreacted particles and Ni the initial number of beam particle
impinging on the target. Note the difference with the thin-target approximation of
(3.2). As seen before, the number of unreacted particles is the number of beam
particles measured downstream the reaction target and corrected from the inelastic
scattering to bound excited states. The inelastic cross section to bound excited states
can either be obtained from another measurement, or estimated from theory.

3.3 Radioactive Ion Beam Production

As short-lived nuclei do not exist on earth, they have to be synthesized from stable
nuclei, accelerated in an ion state and studied shortly (before they β decay) after
production. There are twomain techniques to produce accelerated radioactive beams:

• the in-flight method,
• the Isotopic Separation On Line (ISOL) method.

The in-flightmethod is illustrated on the right-hand side of Fig. 3.6.An accelerated
beam impinges onto a thin production target. Radioactive nuclei originate from the
fragmentation or induced-fission of projectiles. The production target being thin, the
beam and reaction products loose little energy in the target and produced radioactive
nuclei have about the same velocity of the beam. This production method has three
main advantages:

1. the production method is not sensitive to the chemical properties of the produced
nuclei. Therefore the only relevant quantity for the production of a given nucleus
is its production cross section,

2. radioactive nuclei are produced in flight, meaning that they can be directed right
after production to the experimental zone with no further delay than the time of
flight. The in-flight method is particularly suited for the production and study of
very short-lived nuclei down to half-lifes of hundreds of nanoseconds,
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Fig. 3.6 Schematics of an ISOL (left) and in-flight (right) radioactive ion beamproduction. Inspired
from [6]

3. fast beams are naturally producedwith the in-flight technique, requiring no further
acceleration.

The ISOL method is sketched on the left-hand side of Fig. 3.6. The ISOL produc-
tion has several advantages compared to the in-flight produced isotopes, and the two
methods can be considered as complementary to some extent. The advantages are:

1. beams canbeproduced fromvery lowenergy (keV) to high energy.Of course, high
energy ISOL-produced beamswould require a very expensive post-accelerator for
reaction products. Fast beams (above 20MeV/nucleon) are today preferentially
produced in flight,

2. the beams produced via ISOL and reaccelerated present a high quality emittance,
i.e. ensuring a small beam size on target and small energy dispersion,

3. since the reaction products are stopped in the production target and should be
extracted towards an ion source to be ionized and transport, and often reaccel-
erated, the transmission and rates are highly dependent on the isotopes due to
chemical selectivity. For each element (isotope) a ionization scheme has to be
developed before the beam can be produced. On the other hand, this selectivity
can ensure pure isotopic beams.
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4. the extraction from the production target and ionization process take time, typi-
cally 1ms. Radioactive nuclei with a half-life lower than 1ms cannot be efficiently
produced via the ISOL method.

3.3.1 The Primary Beam: Ion Sources and Acceleration
Systems

Almost1 all radioactive ion beam production starts with the interaction of an accel-
erated stable beam with a production target.

The first element of an heavy-ion accelerator is the source. Ions have to be pro-
duced at high intensity, in a charged state so that they can then be accelerated by
strong electric fields. The ion source consists of two parts: an ion generator and an
extraction system.

Ions are produced from the creation of a plasma. There are several techniques
to make this plasma and ionize atoms: by electric discharges in a low pressure gas
volume, by heating, using lasers or beams of other particles. There are many different
types of ion sources. The choice for the design of an ion source are: (i) the ions to be
produced, (ii) the ion intensity to be reached, (iii) the stability in time of the beam,
(iv) the optical quality of the beam, quantified by the so-called emittance.

A supply of atoms must be provided to the plasma to compensate the loss of
material. The material can be introduced in a gas phase inside the plasma via a
needle valve or solid material can be heated and ionized inside the ion source. As
an illustration of how an ion source works, we take here the example of an electron
bombardment source, whose principle is sketched in Fig. 3.7. This type of source is at
the origin of all ion sources. It was first developed byA.Dempster at theUniversity of
Chicago in 1916. It has a very simple design but contains all features of ion sources.
In this specific case, the plasma is created by accelerated electrons created from the
cathode filament.

Electron bombardment sources are easy to produce but the reached intensities are
too low for the requirements of modern accelerators. Modern sources are based on
other techniques to generate the plasma and the geometry of the source is made in
such a way that the positive ion density close to the extraction is as high as possible.
An important type of ion source is called ECR (Electron Cyclotron Resonance)
where the plasma is formed by a high power microwave radiofrequency applied to
the source. The source is surrounded by a solenoid to generate a magnetic field which
confines the plasma. Since the plasma in an ERC source has a relatively long lifetime,
it has the advantage to produce efficiently multi-charged ions from multi-collisions
of electrons with atoms and ions.

1One exception is the CARIBU facility at Argonne National Laboratory, USA, which relies on
the production of radioactive ions from a high intensity radioactive source of Californium which
releases fission fragments. CARIBU does not require any primary beam.
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Fig. 3.7 Schematic design of an electron bombardment ion source. Taken from [7]

As examples of intense ion beams produced from ion sources, the SILHI light ion
source of CEA reaches stable intensities of 100mA for protons [8]. The Berkeley
ECR ion source produces beams of Bi29+ at 0.25mA. In modern ion sources, The
extraction voltage is typically 50kV, and ranges from few kV to 400kV.

Ions are accelerated via electric fields. There are different schemes to accelerated
ions:

• A linear accelerator composed of a series of cavities excited in a stationary mode
with a radio-frequency. Ions are introduced in the linear accelerator and extracted
in bunches of few MeV/nucleon.

• A cyclotron in which low energy ions are introduced at the center. A cyclotron
works with permanent magnetic field which curves the trajectories of ions. The
ions are accelerated in between two regions of a magnetic field by an electric field
in phase with the ions. The direction of the electric field changes at each half turn
of the ions, leading to an acceleration phase and increase of trajectory radius every
half turn. Ions are extracted at a given radius on the outer radius of the cyclotron.

• A synchrotron aims at accelerating ions in closed orbits like a cyclotron, with the
difference that it works with a fixed trajectory radius: along the acceleration, the
magnetic field of the coils constituting the synchrotron is increased to compensate
the increase of velocity of the accelerated ions and to maintain the same rigidity.

Here we give three examples of state-of-the-art Radioactive Ion Beam (RIB) facil-
ities which are based on different acceleration schemes for the primary beam: FRIB
in theUS accelerated primary beamswith a linear accelerator up to 200MeV/nucleon
with a foreseen upgrade to 400MeV/nucleon, the RIBF in Japan accelerates heavy
ions up to 345MeV/nucleon with a set of coupled cyclotrons (see Fig. 3.8) and GSI
accelerate fully stripped heavy ions at relativistic energies (up to 2 GeV/nucleon)
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Fig. 3.8 (Left) Cut view of the SRC superconducting cyclotron of RIKEN. (Right) Picture of the
SRC team standing on the cyclotron. Pictures taken from the website of the RIKENNishina Center
(https://www.nishina.riken.jp)

Fig. 3.9 Overview of the FAIR facility. It is composed of a new accelerator stage (red) coupled to
the existingGSI facility (blue). At FAIR heavy ions are first acceleratedwith a LINAC and then fully
stripped and sent to the S18. At the future FAIR facility, not fully stripped ions will be accelerated
by the SIS18, then fully stripped and eventually accelerated by the SIS100. At the first stage of its
development, the last acceleration stage will be limited to 100 Tm. The facility is meant to reach
300 Tm (SIS300) on a longer term. Figure taken from the website of FAIR (https://fair-center.de)

with a synchrotron. In the future, the last stage of the FAIR acceleration scheme will
include the SIS100 synchrotron which will enable to accelerate beams up to 100 Tm
(see Fig. 3.9). The long-term future of FAIR foresees an additional acceleration stage
to 300 Tm with the SIS300 ring.

As an illustration of beam production, we detail here the example of a 8He2+ ISOL
beam at the SPIRAL-GANIL facility, France. Radioactive nuclei produced by the

https://www.nishina.riken.jp
https://fair-center.de
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Fig. 3.10 (Left) SPIRALgraphite targets. The target geometry is defined for a shorter diffusion path
from the production position to the vacuum of the source chamber. It is optimized on the primary
beam and energy to be used, as well as the isotopes to be extracted. The picture shows two targets
optimized for the production of neutron-rich He isotopes (left) and Ne isotopes (right). (Right) View
of the FEBIAD production ion source where the production target is installed. Reprinted from [9]
with permission from Elsevier

ISOL method are stopped in the production target. After extraction from the target,
they are ionized and injected after separation into an accelerator to bring them to the
desired energy.

A 13C primary beam is produced in an ECR source and accelerated through a set of
cyclotrons up to 95MeV/nucleon after a series of stripping stages. The primary beam
is sent onto a carbon target shown in Fig. 3.10. Carbon targets have excellent release
properties and a high sublimation temperature. The design of the target guarantees
the production of noble gases with reasonable yields and can be used with high
power primary beams. The target temperature should be as high and as uniform as
possible, in order to minimise the delay time between production and release. The
temperature profile within the target is related to the properties of the Bragg peak.
A specific geometry divided into two parts was developed for the 6,8He production
due to the long range of He in carbon. The 13C primary beam only heats the first part
(production target), while the second one stops the fragmentation products, while
being heated by an electric current through the axis. The target chamber is to be seen
as a first production stage to be followed by an ion source. The downstream part of
the target chamber is therefore based on techniques for ion sources. In the case of the
SPIRAL target, the radioactive isotopes are transferred via a transfer line to an ECR
source for ionization. The transfer tube from the target chamber to the ECR source
is heated to minimize the adsorption of atoms on the surface of the tube.
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3.4 Direct Reactions

As a first attempt to classify reactions, one can define two kinds of reactions when
two nuclei collide: compound-nucleus and direct reactions. In the first case, the two
colliding nuclei form an intermediate system which is most often highly excited and
lives a sufficient time so that the excitation energy is shared by all nucleons. This
compound nucleus does not keep memory of the initial state and the decay channels
of the compound do not depend on the structure of the colliding nuclei. On the other
hand, direct reactions are short time reactions (about 10−22 s, the typical time for
the projectile to pass by the target) which occur at the surface of the target nucleus.
In these reactions, the projectile may gain, lose or exchange few nucleons with the
target. Due to the short time of the reaction and the few steps involved in the process,
one can extend the definition of a direct reaction as a reaction that disturbs few
degrees of freedom of the initial wave function, i.e. the populated final state keeps
memory of the initial wave function. In other words, direct reaction cross sections to
individual states can be used to probe the overlap between the initial and final states.

Direct reactions have been used to study the nucleus and its structure. These
reactions can be divided into elastic reactions that leave the nucleus in its initial
quantum state after the reaction, inelastic scattering where the initial nucleus is
excited to bound and unbound states, and nucleon stripping (pickup) reactions where
the final nucleus is obtained from the removal (addition) of one or few nucleons from
the initial nucleus.

In most general terms, any scattering problem can be described by a transition
amplitude Tβα from an initial state α to a final state β, as illustrated in Fig. 3.11. In
the case of elastic scattering, α and β both represent the same intrinsic state. For the
general case, the final state wave function can be described as

�β(rβ) ∼ eikα.rα δαβ +
∑
β ′

fβ ′α(kβ ′ ,kα)δββ ′
1

rβ ′
eikβ′ rβ′ , (3.13)

Fig. 3.11 Illustration of a
scattering process starting
from an entrance channel α
and leading to an exit
channel β. In a general form,
the structure information is
contained in the transition
amplitude Tβα
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where fβα(kβ,kα) are called the scattering functions from a given initial state α to a
given final state β and contain all the nuclear structure information, rα,β (kα,β ) being
the relative coordinates (momenta) in the entrance (α) and exit (β) channels. The
form of (3.13) is imposed to respect proper asymptotic conditions. The transition
amplitude Tβα is related to the scattering amplitude by

Tβα = −2π�
2

μβ

fβα, (3.14)

where μβ is the reduced mass of the system in the exit channel

μβ = mbmB

mb + mB
(3.15)

with mb,B the mass of the two nuclei b and B in the exit channel. In the operator
formalism, the so called post form of the T matrix elements is given by

Tβα = 〈�β |V |�α〉, (3.16)

where �β is the plane wave of the relative movement in the exit channel β, �α is
the full solution of the Schrödinger equation driven by the interaction potential V
between the target and projectile nuclei in the entrance channel α. Tβα contains all
the structure and dynamics information for the reaction from channel α to channel β.

The differential cross section for a given reaction channel is given by

dσβα

d�
= μαμβ

(2π�2)2

(
kβ

kα

)
|Tβα(kβ,kα)|2, (3.17)

whereμα andμβ are the reducedmasses in the entrance and exit channel, respectively,
as defined in relation (3.15). In one way or another, every direct reaction analysis
aims at comparing the experimental cross section to such a calculation. If the reaction
mechanism is thought to be sufficiently controlled and benchmarked, one can use
such a comparison to extract nuclear structure information about the initial and final
wave functions.

Let us first consider the simplest reaction: elastic scattering. Due to the wave
nature of nuclear scattering, it has a clear analogy with light diffusion. When light
from a point source passes through a small circular aperture, it does not produce a
bright dot as an image, but rather a diffuse image, known as Airy’s disc for a circular
aperture, surrounded by regular, much fainter bright zones. When the light source
can be approximated by a planewave and the detection plane is located far away from
the object, the phenomenon is called Fraunhofer diffraction, or far-field diffraction.
In the case of a square aperture (or an opaque square), the diffraction minima are
located at angles θ in both the horizontal and vertical directions such that
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Fig. 3.12 Illustration of a diffraction pattern from a light beamgoing through a rectangular aperture.
The diffraction pattern reflects the size and shape of the aperture

sin(θ) = mλ

d
, (3.18)

where m is the number of minima starting from 1, λ is the wavelength of the con-
sidered light source and d is the dimension of the aperture. The diffraction pattern
is sensitive to the size and shape (a square in this example) of the diffractive object.
Similarly, the pattern of angular distributions of an elastically scattered particle off
a nucleus is sensitive to the size of the nucleus (Fig. 3.12).

3.4.1 Elastic Scattering

Electron scattering can be used to learn about charge distribution in nuclei. Electrons
indeed constitute optimal probes for the study of atomic nuclei. Their point-like
nature, and the fact that the electromagnetic interaction is weak (implying low re-
scattering rates) andwell understood (QED)make the reactionmechanismwell under
control. Their sensitivity to nuclear structure depends on their incident energy. The
electron-probe resolution can be deduced from the De Broglie relation between the
electron’s momentum p and its wavelength λ:

λ = �

p
. (3.19)

An electron of 500MeV/c will then have a “resolution” of about 1 fm, perfect for
nuclear structure, while an electron of 5GeV/c with wavelength of 0.1 fm will probe
the details of the nucleon.

In the case of a point charge target, with no internal constituents nor spatial
extension, the electron scattering cross section can be calculated exactly and is known
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as the Mott cross section σMott. In the case of a (unrealistic) spin-less electron in the
non relativistic limit, the cross section can be reduced to the so-called Rutherford
cross section. The scattering of electrons from a nucleus differs from the Mott cross
section due to the spatial extension of the nucleus leading to diffraction and damping.
Assuming the elastic scattering acts in a single virtual photon exchange (which is
shown to be an excellent approximation), the structure of the nucleus impacts the
cross section though a form factor F via

dσ

d�
= σMott|F(q)|2, (3.20)

where q = |kf − ki| is the momentum of the exchanged virtual photon, ki(f ) the
momentum of the incoming (outgoing) electron. For a given scattering angle θ , q can
be calculated from the incident (exit) electron energy E (E′), q2 = 4EE′ sin2(θ/2),
neglecting the electron mass relative to the kinetic energy. The form factor is then
given by the Fourier transform of the charge density of the target nucleus

F(q) = 〈�kf |V |�ki 〉 =
∫

ei
q.r
� ρ(r′)dr′, (3.21)

showing that the electron elastic scattering, if measured for a large range of momen-
tum transfer q, can provide a full knowledge of the proton distribution. Cross sections
at low momentum transfer give information about the outer part of the distribution,
high momentum transfer gives details about the full distribution, including the inte-
rior of the nucleus. From cross sections at low transferred momenta (of the order of
1 fm−1) the charge radius can be deduced. The state-of-the-art of electron scattering
is illustrated in Fig. 3.13 where the elastic scattering of electrons off 208Pb is shown.
Charge densities are typically obtained by fitting to the scattering data a calculated
cross section based on a parameterized charge form factor, as in (3.20), which is built
over an ansatz for the charge distribution such as a two-parameter Fermi distribution.

Although electrons have been shown to be themost precise tool to examine nuclear
structure, it is extremely difficult to perform collisions of electrons with unstable
nuclei. The proper energy of electrons in the center of mass should be of the order
of several hundreds of MeV. The very first facility, called SCRIT (Self-Confining
Radioactive Ion Target), dedicated to collisions of unstable ions and electrons has
been commissioned very recently in RIKEN, Japan. The concept of SCRIT is new
[12, 13]: it is not a collider properly speaking since the unstable ions are trapped
and at rest in the electron ring. The first “real” collider for electrons with exotic
nuclei is expected to be built at FAIR, in Europe. The facility, called ELISe, aims at
luminosities up to 1028 cm−2 s−1 (much less thanwhatwas achievedwith fixed stable-
nuclei targets) with a very large detection efficiency for the Lorentz focusing of the
heavy ions and an in-beam magnetic spectrometer for high-resolution spectroscopy
from electron detection [14].
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Fig. 3.13 Differential cross section of electron elastic scattering from 208Pb. The electron incident
energywas set to 502MeV. The position ofminima and themeasured amplitude allow to reconstruct
the charge distribution of the target nucleus as illustrated in the inset. The first minimum gives
the charge radius, the second minimum leads to the diffusiveness of the charge distribution while
higher momenta give further details about the inner part of the nuclear charge density distribution. A
precise determination of the charge distribution from the surface down to the interior of the nucleus
requires the measurement of the elastic scattering cross section over several orders of magnitude
and can therefore only be accessed in stable nuclei. Data from [10], figure reprinted from [11]
with permission from Annual Reviews

An alternative solution is to study unstable nuclei via elastic scattering of nuclei
in inverse kinematics. In the specific case of proton elastic scattering, in analogy with
the identity (3.16), the transition amplitude Tβα is given in its prior form by

Tβα = 〈φβ |V |�α〉, (3.22)

where the exit channel β is composed of the same nuclei A and a. If one makes the
further approximation that the solution of the Schrödinger equation is not distorted
by the optical potential, i.e. that the relative motion reduces to the solution of a
homogeneous equation, i.e. �α = eikα.rα�α , one gets
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Fig. 3.14 Calculated proton
elastic scattering cross
sections from Ca, Sn and Pb
isotopes. The first minimum
position of the angular
distribution is correlated to
the nuclear radius of the
target. Reprinted from [19]
with permission from
Wiley-VCH Verlag

Tβα = 〈φβ |V |φα〉 =
∫

ei
(kβ −kα).rα

� V (rα)drα. (3.23)

The transition amplitudes for the elastic scattering is the exact Fourier transform of
the optical potential. Since the nuclear interaction is short-ranged, one expects that
the cross section reflects the size and shape of the nuclear matter density, in a similar
way that the electron scattering is sensitive to the charge spatial distribution.

Similarly to the diffraction of light in a aperture, the angular distribution obtained
from proton elastic scattering is also sensitive to the nuclear size. This can be seen
in Fig. 3.14 where such distributions for Ca, Sn and Pb isotopes are plotted. The
heavier the nucleus (i.e. the larger radius it has), the smaller is the angle between two
diffraction minima. This correlation can be understood in classical physics consider-
ing that elastic scattering is a process confined to the surface because at the interior
the potential is highly absorptive, as would be the scattering of light by a black disk.
In that analogy, the angular distance between two diffractive minima is given by

�θ = �

pR
, (3.24)

where R is the radius of the target nucleus and p is the momentum of the incoming
proton.

Elastic scattering is a very effective tool to extract the matter radius of a nucleus.
When the statistics of the measurement is good enough (achieved in experiments of
few days with a beam intensity of about 104 pps), it is shown that uncertainties down
to 0.1 fm can be reached, mostly due to the uncertainties in the interaction potential
and in the reaction mechanism itself. To limit the effect of the latter couplings, inter-
mediate energies above 100MeV/nucleon are believed to be most reliable to extract
nuclear radii from elastic scattering. Such elastic scattering data, when combined



3 Nuclear Reaction Experiments 93

to measurements of the charge radius of the nucleus, can be used to determine the
neutron skin thickness in neutron-rich nuclei, a key information for understanding
nuclear structure.

In inverse kinematics, a proper angular resolution can be obtained by measuring
the recoil proton elastically scattered from the target. In many cases, polyethylene
targets (CH4) are used. Although complex to develop and operate in experimen-
tal conditions, thin pure hydrogen targets have been used [16, 17] and others are
under development [18]. Polarized-target experiments, sensitive to the spin orien-
tation, can also be performed for further sensitivity to the spin-dependent terms of
the optical potential. In the case of inelastic, transfer or quasi-free scattering exper-
iments, polarized-target or polarized-beam experiments are also used to assign the
total momentum of populated final states, while cross sections from non polarized
experiments depend only on the transferred angular momentum.

3.4.2 Transfer

The transfer of one nucleon from a nucleus (stripping) or to a nucleus (pickup) is a
powerful tool to determine the nature of the populated states. More quantitatively,
the final states after pickup and stripping from the same nucleus and the correspond-
ing population cross sections give access, in principle, to single-particle energies,
i.e. energies of orbitals with no correlation effect. Effective single-particle energies
are the backbone of many nuclear models and their comparison to experimentally-
deduced energies is important. Two-nucleon transfer has been extensively used to
study two-nucleon correlations inside the nucleus. Transfer cross sections are often
analyzed through the DWBA and coupled-channel formalisms.

A large part of our understandingof nuclear structure is basedon transfer reactions.
Transfer is a key tool and a work horse for the main low-energy facilities worldwide
such as GANIL, ISOLDE in Europe, TRIUMF and ANL in North America. A large
part of the physics programs at future facilities is based on transfer reactions: HIE-
ISOLDE at CERN, SPIRAL2 (France), SPES (Italy), Re3-12 at FRIB (USA) or
the OEDO project at the RIBF, RIKEN (Japan). Transfer reaction experiments with
radioactive beams are mostly based on the detection of recoil light charged particles.
Several recent or ongoing developments of detectors aim at improving the energy
or angular resolution as well as the detection efficiency, compared to the previous
generation of detectors. Tomention few of them: the ACTARTime Projection Cham-
ber [20] is a follow up of the MAYA detector [21] first developed at GANIL and the
GRIT Si-based telescope array [22] compact enough to fit inside a photon-detection
array such as PARIS [23] or AGATA [24] partly issued from theMUST2-array devel-
opments [25] (see Fig. 3.15). These instrumentations were primarily developed for
transfer and inelastic scattering experiments. These new devices are complemented
by the development of the very thin pure hydrogen target CHyMENE [18]. Recently,
the project of a storage ring at ISOLDE has been accepted [26]. In the US, a comple-
mentary approach based on the use of magnetic field is beginning to be explored. The
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Fig. 3.15 Picture of four
MUST2 telescopes arranged
in a compact forward angle
geometry for an experiment
at GANIL. Courtesy
F. Flavigny

leading projects focusing on transfer and inelastic scattering studies areAT-TPC [27],
a TPC located inside a solenoid, and HELIOS [28], a novel setup using Si detectors
inside a solenoid that allows an as so far unreached energy resolution when very thin
targets are used.

3.4.3 Single-Particle Energies and Spectroscopic Factors

The independent particle model of nuclear structure supposes nucleons lying on
single-particle energy orbitals with no correlation among them. The shell model
description of nuclei is based on single-particle configurations on top of which
nucleon correlations are built. Mean field models also lead to the definition of single-
particle orbitals from which beyond-the-mean-field long-range correlations can be
built. These single-particle (uncorrelated) energies are not observables since real
nuclei are correlated systems by nature. They nevertheless can be obtained from data
following the definition by Baranger [29]:
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ep =
∑

k S
p+
k (Ek − E0) + Sp−

k (E0 − Ek)∑
k S

p+
k + Sp−

k

, (3.25)

where Sp+
k (Sp−

k ) are the spectroscopic factors (square of spectroscopic amplitudes)
for the population of a final state k following the annihilation (creation) of a nucleon
with quantum numbers p = {n�}, defined as

Sp+
k = |〈�A

0 |ap|�A+1
k 〉|2, Sp−

k = |〈�A
0 |a†p|�A−1

k 〉|2, (3.26)

where |�A(±1)〉
k is the wave function of the nucleus withA(±1) nucleons in the state k.

In the case of uncorrelated (unrealistic) nuclei, spectroscopic factors are either 1 or 0.
Note that in some notations, the stripping spectroscopic factor can be normalized to
(2j + 1), j being the total angular momentum of the orbital from which the nucleon
is removed. For example, in 18O, in mean field, the spectroscopic factor for the
outermost neutron would be 2, not 1, and the single-particle energies coincide with
single neutron excitations (either particle or hole states) from nucleon stripping or
pickup reactions. In physical nuclei, one nucleon stripping or pickup from a given
state leads to the population of several states in the residual nucleus: the spectroscopic
strength of a given orbital is spread over several final states, as illustrated in Fig. 3.16.

If one accesses experimentally all Ek and Sp
k , the single-particle energies would

then be accessible from (3.25). Today, direct reactions are used to extract spectro-
scopic factors from cross sections to individual final states. In case the theoretical
description of the reaction mechanism has been sufficiently benchmarked and is
under control, one can aim at testing our understanding of the nuclear structure from
such measurements. Note that recently, the non observability of single particle ener-
gies and their dependence over unitary transformations of the nuclear Hamiltonian
have been discussed quite extensively. The basic concept of spectroscopic factors is
also not an observable and is model dependent, i.e. should be discussed with care.
This notion of “non observability” is fundamental and not a detail one can oversee.
We report the reader to [31, 32] for more details.

3.4.4 A Brief Introduction to Reaction Theory

In the traditional treatment of transfer reactions, the target or projectile aremost often
described as two-body systems composed of a core and the nucleon to be transferred.
In a nucleon transfer reaction, the optical potential V between the projectile and the
target contains two parts: the potential that will distort the waves when the nuclei
will approach each other that can be approximated by an optical potentialU (R) and
the potential �U (R, r) that will be responsible for the nucleon transfer itself. The
potential can be written as:

V = U (R) + �U (R, r) (3.27)
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Fig. 3.16 (Top) Total
binding energies and
associated one-nucleon
stripping and pickup
energies from the ground
state of the initial nucleus.
(Bottom) Single-particle
energies (right) are obtained
from the centroid of the
measured spectral function
(left) following the relation
(3.25). Reprinted from [30]
with permission from the
American Physical Society

In the DWBA approach, the transfer process is seen as a one step “perturbation” of
the distorted trajectory. The homogeneous and inhomogeneous equations are

(T +U − E)χ = 0, (T +U − E)φ = �Uφ. (3.28)

The transition matrix element for the transfer is written as

Tβα = 〈φβ�β |�U |φα�α〉, (3.29)

where, following the previous notations, �α,β are the intrinsic wave functions of the
entrance and exit channels α, β.

To be explicit, we now treat the specific case of the one neutron pickup reaction
from a target nucleus A by an incident proton through the reaction (p, d) to populate
a state i in the residual nucleus B. The transfer potential�U can be approximated by
the potential between the proton and the neutron to be picked up with r = rp − rn
being the relative coordinates between the proton and the picked-up neutron.
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In the Born approximation, when the incoming and outgoing waves are treated
as unperturbed by the potential (i.e. assuming U = 0 in (3.28), the initial and final
wave functions are

|�α〉 = eikp.rp�A|�β〉 = eikd .rd �B�d . (3.30)

In the case of a pure single particle neutron state with quantum numbers n�j, the
wave function of the final state can be written as �A = �Bφn�j(rn) and the transition
matrix element is then given by

Tn�j
βα =

∫
e−ikd .rd �∗

d (r)�
∗
B�U (r)eikp.rpφn�j�BdrBdrndrp. (3.31)

Considering the relations

rd = 1

2
(rn − rp) and rp = A

A + 1
rn − r, (3.32)

one gets

kp.rp − kd .rd = −
(
kd − A

A + 1
kp

)
.rn −

(
kp − 1

2
kd

)
.r = −q.rn − K.r,

(3.33)
where q is the momentum carried by the picked-up neutron andK = kp − kd/2. The
transition matrix element of (3.31) can then be formulated as

Tn�j
βα =

∫
e−iK.r�∗

d (r)�U (r)dr ×
∫ ∞

R
e−iq.rnφn�jdrn, (3.34)

which can be intuitively interpreted as the product of two Fourier transforms: the first
one of the deuteron wave function and the potential and the second one of the picked-
up neutron wave function. Under the Born approximation, it appears explicitly that
the transition matrix element is a product of a reaction term and a structure term.
Note that the integration limit of the second integral in (3.34) has been set by hand
to the nuclear radius R since the Born approximation does not take into account any
absorption of the projectile during the reaction (U = 0). In the more realistic DWBA
approximation, the absorption is taken care by the imaginary part of the optical
potential U , neglected in the previous calculation. By assuming the initial intrinsic
wave function �A as a single-particle state with quantum numbers n�j weighted by
a certain spectroscopic amplitude

√
Sn�j−

|�A〉 =
∑
n�j

√
Sn�j+|φn�j�B〉, (3.35)

the transition matrix element for the one neutron pick-up is given by
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Tn�j
βα =

√
Sn�j+

∫
χ

(−)∗
d (kd , rd )�∗

d (r)〈�B|�U (r)|�B〉φn�jχ
(+)(kp, rn)drpdrd ,

(3.36)
where the implicit integrals run over the integral degrees of freedom rB of nucleus
B. In this equation, we note that structure and reaction information are factorized in
the DWBA approach.

The population of the final state β from α may occur via the pickup from several
neutron orbitals. The pickup cross section will then be a sum over all neutron orbitals
i = (n�j), following

σβα =
∑
i

Sn�jσ
n�j
βα , (3.37)

where σ
n�j
βα is the single-particle cross section calculated with the transition matrix

element of (3.36), assuming a single-particle neutron state (with Sn�j = 1). The cross
section from α to β is then decomposed in structure information (Sn�j) and terms that
are calculated in the reaction formalism (σ n�j).

As seen previously for the elastic scattering reactions, several approximations can
be used to describe transfer. Some of them are introduced below:

• TheDistortedWave Born Approximation (DWBA) described above is the simplest
(but useful) model. It assumes a direct one-step process that is weak compared to
the elastic channel and may be treated by perturbation theory.

• The adiabatic model is a modification of the DWBA formalism for (d , p) and
(p, d) that takes deuteron breakup effects into account in an approximate way.

• The Coupled Channel Born Approximation (CCBA) is used when the one-step
approximation breaks down. Strong inelastic excitations are treated in coupled
channels, while transfer is still treated with DWBA.

• The Coupled Reaction Channel (CRC) does not assume one-step or weak transfer
process. All processes are taken into account on equal footing. It is the most
complete treatment of reactions.

3.4.5 Two-Body Kinematics and the Missing-Mass Technique

One interest of nucleon transfer reactions lies in its two-body kinematics. From
energy and momentum conservation, all information about the residue (4) can be
obtained by measuring the momentum p3 and using the known mass m3 of the
second outgoing particle (3). Indeed, the excitation energy E�

4 of particle (4) (its
spectroscopy) is given by:

E�
4 =

√
E2
4 − p24c

2 − m4,gs, (3.38)

where the total energyE4 and themomentum vector p4 of particle (4) can be obtained
from
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Fig. 3.17 Kinematics of
8He+p at 15.7 AMeV
measured at the SPIRAL
facility, GANIL. Figure
reprinted from [33] with
permission from Springer
Nature

E4 = √
T1 + m1 + m2 − (T3 + m3) (3.39)

p24 = p21 + p23 − 2p1p3 cos(θ3), (3.40)

wherep1 andm1,2 are knownandT1,3, the kinetic energy of particles (1) and (3) can be
obtained from their momentum following the well known identity T = √

p(p + 2m),
all quantities given in MeV (with the convention c = 1 for the velocity of light).

This technique of reconstructing the mass, and therefore the excitation energy
spectrum, of one of the two ejectiles without measuring it is denominated asmissing
mass. Since the nucleus of interest is not measured, all bound and unbound rates
can be measured in the same way. The missing mass technique is one of the few
possible (and most used) techniques for the spectroscopy of unbound states. The
kinematics of a (p, d) reaction in inverse kinematics is shown for the case of 8He+p
at 15.7MeV/nucleon measured at GANIL and illustrated in Fig. 3.17. It is clear
from the data that other reaction channels take place at the same time with rather
strong cross section, namely inelastic scattering and (p, t) transfer reaction. From the
analysis of the data, it has been shown that the DWBA approximation is not sufficient
for a proper treatment of the reaction. Only the CRC theory, by taking explicitly into
account all important channels, is able to reproduce correctly the data.

3.4.6 Angular Distributions and Momentum Matching

A nucleon transfer reaction is a quantum process during which a quantized angu-
lar momentum is transferred. The differential cross section to a given final state,
as a function of the scattering angle, shows an oscillatory pattern whose structure
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(position of maxima and minima) depends on the transferred angular momentum. In
the following, we give a classical correspondence between the position of the first
angular maximum after a transfer reaction and the transferred angular momentum.

For simplicity, we assume a reaction in direct kinematics where a nucleon is
removed from a target whose mass is considered infinite compared to the projectile
and light residue, so that all the transferred angular momentum is taken away by the
light particle.

In a quantum system for which the angular momentum is a good quantum number,
the operator L̂2 commutes with the Hamiltonian and its application to the nucleus
wave function gives

L2|�〉 = �(� + 1)�2|�〉. (3.41)

In the classical limit of a transfer reaction occurring at the surface of the nucleus,
the transferred momentum in the reaction is given by L = p⊥R, where p⊥ is the
transverse momentum of the scattered particle and R is the distance between the two
at grazing, leading the classical limit approximation

p⊥R = √
�(� + 1)�. (3.42)

In the infinite mass target approximation, the perpendicular momentum of the light
recoil can be approximated to p⊥ = p sin(θ◦). Under these approximations, the scat-
tering angle (the first maximum of the cross section) is given by

θ◦ = arcsin

(√
�(� + 1)�

pR

)
(3.43)

On can verify the validity of this classical estimate of the first maximum of the
differential cross section on various examples. Consider the example 52Cr(d,p)53Cr at
10MeV/nucleon, as shown in Fig. 3.18. 10MeV/nucleon for a deuteron is equivalent
to a momentum p=193MeV/c. If one assumes the standard parameterization of the
nuclear radius R = 1.2 fm ×A1/3, one gets R = 4.5 fm for 52Cr. Following (3.43),
for �� = 0, 1, 2, one calculates θ◦ = 0◦, 19◦, 34◦, respectively. The �� = 1 is in
good agreement with the data. The values estimated for �� = 0, 1, 2 are in good
agreement with the microscopic calculations shown in Fig. 3.18.

Intuitively, the beam velocity will impact strongly the population of states depend-
ing on the transferred angular momentum they imply. The population with �� = 0
will require lower incident energy for higher��values for a givenQ-value of the reac-
tion. The optimum population of given states requiresmomentum matching imposed
by (3.42).
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Fig. 3.18 Measured angular
distribution for
52Cr(d,p)53Crgs at
10MeV/nucleon. The data
points are compared to
calculations assuming
different transfer angular
momenta from 0 to 2. The
location of the first
maximum clearly shows a
�� = 1 transfer. Figure
from [34] with permission
from Elsevier

3.4.7 One-Nucleon Transfer: The Perfect Tool for Shell
Structure Studies

The shell structure evolution with the number of protons and/or neutrons is one of
the most exciting questions in nuclear structure. Indeed, since the very first study
of unstable nuclei, it has been understood that magic numbers of the shell model as
they were known for stable nuclei are not universal across the nuclear landscape and
evolve. The first historical example is the disappearance of the N = 20 shell closure
in the region of 32Mg [35–38].

The most cited mechanisms that play a role in shell evolution are:

• a large diffusiveness in neutron-rich nuclei that modifies the mean-field potential
and the one-body spin-orbit [39],

• spin-isospin components of the two-nucleon interaction (spin-isospin term of the
central part of the Hamiltonian or the tensor term of the interaction) [40–45],

• three-body forces [46, 47].

A review of observations for shell evolution interpreted in the framework of the
shell model is contained in [48]. Data are necessary to support or infer theoretical
pictures. The main difficulty lies in the fact that nuclei are correlated systems and
their spectroscopy does not reflect necessarily the underlying single-particle nuclear
structure. Correlations should then be assessed experimentally through the determi-
nation of spectroscopic strength. As examples of transfer-reaction studies for nuclear
structure, one could quote the study of the reduction of the spin-orbit splitting with
isospin in Sn isotopes [49], the disappearance of theN= 20 shell gap and theN = 16
“new”magic number [50, 51] while consistent results have been found from nucleon
stripping at theNSCL [52], and the single-particle shell structure of the doubly-magic
132Sn [53].
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Two-body correlations are a key aspect of nuclear structure beyond the single-
particle shell model picture. They can be probed via direct two-nucleon transfer reac-
tions [54], sensitive to both momentum and spatial correlations in the nucleus. The
two neutron transfer has been widely used in both direct and inverse kinematics and
is known to be sensitive to configuration transitions, such as shape transitions [55],
pairing in light [56–58] or heavy nuclei [59] and intruder configurations.

3.5 Knockout Reactions

The production of radioactive beams by fragmentation can reach very asymmetric
nuclei (and short lived) with no chemical selectivity. By doing so, a large part of
the nuclear chart can be accessed. The current and forthcoming new generation RIB
facilities focus on energies from 100MeV/nucleon to several GeV/nucleon. Nucleon
knockout reactions are a key tool for spectroscopy at these facilities with the strong
advantage to allow the use of thick targets to compensate the low beam intensities of
the most exotic species. On the other hand knockout reactions can mostly populate
hole states (i.e. nucleon removal only) while low energy transfer reaction have the
advantage to populate both hole and particle (pickup reactions) states.

3.5.1 Quasi-free Scattering

Similarly to elastic scattering, high-energy electrons are in principle the ideal probe
to eject protons from nuclei: the electromagnetic interaction is well known, the
nuclear problem is reduced to the structure of the target nucleus (with some final
state interaction corrections to consider as well) and high resolution missing mass
spectroscopy can be performed by detecting the scattered electron. The formalism,
initially developed by Jacob and Maris [60, 61], is detailed in dedicated review
articles (see for example [62–64]). Beautiful results on nuclear structure have been
obtained from (e, e′p) experiments with stable nuclei [65–67]. Despite all these
advantages, electron induced nucleon quasi-free scattering (e, e′p) is restricted to
proton knockout and can only be performed for stable nuclei today. For these reasons,
proton induced quasi-free scattering (p, pN ) (with N = p, n) at energies beyond
300MeV/nucleon is considered today the cleanest stripping probe to investigate the
structure for both stable and unstable nuclei.

The best energy for quasi-free scattering minimizes initial-state and final state
interactions, i.e. the distortions of the incoming and outgoing protons in the nuclear
potential of the target nucleus and the residue, respectively. This is achieved when
both the incident energy and the kinetic energy of the scattered protons are close to the
minimum of the nucleon-nucleon reaction cross section. Due to the equal mass of the
recoil proton and ejected nucleon, when both are detected at about 45◦ in the labora-
tory frame, they approximately share the energy of the incoming proton. For example,
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a quasi-free scattering performed at 400MeV/nucleon will lead to two nucleons scat-
tered at about 200MeV when both detected at 45◦, due to momentum conservation.
The minimum value of the nucleon-nucleon reaction cross sections as a function of
the energy (laboratory frame) is located around 200–300MeV/nucleon. Accordingly,
the best energies for quasi-free scattering are between 300 and 800MeV/nucleon (for
both direct or inverse kinematics).

The measured momenta of the two scattered protons in a quasi-free scattering
experiment give access to the intrinsic momentum q = (q‖, q⊥) of the removed pro-
ton inside the projectile. By use of the missing mass technique, quasi-free scattering
allows to measure the separation energy Es of the populated bound and unbound
states of the residue:

q⊥ = p1⊥ + p2⊥ (3.44)

q‖ = (p1‖ + p2‖) − γβ(MA − MA−1)

γ
(3.45)

Es = T0 − γ (T1 + T2) − 2(γ − 1)mp + βγ (p1‖ + p2‖) − q2

2MA−1
, (3.46)

whereβ,γ are the velocity andLorentz factor of the projectile in the laboratory frame,
T0 andT1,2 the kinetic energies of the projectile and the two protons, respectively. The
example of 12C(p,2p)11B at 392MeV incident energy in direct kinematics measured
at RCNP, Japan, represents the state of the art of what can be done in direct kinematics
with stable nuclei. Very recently, quasi-free scattering 12C(p,2p) was measured for
the first time exclusively in complete and inverse kinematics at an energy of about
400MeV/nucleon at GSI [68].

Quasi-free scattering is usually described theoretically based on onemain assump-
tion, the impulse approximation (IA), assuming that the knockout process occurs in
one single step and involves only the two interacting nucleons: the incoming proton
and the to-be-knocked-out nucleon. The transition matrix elements for quasi-free
scattering can be expressed in impulse approximation as

T(p,pN ) = 〈χp2χp1 |VpN |χp0�jlm〉, (3.47)

where VpN is the optical potential between the incoming proton and the nucleon N to
be removed, χp1,2 are the distorted waves for the outgoing and scattered-off protons
in the potential field of the residual nucleus A − 1, χp0 is the incoming proton wave
function distorted by the presence of the target nucleus A, and �jlm is the bound
state wave function of the knocked out nucleon. The above relation for T(p,pN ) is
for a single-particle state. In case of correlations, spectroscopic amplitudes from a
structure model have to be considered.

In the extreme limit of the plane wave approximation, the above transition matrix
element reduces to the Fourier transform of the single-particle wave function �n�j,
showing that there is a very close connection between the quasi-free scattering cross
section and the wave function of the removed nucleon, similar to (e, e′p) reactions.
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Recent developments have been made to predict (p, pN ) cross sections under the
eikonal and PWIA approximations [69], DWIA [70] or within a so-called Faddeev
multipole scattering reaction framework [71, 72].

Two major facilities can today produce radioactive ion beams at adequate energy
for quasi-free scattering at intermediate energies: the RIBF of RIKEN in Japan and,
at energies up to 1 GeV/nucleon, GSI. In the coming decade, the FAIR facility at
GSI should provide the best experimental conditions to investigate nuclear structure
from quasi-free scattering in inverse kinematics with the R3B setup [75].

3.5.2 Heavy-Ion Induced Inclusive Nucleon Removal
Reactions

As a tool for the spectroscopy of unstable nuclei, heavy-ion induced nucleon-removal
reactions have been so far more popular than quasi-free scattering. Many impor-
tant results and theoretical developments have been recently accomplished with this
method [76–78]. In the literature, these reactions are often referred to as “knockout”
although the exact reaction process for the nucleon removalmay bemore complicated
than a single-step nucleon removal resulting from a hard-core nucleon-nucleon col-
lision. In most cases, the experimental technique uses in-beam gamma spectroscopy
at the secondary target to tag the final state of the populated projectile-like residue.
In these measurements, the final state of the target, most often 9Be or 12C, is not
known. Note that there can be ambiguity in the use of the term “inclusive” in such
experiments. Regarding the detection of reaction products, they are always inclusive
since the target-like recoil and its products are not measured. On the other hand,
when one focuses on the final state of the projectile-like residue, if the cross sections
to individual final bound states of the residue are measured (by gamma tagging) one
speaks of exclusive cross sections. The cross section to all bound states of the residue
are then referred to as “inclusive”. From here, the term “inclusive” will be used in
the latter definition.

One asset of inverse kinematics fast nucleon-removal reactions is given by the
momentum distribution of the residue. By measuring the total, parallel or perpen-
dicular momentum distributions one has a direct access to the intrinsic momentum
distribution of the removed nucleon. This quantity is highly connected to the angu-
lar moment � of the removed nucleon and therefore it gives important information
on the shell structure of the nucleus under study [79–83]. The technique has been
pioneered and largely developed in inverse kinematics from the 90s at the NSCL at
energies around or below 100MeV/nucleon [82, 84, 85], GANIL [86] and at GSI at
much higher incident energies [87]. An example of such data with gamma tagging
is illustrated on Fig. 3.19.

Intermediate energy nucleon-removal cross sections are often interpreted by com-
parison to shell-model spectroscopic factors and single-particle cross sections cal-
culated under the eikonal approximation. The first nuclear knockout model in the
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Fig. 3.19 (Left)Gamma spectrum from the de-excitation of 11Be populate by one-neutron knockout
12Be(9Be,X)11Be at 78MeV/nucleon. (Right) Parallel momentum distributions in coincidence with
the population of the first excited state of 11Be and its ground state. The intrinsic angular momentum
of the removed nucleon can be easily disentangled in both cases. Figures from [85] with permission
from the American Physical Society

eikonal approximation was presented in [88]. The S-matrix formalism is commonly
used to derive these cross sections (see for example [89], while other approaches
have been developed [90, 91]).

The one-nucleon removal cross section is calculated using the eikonal formal-
ism [92, 93] and consists of a stripping and a diffractive part

σ = σstr + σdiff. (3.48)

The projectile wave function is defined as a core wave function |�C〉 complemented
with the wave function of the removed nucleon |�N 〉. Calculations are based on two
main quantities: the S matrices for the core (SC) and the removed nucleon (SN ), as
described above.

The stripping part of the cross section corresponds to reactions where the target is
excited, while the diffractive part corresponds to breakup events during which both
the target and the core remain in their ground state. The diffractive part of the nucleon
removal cross section can be seen as events where both the core and the nucleon are
elastically scattered off the target and for which the overlap of the final core and
nucleon with the incoming projectile ground state does not equal 1.

In an impact-parameter representation, the stripping part of the cross section is
calculated as
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σstr = 2π
∫

bdb
∫

dr|�N (r)|2|SC(bC)|2(1 − |SN (bN)|2), (3.49)

where bC, bN are the impact parameters of the core and of the removed nucleon
respectively. The S matrix for the core-target system SC is defined from the target
and core densities as well as from the in-medium NN cross section that depends on
the incident energy. Equation (3.49) is intuitive: it is the sum over all possible impact
parameters to preserve the core (probability |SC |2 by definition of the S matrix) and
to strip off the valence nucleon (probability 1 − |SN |2).

The diffractive part can be expressed as

σdiff = 2π
∫

bdb〈�0||SCSN |2|�0〉 − |〈�0|SCSN |�0〉|2. (3.50)

The single-particle cross sectionσ = σstr + σdiff combinedwith spectroscopic factors
calculated from a nuclear-structure formalism are compared to experimental cross
sections.

Although beyond the scope of the present overview, it is important to highlight
that two-nucleon removal as a probe for two-body correlations inside the nucleus
have been investigated both experimentally [94] and theoretically [95].

3.5.3 Recent Achievements with Unstable Nuclei

3.5.3.1 Breakdown of the N = 28 Shell Closure in 42Si

The N = 28 shell closure, produced by the one-body spin-orbit term of the nuclear
potential and separating the orbitals of same parity f7/2 and p3/2, disappears pro-
gressively below the doubly magic 48Ca nucleus in 46Ar [96] and 44S [97, 98], after
the removal of only two and four protons, respectively. This rapid disappearance of
rigidity of the N = 28 isotones has been ascribed to the reduction of the neutron
shell gap N = 28 combined with that of the proton subshell gap Z = 16, leading
to increased probability of quadrupole excitations within the fp and sd shells for
neutrons and protons, respectively. For the 44S nucleus, its small 2+

1 energy, large
B(E2↑) value [97], and the presence of a 0+

2 isomer at low excitation energy [98]
point to a mixed ground state configuration of spherical and deformed shapes. The
energies of excited states in the 42Si and the 41,43P nuclei have beenmeasured through
in-beam-ray spectroscopy [99]. The low energy of the 2+

1 state in 42Si, 770(19)keV,
together with the level schemes of 41,43P, provide evidence for the disappearance of
theN = 28 shell closure around 42Si. It is ascribed to the combined action of proton-
neutron tensor forces leading to a global compression of the proton and neutron
single-particle orbitals, added to the quadrupole symmetry between the occupied
and valence states which favors excitations across the Z = 14 and N = 28 shell
gaps. This low 2+

1 energy was recently confirmed by an experiment performed at the
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RIBF [100]. 42Si was populated from multi-nucleon removal at intermediate energy.
The in-beam gamma spectroscopy of Si and S isotopes was performed by use of
the DALI2 spectrometer [101]. The systematics of the ratio R4/2 of the 4

+
1 and 2+

1
energies in silicon isotopes from N = 24 to N = 28 shows a rapid development of
deformation, further demonstrating that 42Si is well deformed.

3.5.3.2 Merging of the N = 20 and N = 28 Deformation Regions

Up to very recently, the N = 20 island of inversion, interpreted as a deformed two-
particle two-hole configuration favored for the ground state configuration [102–
104], and the study of the above-mentioned collapse of the N = 28 shell closure
were treated as independent questions. Thanks to the achievement of intense beams
of light radioactive ions, the contour of the region has been established. A recent
measurement performed at the RIBF from in-beam gamma spectroscopy of Mg
isotopes produced from nucleon removal indicates that the island of inversion does
not show any decrease of collectivity for Mg isotopes at N > 24 and merges with
the N = 28 deformation region towards 40Mg [105].

3.5.3.3 Search for New Shell Effects at the RIBF

A systematic search for 2+ states in very neutron-rich even-even nuclei fromAr to Zr
isotopes produced from (p, 2p) reactions has been initiated at the RIBF with the so-
called SEASTAR program [117] (Shell Evolution And Search for Two-plus energies
in even-even nuclei At the RIBF, see Fig. 3.20). The use of the unique high primary
beam intensities at the RIBF and the coupling of MINOS [118, 119] and the DALI2
array are the core of SEASTAR. The program primarily aims at the spectroscopy
of 78Ni and 110Zr, as well as nuclei in the vicinity of the closed subshell nuclei 48S
and 60Ca. A further study of the onset of deformation at and beyond N = 40 is
also targeted along isotopic chains from Z = 22 to 26. This physics program was
started in 2014 and the first spectroscopy of 52Ar [120], 66Cr, 70,72Fe [121], 78Ni,
82,84Zn [122], 90−94Se [123], 98,100Kr [124], 110Zr [125] were successfully performed
(Fig. 3.21).

3.5.4 Nucleon-Stripping from Unstable Nuclei: A
Comparison of Transfer and Knockout

The distribution of spectroscopic strength in nuclei can be extracted from direct-
reaction cross section measurements, assuming a modeling of the reaction mecha-
nism. Recently, a compilation of one-nucleon removal at intermediate energies from
sd-shell exotic nuclei showed that the measured cross sections for knocking out
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Fig. 3.20 Schematic view of theMINOS target and TPC vertex tracker in position inside theDALI2
spectrometer for in-beam gamma spectroscopy at RIBF, RIKEN

Fig. 3.21 Even-even nuclei
(colored dots) to be
populated via (p, 2p)
knockout and studied via
in-beam gamma
spectroscopy at the RIBF of
RIKEN with the SEASTAR
setup [117, 119]

a valence nucleon in a very asymmetric nucleus (such as a neutron in 32Ar, 28Ar
and 24Si) are about four times smaller than predictions from state-of-the-art calcula-
tions [126]. On the other hand, at low energy, a study of the (p, d) neutron transfer
on the proton-rich 34Ar and on the neutron-rich 46Ar provides experimental spec-
troscopic factors in agreement with large-basis shell model calculations to within
20% [127]. These findings which are in agreement with a previous systematic study
of transfer reactions [128] are inconsistent with the trend deduced from the anal-
ysis of nucleon removal cross sections at about 100MeV/nucleon.Very recently, a
new systematic study over transfer reactions with stable nuclei did not evidence any
dependence of the effect of short range or beyond model space correlations with
the transferred angular momentum �, mass of target nuclei or asymmetry �S [49].
Therefore, it is suggested that these two probes, transfer and knockout, lead sys-
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Fig. 3.22 Ratio of experimental to theoretical one-nucleon stripping cross sections. Experimental
knockout data from [126, 129] are considered and their theoretical predictions are performed within
the eikonal formalismunder the sudden approximation. Transfer data fromoxygen isotopes are taken
from [131] and their theoretical predictions are performed within the Coupled Reaction Channel
formalism and traditional (based on Woods-Saxon single-particle wave functions) form factors.
Courtesy F. Flavigny

tematically to different spectroscopic factors when analyzed in the above mentioned
frameworks, namely DWBA or CRC for transfer and under the sudden and eikonal
approximations for knockout. The origin of this difference has to be understood.

A recent study of the nucleon removal from 14O and 16C (�S = |Sn − Sp| close
to 20MeV) at intermediate energies lower than 100MeV/nucleon has shown that
the applicability of the sudden approximation and the eikonal theory for nucleon
removal depends on both the incident beam energy and the binding energy of the
removed nucleon [129]. The applicability of the eikonal formalism to the previously
deeply-bound nucleon removal was questioned. Indeed, one may also question the
role of dissipation in deeply-bound nucleon removal [130].

The corresponding transfer stripping reactions (d , t) and (d ,3He) from the same
14O nucleus at 18MeV/nucleon performed at GANIL [131] and analyzed within the
framework of coupled reaction channel formalism with a set of optical potentials,
matter radii and spectroscopic factors did not show any systematic reduction for
deeply-bound nucleon stripping, as illustrated in Fig. 3.22. This analysis is in agree-
ment with the conclusions of [49, 127] but at variance with [126], showing that the
mostly used reaction-mechanism models for transfer (DWBA, CRC) and heavy-ion
induced knockout (sudden and eikonal approximation) do not lead to the same struc-
ture information in some cases. These discrepancies still need to be quantitatively
understood. A more systematic study of deeply-bound nucleon removal reactions
from weakly bound nuclei will definitely help in understanding the limits of current
direct reaction models.
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3.6 Outlook

Nuclear reactions are at the basis of the production of radioactive beams which, in
turn, are essential to address the nuclear many-body problem and its most general
features. Direct reactions in inverse kinematics are powerful tools to investigate
nuclear structure in unstable nuclei. Elastic and inelastic scattering, transfer at low
incident energy, quasi-free scattering and nucleon-removal reactions at intermediate
energies offer unique capabilities to populate selectively nuclear states. The cross
sections to populate final states and their dependence with momentum or scattering
angle contain essential information to further our understanding of the nature of
nuclear states. Direct reactions will continue to play a major role in nuclear physics
in current and new-generation facilities.

The present lecture aimed at introducing nuclear reactions for non experts. The
present notes should not be seen as an overview since many important facets of
nuclear reactions were not covered (even not mentioned). For those who wish to go
further, several books describe the formalism of direct processes. For a deeper study,
one may refer to the following references [3, 132–135].
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school in Huelva, Spain. The material of the notes is partly taken from published lecture notes [136]
by the author from a lecture given at the 2015 Pisa Summer school entitled “Re-writing nuclear
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thank José-Enrique Ramos and Antonio Moro for their kind invitation and the perfect organisation
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Abstract The neutron capture reactions of the 244Cm and 246Cm isotopes open the
path for the formation of heavier Cm isotopes and of heavier elements such as Bk
and Cf in a nuclear reactor. In addition, both isotopes belong to the minor actinides
with a large contribution to the decay heat and to the neutron emission in irradiated
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fuels proposed for the transmutation of nuclear waste and fast critical reactors. The
available experimental data for both isotopes are very scarce. We measured the neu-
tron capture cross section with isotopically enriched samples of 244Cm and 246Cm
provided by JAEA. The measurement covers the range from 1 eV to 250 eV in the
n_TOF Experimental Area 2 (EAR-2). In addition, a normalization measurement
with the 244Cm sample was performed at Experimental Area 1 (EAR-1) with the
Total Absorption Calorimeter (TAC).
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4.1 Experimental Set Up and Preliminary Results

Accurate neutron capture cross section data for minor actinides (MAs) are required
to estimate the production and transmutation rates of MAs in LWR reactors with a
high burnup, critical fast reactors like Gen-IV systems and other innovative reactor
systems such as accelerator driven systems (ADS) [1]. The 244Cm (T1/2 = 18.1years)
and 246Cm (T1/2 = 4730 years) isotopes are among the most important MAs due to
the difficulties in their transmutation and their contribution to the radiotoxicity of
the irradiated nuclear fuels. The first and only data available until 2012 on the 244Cm
and 246Cm neutron capture cross sections came from an experiment [2] which used
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the neutrons produced in an under-ground nuclear explosion. Recently, a second
measurement of both (n, γ ) cross sections has been performed with a large coverage
Gearray in theAccurateNeutronNucleusReactionMeasurement InstrumentANNRI
at J-PARC [3].

We have used the same samples as in J-PARC to measure both 244Cm and 246Cm
neutron capture cross sections at n_TOF. Our results, obtained in a different facility
and using a different detection system, will allow to validate the results obtained at J-
PARC, thus reducing the systematic uncertainties. In addition, we expect to increase
the neutron energy range of the J-PARC measurement from 100 eV up to at least
250 eV.
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Both cross sections have been measured at the n_TOF EAR-2 [4] with three
C6D6 detectors [5]. The 244Cm samples have been also measured with the TAC
[6] in EAR-1 [7], which has a significant lower neutron fluence and a larger flight
path, in order to validate the results obtained in the EAR-2 and to obtain a more
accurate normalization. In addition, with this second measurement we will obtain
spectroscopic information about the γ -ray cascades following the 244Cm(n,γ ) and
240Pu(n,γ ) reactions (the samples contain a significant amount of 240Pu originated
by the 244Cm alpha-decay).

At the n_TOF facility neutrons are produced by spallation reactions in a Pb target
induced by 20GeV/c proton pulses. Neutrons travel through 20 and 185m in vacuum
until reaching the EAR-2 and EAR-1 experimental areas, respectively. There the
Cm samples and the detection systems are located. In the case of the measurement
performed in the EAR-2 a dedicated set up was prepared for the Cm campaign.
The γ -ray cascades following neutron capture were detected with 3 BICRON C6D6

scintillator detectors placed at 5 cm of the sample. In Fig. 4.1 we show a picture of
the experimental set up together with the geometry implemented in the Geant4 code
[8], needed to perform high accurate Monte Carlo simulations for the Total Energy
Detection technique.

Fig. 4.1 Sample and ring used during the experiment (left). Picture of the set up in the EAR-2
(center). Geometry implemented in Geant4 to perform Monte Carlo simulations (right)
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Fig. 4.2 Preliminary experimental results compared with JEFF-3.2
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Preliminary results of the measured capture yields are presented in Fig. 4.2. In
both panels we show the experimental capture yields (unnormalized and no back-
ground subtracted) together with the different capture yields calculated from the
cross sections available in JEFF-3.2 [9] normalized to the experimental data.
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Chapter 5
First Steps Towards An Understanding of
the Relation Between Heavy Ion Double
Charge Exchange Nuclear Reactions and
Double Beta Decays

Jessica I. Bellone, S. Burrello, Maria Colonna, Horst Lenske
and José A. Lay Valera

Abstract Theoretical studies are performed, providing a relation between heavy
ion double charge exchange (DCE) cross section and ββ strength, up to momentum
transfers of 25–30 MeV. DCE reactions can be interpreted in terms of two correlated
or uncorrelated single charge exchange processes, thus mimicking 0νββ or 2νββ

decay, respectively. The dominance of the former mechanism would allow to gain
information on 0νββ strength, thus helping in improving neutrino effective mass
evaluation.
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5.1 Introduction

The study of heavy ion charge exchange reactions has been receiving a lot of interest
in the last decades, because of its multidisciplinarity. The present work focuses on
the study of double charge exchange (DCE) reactions, described as a sequence of two
uncorrelated single charge exchange (SCE) processes; in this way, DCE strength is
analogous to that of 2νββ decay, representing the main mechanism competing with
0νββ (whose relation with DCE reactions is still under study [3], in the hope to
improve Majorana mass evaluation, if 0νββ decay were observed).

5.2 Heavy Ion Charge Exchange Cross Section
Factorization

Once studied the role of the optical potentials and nuclear structure terms, heavy ion
SCE [4] and DCE cross section factorization into the product of a nuclear structure
(Kαβ) and a reaction term (ND) is provided, by assuming a gaussian shape for the
former term

d2σ

dEdΩ
= EαEβ

4π2(�c)4
kβ

kα

1

(2Ja + 1)

1

(2JA + 1)

∑

ma ,mA
mb ,mB

|
∑

τ=C,Tn
SL

∑

S,T

K τ,ST
αβ (qαβ)

∫
d3q hSTαβ (q,qαβ)ND(q)|2

(5.1)
DCE reactions described as two independent SCE processes are simulated, through
a new code, developed by the authors, assuming pole approximation and single state
dominance. Numerical simulations [2], performed for heavy nuclei studied within
the NUMEN collaboration [1], provide that the factorized expression in (5.1), which
is exact for qαβ = 0, works up to a momentum transfer qαβ � 25−30 MeV.

DCE simulations also show that partial compensation occur between optical po-
tentials in the intermediate channel, thus leaving a SCE-like diffraction pattern in
DCE angular distribution and a DCE ND value larger than the product of two SCE
ones.

5.3 Conclusions

Cross section factorization is obtained for qαβ ≤ 25−30 MeV, for SCE and DCE
processes. Simulations performed for DCE reactions, described in terms of two inde-
pendent SCE processes, allow to give information on themainmechanism competing
with the one resembling 0νββ decay.
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Abstract The pre-formation of α-clusters in α-conjugate nuclei or their dynami-
cal condensation during nuclear reactions was largely debated; among the meth-
ods to probe a possible cluster structure in nuclei, it has been suggested to study
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pre-equilibrium emitted particles and clusters following their emission during the
dynamical part of the reaction, before a full thermalization takes place.

The pre-formation of α-clusters in α-conjugate nuclei or their dynamical conden-
sation during nuclear reactions was largely debated; among the methods to probe a
possible cluster structure in nuclei, it has been suggested to study pre-equilibrium
emitted particles and clusters following their emission during the dynamical part
of the reaction, before a full thermalization takes place. Indeed, a strong correla-
tion between nuclear structure and reaction dynamics arises when some nucleons
or clusters of nucleons are emitted or captured [1]. The NUCL-EX collaboration
(INFN, Italy) is carrying out an extensive research campaign on pre-equilibrium
emission of light charged particles from hot nuclei with the ultimate goal to study
how possible cluster structures may nuclear reactions [2]. For this purpose, the
emission of light charged particles from hot 46Ti nuclei formed in the reactions
16O+30Si, 18O+28Si and 19F+27Al, was investigated, using the GARFIELD+RCo
4π array, fully equipped with digital electronics [3], at Legnaro National Laborato-
ries. For central impact parameters, the systems form the same compound nucleus,
namely 46Ti*. Since the abundance of pre-equilibrium particles is demonstrated to
be dependent by the beam velocity [4], it was kept constant (7 A MeV) for the three
reactions (16O+30Si, 18O+28Si, 19F+27Al) for sake of comparison: in such a way,
the non–equilibrium processes are expected to be almost the same. The reaction
16O+30Si has been also measured at a beam energy of 8 AMeV to populate the 46Ti
at the same excitation energy of the 18O+28Si at 7 AMeV reaction to obtain the same
statistical component.

The experimental observables of selected events have been studied and compared
with those simulated by the statistical code GEMINI++ [5], which has been used, as
a starting point, with standard input parameters and has been filtered with a software
replica of the experimental array to take into account the finite size of the detecting
device. The analysis has been performed on an event by event basis. As expected
at these bombarding energies, for each studied reaction, the prediction from GEM-
INI++ accounts for the major part of the cross section both looking at the angular
distributions and at the different light charged particle energy spectra, demonstrating
that complete fusion is themainmechanismoccurring between the colliding partners.
See [6] for more details.

The observed differences between the experimental and the predicted observables,
among which the α-particle angular distribution, shown in the right panel of Fig. 6.1
as an example, put into evidence effects related to both the different entrance channels
and to a small contribution from fast emission: an overproduction of forward angu-
lar emitted a-particles is observed, that may represent the onset of pre-equilibrium
emission, probably facilitated by the α-clustering structure of reacting partners. To
understand if the pre-equilibrium process is well accounted for by theory, a more
quantitative analysis is needed. A comparison to predictions by dynamical code, like
AMD [7] and HIPSE [8] are also under study and will be used in forthcoming more
exclusive analysis.
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Fig. 6.1 Comparison between experimental (black dots) and GEMINI++ simulated (red triangles)
angular distribution of proton (left panel) and α-particles (right panel) in coincidence with evapo-
ration residue for the reaction 16O+30Si at 128 MeV. Experimental and simulated distributions are
normalized to the residues number
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Bayesian Reconstruction of Axial Dose
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Advanced Radiotherapy Treatments
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M. A. Cortés-Giraldo and M. I. Gallardo

Abstract In this work, a reconstruction algorithm is used to obtain axial dose map
distributions for the verification of advanced photon radiotherapy treatments. The
experimental data is obtained with a detection system designed, developed and con-
structed specifically for this purpose. This system is basically composed by two
perpendicular single sided silicon strip detectors (SSSSD) placed inside a rotating
polyethylene phantom. Measured data consist on mean absorbed dose in each strip
at different angular positions. Dividing the dose map into pixels, statistical bayesian
methods can be applied in order to estimate pixel data from measured one. These
methods are applied to a hypothetical treatment plan and the results converge to a
solution of a dose map distribution that agrees with treatment planning system (TPS)
calculation.

7.1 Introduction

The new features of modern photon radiotherapy treatments force the treatment plan-
ning system (TPS) calculations to be far from reference conditions. Then, calculated
dose map distribution may differ from the real one [1]. These treatments generally
include dose escalation in the vicinity of critical organs that should be spared, so it
is understood the importance of dose calculation accuracy. Thus, additional test are
required to verify this.
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Fig. 7.1 Dose profile of 2D
treatment reconstructed map
and comparison with the
TPS calculation

-20 -10 0 10 20 30

X (mm)

20

40

60

80

100

D
os

e 
(c

G
y)

Reconstructed
Calculated by TPS

7.2 Material and method

The system [2] consists of a rotating cylindrical polyethylene phantom that houses the
dual single-sided silicon strip detector (DSSSSD), that is two singled-sided silicon
strip detectors positioned so that the strips of each one are perpendicular to the
other. The active area of the DSSSSD is placed centred in an axial plane of the
phantom, parallel in general to the beam incidence direction. Each strip works as an
independent detector that is previously calibrated in dose to water. The experimental
data set contains statistical uncertainties, that are taken into account by means of
using reconstruction methods based on statistical estimation techniques. The issue
consists on obtaining the mean absorbed dose in a grid of pixels, treating them like
parameters included in the probability density function of the experimental data.
Bayesian methods, as maximum a posteriori, provide an iterative solution in which
prior information can be added to improve the results.

7.3 Results

The proposed method is applied to a theoretical treatment plan that consists of three
fields pointing to a position outside the cylinder center. Reconstructed dose map of
treatments show a good agreement with TPS calculated ones (Fig. 7.1).
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Chapter 8
Be-10 Measurements in Atmospheric
Filters Using the AMS Technique: The
Data Analysis

K. De Los Ríos, C. Méndez-García, S. Padilla, C. Solís, E. Chávez,
A. Huerta and L. Acosta

Abstract Formeasurementswith theAMS technique, data set analysis is carry out to
determine the measure of central tendency and then to obtain the 10Be concentrations
from atmospheric samples.We proposed to compare the traditional statisticalmethod
with an alternative exploratory data analysis in order to optimize de data series
extracting outlier values. Our preliminary results are here discussed.

8.1 Experimental Procedure

At LEMA,1 the possibility to measure the concentrations of radioisotopes, such as
10Be, 26Al and actinides in environmental samples is been explored. To test for the
first time these nuclei we used atmospheric filters. The 10Be was the most recently
radioisotopes measured [2]. To make this by using AMS technique, it is necessary to
extract the radioisotope from the atmospheric filters in the form of BeOmolecule.We
optimized a known radiochemical procedure [3, 4] and applied it in test samples.2

The processed sample is introduced into an Al cathode and later inserted in the
carousel of AMS system to be measured. The sample is ionized with a Cs ion source.
The ion beam generated pass through two different optical stages and an acceleration

1In 2013LEMA(LaboratorioNacional de Espectrometria deMasas conAceleradores)was installed
in Mexico. It is a Laboratory specialized in the radiocarbon measurements [1].
2Quartz filters PM10, samples taken at the InstitutoMexicano del Petróleo, Mexico City, the chosen
here is labelled as TO4 corresponding to November 27 to 29, 2012 sampling campaign.
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Fig. 8.1 a Energy spectrum of the cathodes with TO4 test sample. b Schematic diagram, measures
of central tendency with the two proposed methods and the associated statistical errors

system (1MV). The beam produced (10Be or 9Be handled by a bouncer system) is
focused to be measured by Faraday cups (9Be) and finally, the 10Be events by using
the ΔE-E technique in a gas detector3 (See Fig. 8.1a).

To develop the analysis, the 10Be/9Be ratio is used. Traditionally, the weighted
mean and the standard deviation are used, for which it is necessary a stable behaviour
of the data taking. Such condition is not presented in all the cases for this kind of data
[5]. For such a reason, we propose another way to develop the statistical analysis
called Exploratory Data Analysis (EDA), applied to the test sample TO4. EDA is
a robust and resistant statistical method [5]. There are different ways to determine
the measure of central tendency but we use the median. It is possible to show the
behaviour of the data set with schematic plots, the box of this graphical method
contains the 75% of the data set and show the median (red lines in Fig. 8.1b), the
minimum and maximum data of the distribution (whiskers) and the outliers, i.e. data
that are not inside the box+whiskers (red crosses in Fig. 8.1b).

The results observed in Fig. 8.1b indicate that the EDA method is equivalent
to the traditional method, even considering that EDA excludes the atypical data.
This result is verifiable taking into account two aspects: the mean and the median
(and their errors) are comparable. Applying the Kruskalwallis test [5], a value of
p = 0.3312 obtained indicates that both distributions come from the same data-set
with a 1% of significance level. However this just happens when stability exists, in
other cases, EDA will rise big differences, helping to identify such data series with
high instability.

Acknowledgements This work was partially supported by CONACYT 51600, 82692, 123655,
DGAPA-PAPIIT IA101616, IA103218 and PIIF-2018 Projects.

3Before gas detector, a passive absorbent of Ni3Si4 75nm of diameter is used to optimize the
separation between 10Be and its isobar interference 10B.
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Chapter 9
Fission Studies in Inverse Kinematics

M. Feijoo, J. Benlliure, J. L. Rodríguez-Sanchéz and J. Taieb

Abstract In this work, we present the results obtained from the data analysis of the
SOFIA experiment, performed in 2014 at the GSI, whose characteristics allowed us
to achieve the complete identification (charge and mass) of both fission fragments
for the first time. In particular, the nuclear-collision fission induced reaction 236U+Al
at 720 A MeV is being matter of work. Our goal is to study the fission dynamics
through the study of its dissipative effects. The work done so far have showed us a
good resolution in charge of the fission fragments, setting a solid base to go further.
In the future, we plan to improve the experimental technique inducing fission using
quasifree (p,2p) reactions, to better control the initial conditions of the process.

Fission is a nuclear process where an excited heavy nucleus deforms into a tran-
sient state called saddle point. If the excitation continues beyond this point, fission
will irrevocably occur, and the nucleus will be splitted in two different fragments.
In spite of its apparent simplicity, the process presents many degrees of freedom
(mass and charge of the fissioning nuclei, excitation energy, mass asymmetry of the
fragments…), making its theoretical description really complicated [1].

In order to improve our understanding of the process, multiples experiments have
been performed through the years. Nowadays, the inverse kinematics experimental
technique is the most useful approach to study the process. By accelerating the
projectile into relativistic energies, high velocity fission fragments will be produced
and emitted in forward direction, making their detection easier and more efficient.

This technique was used in the SOFIA experiment [2]. It represented a real break-
through in the study of fission, achieving for the first time the complete identification
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of both fission fragments.We are interested on the study of fission induced by nuclear
collision using the 236U+Al reaction. To obtain the fissioning 236U, a primary beam
of 238U at 1 A GeV will collide against a Be target creating a large chain of iso-
topes. At the entrance of SOFIA setup, the 236U will be fully identified, arriving
with an average kinematic energy of 720 A MeV and the fission reaction will be
produced on the Active Target, where the Al layers are settled down. Thanks to the
powerful SOFIA setup, we can measure the fragments energy lost, using twoMUlti-
Sampling Ionization Chambers (MUSIC), track the beam and fragments positions
with 3 MWPC and know the velocity of the fragments with a ToF Wall. Thereby,
the identification in charge (Fig. 9.1) and mass (currently on work) of the fission
fragments are achieved. We are interested on the study of the dissipative effects of
the reaction and on modeling their behavior. By measuring the total charge of the
fission fragments, we will able to know the excitation energy of the process [3].

Finally, we plan to go a step forward and use (p,2p) reactions to induce fission, in
order to improve our understanding of the fission process by controlling the initial
stage of the reaction, from the ground state to the saddle point. The R3B/CALIFA
[2] detector will be coupled to SOFIA (Fig. 9.2) to detect the energy lost of both
emitted protons and obtain the excitation energy of the fission process. This will give
us a more reliable value of the excitation energy, as it will not be model dependent
but a direct measurement.

Fig. 9.1 Charge of the fission fragments. Each peak represents a different atomic number
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Fig. 9.2 CALIFA detector (red circle) coupled to the SOFIA setup
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Chapter 10
Iterative Algorithm for Optimal Super
Resolution Sampling

P. Galve, A. López-Montes, J. M. Udías and J. López Herraiz

Abstract The resolution recovery in PET iterative methods such as OSEM, includ-
ing all the physical effects involved in the system response matrix, is often limited by
the reduced sampling in the projection space. In this work, we propose a method to
further improve resolution recovery in the PET image reconstruction process by itera-
tively refining themeasurements with data-driven increased sampling. In this method
we first reconstruct the image by standard OSEM methods. After that, we define
four subLORs around each initially measured LOR, and estimate the subLOR con-
tribution spreading the original number of counts with maximum-likelihood based
weights, computed with the relative value of the projections in each subLOR with
respect to the four subLORs. Nowwe reconstruct the image with the standard OSEM
algorithm using the subLORs set of data. We call this step a superiteration, which
may be repeated 2–3 times until convergence is achieved. We have evaluated the
improvements in image quality obtained using data acquired in the Argus PET/CT
scanner. The method shows promising results increasing the recovery coefficients
without noise raise measured in an Image Quality phantom, and also remarkable
image quality improvements for live patients reconstructions.

The limited resolution of Positron Emission Tomography (PET) is one of its main
drawbacks. It is caused by a combination of different factors intrinsic to the technique
[1]. Physical factors can be modeled in the System Response Matrix (SRM) [2,
3], whereas the geometry and configuration of modern state-of-the-art scanners are
already optimized to get the best performance [4, 5].

In this work we try to improve the image resolution by using a novel method
to iteratively increase the object sampling. It is based on a Maximum Likelihood
algorithm developed by [6] to recover triple coincidences in PET. The algorithm was
also used for demultiplexing multiplexed data in SPECT [7] and identification of
inter-crystal scatter events [8]. In our implementation, we virtually subdivide each
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Fig. 10.1 a Standard reconstruction of a Derenzo phantom acquired with the SuperArgus scanner
with OSEM (20 iterations, 5 subsets). b and c are the images 1 and 2 superiterations. The line profile
along the darker line is shown in figure d

crystal into two halves, and therefore each line-of-response (LOR) into 4 subLORs.
The whole process can be summarized as follows:

1. Standard image reconstruction.
2. Projection of the previously reconstructed image along the new subLORs. We

use the relative subLOR projections to proportionally spread the original number
of LOR counts among the different subLORs.

3. Standard reconstruction considering each subLOR is an independent LOR.

In Fig. 10.1 we can observe a Derenzo phantom acquired with the Super Argus
scanner, newer version of the Argus scanner [3]. A peak-to-valley ratio increase
of 41 ± 3% in 1.5 mm rods with respect to the normal OSEM method has been
achieved after first superiteration, and 54 ± 3% after the second one. These results
show promising future for the algorithm presented. It is important to note that the
computation time per iteration increases ~4 times (the number of data is four times
the original data size). Therefore the full reconstruction time increases several times,
but it is mitigated with the use of acceleration GPUs.

Acknowledgements This work was supported by Comunidad de Madrid (S2013/MIT-3024
TOPUS-CM), SpanishMinistry of Science and Innovation, Spanish Government (FPA2015-65035-
P, RTC-2015-3772-1). This is a contribution for the Moncloa Campus of International Excellence.
Grupo de Física Nuclear-UCM, Ref.: 910059. This work acknowledges support by EU’s H2020
under MediNet a Networking Activity of ENSAR-2 (grant agreement 654002). J. L. Herraiz is
also funded by the EU Cofund Fellowship Marie Curie Actions, 7th Frame Program. P. Galve
is supported by a Universidad Complutense de Madrid and Banco Santander predoctoral grant,
CT27/16-CT28/16.

References

1. W.W. Moses, NIM-A 648, S236–S240 (2011)
2. J.L. Herraiz et al., Phys. Med. Biol. 51(18), 4547–4565 (2006)
3. K. Gong et al.,” IEEE TMI, v. 36, n. 10, pp. 2179–2188, 2017
4. Y. Wang et al., J. Nucl. Med. 47(11), 1891–1900 (2006)
5. S. Krishnamoorthy et al., Phys. Med. Biol. 63(15), 155013 (2018)



10 Iterative Algorithm for Optimal Super Resolution Sampling 143

6. E. Lage et al., Med. Phys. Med. Phys. Med. Phys 42(24), 1398–102502 (2015)
7. S. Moore et al., in Fully3D conference (2015), pp. 515–517
8. M.S. Lee et al., Phys. Med. Biol. (2018)



Chapter 11
Adiabatic Correction to the Eikonal
Approximation

C. Hebborn, D. Baye and Pierre Capel

Abstract This work focuses on the development of an adiabatic correction to
the eikonal model. The preliminary results computed for the Coulomb-dominated
breakup of the one-neutron halo nucleus 11Be at 69AMeV are encouraging. Further
analyses on the accuracy of the correction have still to be performed.

For the last three decades, the development of Radioactive-Ion Beams (RIBs) has
enabled the study of nuclei away from stability. Near the neutron dripline, halo
nuclei have been observed [1]. These light nuclei display a very peculiar structure:
one or two of their valence neutrons are located far from the bulk of the nucleus and
form a diffuse halo around it. They have challenged the usual description of nuclei,
seeing all nucleons piling up into well-defined orbitals and forming a compact object.
Accordingly, halo nuclei are modelled as two- or three-body objects: a compact core
to which one or two neutrons are loosely bound.

As halo nuclei are short-lived, they cannot be studied through the usual spec-
troscopic techniques but can be probed through indirect methods, such as reaction
processes. In the present paper, we focus on breakup reactions, which describe the
dissociation of the projectile into its more fundamental constituents. Breakup mea-
surements can thus reveal the cluster structure of the nucleus. To obtain reliable
information about this structure, one needs an accurate reaction model coupled to a
realistic description of the projectile.

The eikonal model [2] is very efficient from a computational point of view and
provides a straightforward interpretation of the collision. It simplifies the many-body
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Schrödinger equation by assuming that the projectile-target (P-T )wavefunction does
not differ much from an initial plane wave. In its usual form, it also considers the
adiabatic approximation, which sees the internal coordinates of the projectile as
frozen during the collision. The asymptotic wavefunction is given by a plane wave
shifted by the so-called eikonal phase χ(b, r) ∝ ∫ +∞

−∞ VPT (R, r)dZ computed from
the optical potential VPT simulating both the Coulomb and the nuclear interactions
between the projectile clusters and the target. This potential depends on the P-T
coordinate R = (b, Z) and the internal coordinate of the projectile r.

Unfortunately, the adiabatic approximation is valid only when the collision is
brief enough, and thus is not compatible with long-range interactions. Therefore, for
Coulomb-dominated reactions, the usual eikonal model diverges. The aim of this
study is to develop an adiabatic correction which naturally removes the divergence
and accounts for a part of dynamics of the projectile. This correction is derived
from the Dynamical Eikonal Approximation (DEA) [3], which does not rely on an
adiabatic approach. With a unitary change of the wavefunction, one finds an eikonal-
like model where the phase χ is replaced by the first-order term χ FO

χ(b, r) → χ FO(b, r, E) ∝
∫ +∞

−∞
ei

(E−E0)Z
�v VPT (R, r)dZ . (11.1)

In this equation E0 denotes the energy of the ground state of the projectile and v the
asymptotic P-T velocity. Contrary to the usual eikonal model, the first-order term
depends on the excitation energy E in the continnum of the projectile.

In Fig. 11.1, we plot the energy distribution of the breakup cross sections of 11Be
with 208Pb at 69AMeV. The solid red line is obtained by the DEA, which is very
accurate at these energies and that we take as reference. The usual eikonal model
(dashed green line), computed with a cutoff in impact parameter bmax = 71 fm to
avoid the divergence, reproduce neither the shape nor the magnitude of the cross
section. The adiabatic correction (ACE, dotted blue line) does not need a cutoff in

Fig. 11.1 Breakup cross
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impact parameter and provides results close to the DEA. As these preliminary results
are very encouraging, we will explore in the future its efficiency to reproduce other
observables such as parallel-momentum distributions.
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Chapter 12
Modeling Neutrino-Nucleus Interactions
for Neutrino Oscillation Experiments

G. D. Megias, S. Dolan and S. Bolognesi

Abstract We present our recent progress on the relativistic modeling
of neutrino-nucleus reactions for their implementation in MonteCarlo event gen-
erators (GENIE, NEUT) employed in neutrino oscillation experiments. We compare
charged-current neutrino (ν) and antineutrino (ν̄) cross sections obtained within the
SuSAv2 model, which is based on the Relativistic Mean Field theory and on the
analysis of the superscaling behavior exhibited by (e, e′) data. We also evaluate and
discuss the impact of multi-nucleon excitations arising from 2p–2h states excited by
the action of weak forces in a fully relativistic framework, showing for the first time
their implementation in GENIE and their comparison with recent T2K data.

Current efforts in long-baseline ν experiments are aimed at improving knowledge
of ν oscillations, where the development and implementation of realistic ν-nucleus
interaction models are essential to constrain experimental uncertainties. The current
state of the art for experimental systematics is in the region of 5–10% [1] and are
mostly related to flux and cross section predictions (3–4%). A decrease of 2–3%
on these uncertainties would allow to shorten running time and experimental costs
(reducing by half either the experimental exposure or the detector volume) while
increasing the sensitivity to determine ν mass hierarchy or CP violation in the neu-
trino sector. Such a reduction of systematics will therefore represent an essential
step toward understanding the matter-antimatter asymmetry in the Universe, whilst
also aiding in other areas of fundamental physics, such as the analysis of supernovae
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Fig. 12.1 Left panel: Comparison of T2KCC0πNpdata on 12C [12] for 0 protons above 500MeV/c
with the SuSAv2-MEC model and the 2p2h GENIE implementation (2p2hSuSA

GENIE). Pion absorption
effects are also included. Right panel: Comparison of T2KCC0π data on 12C [15] with the SuSAv2-
MEC model (QE+2p2h). Comparison between 2p2h GENIE implementation (2p2hSuSA

GENIE) and the
microscopic calculation (2p2hSuSA) is also shown

explosions and the search for both sterile ν and proton decay. Accordingly, an ac-
curate understanding of ν interaction physics is essential for current and upcoming
experiments. Thus, the SuSAv2-MEC approach [2–4] is applied to the analysis of
data from ν oscillation experiments with the aim of shedding light on the systematics
arising from nuclear effects in both initial and final states. For practical purposes, the
SuSAv2 model and the 2p–2h MEC contributions can be described in a simple way
for different kinematics and nuclei [5–9], translating sophisticated and demanding
microscopic calculations into a relatively straightforward formalism hence easing
its implementation in event generators. In Fig. 12.1, we show the comparison of the
SuSAv2-MEC model, which is based on relativistic, microscopic calculations [10,
11], with T2K CC0πNp data [12, 13] for 0 protons above 500 MeV/c (left panel).
The 1p1h channel corresponds to RMF-based calculations and the effect of π emis-
sion followed by re-absorption in the nuclear medium is provided by the GENIE
ν-nucleus event generator [14]. The 2p2h channel is generated for the first time by
new implementation of the SuSAv2-MEC model within GENIE. The accurate mod-
eling of 2p2h microscopic calculations (thick dot-dashed lines) within GENIE (solid
maroon line) can be observed in the right panel, where a comparison of the full
SuSAv2-MEC model with CC0π data [15] is also shown. Its capability to describe
data in a wide energy range and its ease to be implemented in event generators makes
the SuSAv2-MEC model a promising candidate to reduce experimental systematics
in current and future ν experiments.
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Chapter 13
Neutron Radiography at CNA

M. A. Millán-Callado, C. Guerrero, B. Fernández, A. M. Franconetti,
J. Lerendegui-Marco, M. Macías, T. Rodríguez-González
and J. M. Quesada

Abstract Neutron radiography is a non-invasive imaging technique that uses the
attenuation of a neutron beam as a probe to characterize an object [1]. At Centro
Nacional de Aceleradores (CNA) in Seville, we want to make the best use of our
facilities, particularly in terms of the beams characteristics and neutron production,
to obtain the best contrast and spatial resolution possible with a neutron camera.
For this purpose, we have tested a comercial camera with a fast-neutrons converter
on different configurations of the beam and the neutron production target. This has
resulted in a first assessment of the limitations, future requirements and viability of
introducing neutron radiography as one of the available analysis tools at CNA.

13.1 Trials and Results

AtCNA,wehave a3MVtandemaccelerator typepelletron that allowsus accelerating
protons until the 3 MeV chosen for this experiment [2]. A solid lithium target is
installed at the end of the beam line and a water cooling system allows us to reach a
proton current over the target up to 10 µA [3]. The fast neutrons are then produced
by means of a lithium-berilium nuclear (p, n) reaction.

The neutron camera (mini-iCam 36 mm of NeutronOptics Grenoble) is located at
a determinated distance from the source with the sample placed as close as possible
from the camera’s aperture. The neutron camera has just in the entrance a filter
composed by a combination of a rich hydrogen plastic converter for the neutrons
and a scintillator material (ZnS). The incident neutrons interact with the converter,
exciting the scintillator. The scintillation photons (in the visible range) are reflected

M. A. Millán-Callado (B) · C. Guerrero · J. Lerendegui-Marco · T. Rodríguez-González ·
J. M. Quesada
Department FAMN, Facultad de Física, Universidad de Sevilla, Seville, Spain
e-mail: mmillan5@us.es

M. A. Millán-Callado · C. Guerrero · B. Fernández · A. M. Franconetti · M. Macías
Centro Nacional de Aceleradores, Universidad de Sevilla, CSIC, Junta de Andalucía, Seville,
Spain

© Springer Nature Switzerland AG 2019
J.-E. García-Ramos et al. (eds.), Basic Concepts in Nuclear Physics:
Theory, Experiments and Applications, Springer Proceedings in Physics 225,
https://doi.org/10.1007/978-3-030-22204-8_13

153

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-22204-8_13&domain=pdf
mailto:mmillan5@us.es
https://doi.org/10.1007/978-3-030-22204-8_13


154 M. A. Millán-Callado et al.

Fig. 13.1 Big panel: Picture of the experimental setup. Small panels: Object and image of some of
the tests realized in the campaign. Left: Copper and plastic Faraday Cup. Right: Milimetric holes
in a polyethylene piece

at a mirror and illuminate a CCD to produce the image. The CCD is shielded with
lead blocks to protect it from the gamma radiation emitted by the target (Fig. 13.1,
big panel).

We did a series of tests in order to quantify the viability of the mentioned setup
(Fig. 13.1, small panels). These tests supposed the first neutron radiography in a
Spanish research center. The conclusions are that we can obtain acceptable images in
exposures of tens of minutes, identifying different materials and detecting different
thicknesses of the materials, see under metallic shielding and resolve milimetric
structures. Despite this promising results, we have to deal with different limitations
as the low neutron fluence or the upper limit in the proton current that we can use over
the target because of the high activation that we produce on it. In addition, despite
the thick shield (5 cm of lead blocks), the long exposure of the camera to the gamma
radiation that comes from the source ended up damaging the CCD, increasing the
number of dead pixels from a 3 to a 55%.

The future work, in order to reduce this limitations, should be focused on prevent-
ing theCCDdamage bymeans of new shieldings and cooling systems, optimizing the
image treatment and improving the neutron fluence investigating other production
reactions, and studying the viability of collimating the neutron source.

References

1. M. Strobl et al., Advances in neutron radiography and tomography. J. Phys. D: Appl. Phys. 42,
243001 (2009)

2. J. García López et al., CNA:The first accelerator-based IBA facility in Spain.Nucl. Inst.Methods
B 161–163, 1137–1142 (2000)

3. J. Praena et al., Measurement of theMACS of 181Ta(n, γ ) at kT = 30 keV as a test of a method
for Maxwellian neutron spectra generation. Nucl. Inst. Methods A 727, 1–6 (2013)



Chapter 14
Modeling Nuclear Effects for
Neutrino-Nucleus Scattering
in the Few-GeV Region

K. Niewczas, R. González-Jiménez, N. Jachowicz, A. Nikolakopoulos
and J. T. Sobczyk

Abstract Accelerator-based neutrino oscillation experiments rely on the description
of neutrino interactions with bound nucleons inside atomic nuclei. Neutrino fluxes
used in modern experiments (T2K, NOvA) are peaked in the 0.5–5 GeV energy
region where one can identify contributions from multiple interaction channels and
various nuclear effects. The neutrino-nucleus cross sections in this region are known
with a precision not exceeding 20% and have to be investigated further in pursue to
reduce systematic errors in oscillation measurements. The concept of Monte Carlo
neutrino event generators, which provide essential cross section expectations for
oscillation experiments, is examplified by NuWro, the generator developed at the
University ofWroclaw.We discuss various implementations of nuclear effects on top
of the factorization framework used to describe neutrino-nucleus scattering, focusing
specifically on possible generator development usingmore sophisticatedmicroscopic
models.

Theoretical description of the neutrino-nucleus scattering process comes as one of
the crucial systematic uncertainties in modern accelerator-based neutrino oscillation
experiments [1]. As monoenergetic neutrino beams are not available, models must
provide predictions for all possible reaction channels in the wide energy region
covered by the neutrino spectra. It has been shown, that it is important to include
contributions of two-body currents in addition to the standard one-body current
operators for the analysis of oscillation experiments [2].

An HF model developed by the Ghent group is a nonrelativistic calculation of
the exclusive two-nucleon knockout via meson-exchange currents (MEC) that uses
Hartree-Fock wave functions for both bound and emitted nucleons [3]. The model
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Fig. 14.1 T2K flux-folded double differential cross section per target nucleon for 12C(νμ, μ−)

without pions in the final state (CC0π analysis) [7]. The full prediction of NuWro compares favor-
ably with the data. The Ghent prediction misses strength due to the lack of diagrams including the
�-resonance and possible supply from other channels via inelastic FSI

includes both seagull and pion-in-flight diagrams, howevermisses contributions from
any nucleon resonant excitations.

In experimental analyses, the usage of Monte Carlo neutrino event generators
is essential, as they give reliable predictions for the whole available phase space.
NuWro is a generator developed at the Wrocław group that is successfully used by
many experimental collaborations [4]. Here, the MEC channel is modeled using an
external inclusive cross section calculation [5], followed by a hadronic phase space
model governing the remaining two-nucleon system [6]. On top of this calculation,
the semiclassical model of intranuclear cascade is added to account for the final-state
interactions (FSI) (Fig. 14.1).

Implmentation of full exclusive microscopic calculations, such as the Ghent
model, in Monte Carlo neutrino event generators is essential for extending the apli-
cability of those theoretical predictions in experimental analyses.
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Chapter 15
Effect of Outgoing Nucleon Wave
Function on Reconstructed Neutrino
Energy

A. Nikolakopoulos, M. Martini, N. Van Dessel, K. Niewczas,
R. González-Jiménez and N. Jachowicz

Abstract The main goal of accelerator-based neutrino experiments is the determi-
nation of the neutrino oscillation parameters, The oscillation probability depends on
the ratio of the distance traveled by the neutrino to its energy, therefore the determina-
tion of the distribution of neutrino energies in a detector is crucial. The reconstructed
neutrino energy is a kinematic variable which is determined by the energy and scat-
tering angle of the final state lepton in charged current (CC) scattering off an atomic
nucleus. The distribution of reconstructed energies around the true incoming energy
depends on the nuclear model used to describe the ν-nucleus cross section. We show
the effect of distortion of the outgoing nucleon wave function on these distributions.

In a detector one observes the CC scattering of a neutrino off a nucleus where a
single final-state lepton, with energy El and scattering angle cos θl , is detected. In
the experimental analysis the reconstructed energy Eν (El, cos θl) is the energy of
the neutrino scattering of a neutron at rest, corrected for binding [1, 2]. After binning
the data in terms of Eν , the true energy distribution has to be recovered. This requires
a nuclear model for the interaction. In the experimental analysis a relativistic Fermi
gas (RFG) model is commonly used for this task.

In the HF model for quasielastic (QE) scattering [3–5], the final-state wave func-
tion is constructed from continuum states in the sameHF potential used for the bound
states. In Fig. 15.1, we compare the distribution of Eν for a fixed real Eν obtained
with the full HF model, with the results of the HFPW model in which the final state
nucleon wave function is a plane wave. In this way we directly asses the effect of the
outgoing wave function.
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Fig. 15.1 d(Eν , Eν), defined and described in [1, 6], is proportional to the probability of a neutrino
with real energy Eν giving rise to a reconstructed energy Eν . Calculated for CCQE scattering of
electron neutrinos off 12C. Eν is defined as in (1) of [1] with EB = 25 MeV

The outgoing nucleon wave function affects the magnitude of the cross section,
owing to the elimination of non-orthogonal contributions which are present in the
plane wave. More important is that a reshaping occurs in the HF model, the peak
of the distribution shifts to slightly larger values of Eν , while the low Eν tail is
strongly enhanced. This asymmetry is not reproduced with PW models or with the
commonly used RFG. Not taking these more asymmetric distributions into account
could introduce a significant bias in the analysis of oscillation experiments [1].
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Chapter 16
Measurement of the Production Cross
Sections of β+ Emitters for Range
Verification in Proton Therapy

T. Rodríguez-González, C. Guerrero, M. C. Jiménez-Ramos,
J. Lerendegui-Marco, M. A. Millán-Callado, A. Parrado and J. M. Quesada

Abstract In proton therapy, there is an intensive research program aiming at in vivo
range verification in order to reduce the uncertainties in the range of the proton beam,
that limit the benefits of having a sharpBragg peak [1]. In-vivo PET range verification
relies on the comparison of the measured and estimated activity distributions of β+
emitters induced on C, N, O, Ca and P by the protons along the body of the patient. As
the accuracy of the estimated distribution depends on the underlying cross sections
data [2], a revision of the experimental data available has been done, showing that
they are not always available in the full energy range of interest (up to 250 MeV)
and that there are sizeable differences in some cases [3]. The aim of this study is to
develop a method for measuring the production cross sections of the β+ emitters up
to 250 MeV. For this, as starting point, the production cross sections of 11C and 13N
in natC, natN and natO have been measured at Bragg peak energies using the 18 MeV
proton beam at the CNA cyclotron and amulti-layer target configuration. The activity
induced in each film has been measured using the clinical PET scanner at CNA.

16.1 Experimental Set up and Results

Using the external line of the cyclotron, three targets of polyethylene (PE), PMMA
and nylon-6 have been irradiated in order to obtain the production cross section of
11C and 13N in natC, natOand natN, respectively. The energy beam is degraded using a
multi-stack target configuration in order to obtain the cross section at different proton
energies.A specific target holder has beendesigned and, attached to amotorized table,
allows positioning the targets remotely (Fig. 16.1, left). In this way one can irradiate
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Fig. 16.1 Left: experimental set up at CNA cyclotron. Right: PET image of the activated layers
placed between thick layers of PE superposed to CT image

Fig. 16.2 Production cross sections for three reaction channels of interest

each stack without entering the experimental room, so that the decay of the induced
activity between consecutive irradiations is minimized. The first film in each stack is
a PMMAfilm, used to monitor the current beam and to validate the decay corrections
applied in the analysis.

The activity induced in each film has been measured using the PET/CT scanner,
so that the acquisition in dynamic mode (acquisitions of 1 min during 5 h) provides
the activity curves as function of decay time to identify the decay of each isotope.
Previously, a calibration of the PET scanner efficiency as function of the position
has been done. The irradiated films were placed between thick layers of PE, acting
as converters of the β+ into photons, in two different planes (Fig. 16.1, right).

The production of 11C and 13N is determined by fitting the decay curves to two
exponentials plus a constant and taking into account the decay during both irradiation
and cooldown. The production cross sections have been obtained between 4 and 17
MeV and compared with the data available in the literature (Fig. 16.2). Given the
success of the measurement with this newmethod, a similar experiment but at higher
energies using clinical beams is being planned.
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Chapter 17
Calculation of Energy Level and B(E2)
Values and G-Factor of Even–Even
Isotopes of Sulfur Using the Shell Model
Code NuShellX

Amin Attarzadeh and Saed Mohammadi

Abstract The neutron-rich isotopes with Z ≤ 20, in particular those with neutron
numbers around N = 28, have been the focus of a lot experimental and theoretical
scrutiny during past few years. The calculation of energy levels, B (E2) values and
g-factors of 32,34,36,38,40,42,44S is divided in three types of interactions according to
the sd, pf and sd-pf valance space. The model space and interaction which is used
to calculate 32–36S is usdb. Because of increasing the neutron number in 38,40,42,44S
from sd to pf shell over, the sdpf and sdpfwb are selected as appropriate model space
and interaction in second phase of calculations which are in good agreement with
experimental data. Finally, the energy level and B (E2) values of 44S and 36S are
calculated as isotopes with neutron number around N = 28 and N = 20 respectively.
With consideration of magicity in these isotopes, one can see the higher amount of
excitation energy and g-factor with respect to the others far from closed shell.

17.1 Introduction and Theory

A shell model calculation starts with a set of single particle states. The interaction
between nucleons is, in general, sufficiently strong that calculations must be car-
ried out in a Hilbert space far longer than what is practical. On the other hand, by
transforming the single particle state to a Hartree-Fock basis, a large part of the
nucleon-nucleon interaction may be included in the average one-body field for a
nucleon. The residual interaction remaining may be weak enough that the nuclear
many-body eigenvalue problem may be may be carried out in a small subset of the
complete space. So must of the many body basis state are not involved in any sig-
nificant way in the low-lying states of interest to us. The shell model investigations
always satisfy this criterion. With transformation to such a nucleon-nucleon poten-
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tial it is appropriate for the single-particle representation adopted. In addition, two
further considerations must also be included. The first is the interaction of bound
nucleon. The second is related to the truncation of the shell model space.

H = H0 + Hres

Since many-body basis states are made of products of single-particle wave func-
tion a selection of shell model space is usually achieved by restricting the number of
active single particle states. The H0 and Hres can be shown in the form of matrix as;

H =
(

ε1 0
0 ε2

)
+

(
< ψ1|Hres |ψ1 > < ψ1|Hres |ψ2 >

< ψ2|Hres |ψ1 > < ψ2|Hres |ψ2 >

)

where, the ε1 and ε2 are single particle energies given in solution to H or from
experiment. Diagonal matrix elements < ψx|Hres|ψx > are expectation values of
Hres on |ψ i > . Non-diagonal matrix elements< ψx|Hres|ψy > describe configuration
mixing. The nuclear transition probabilities of even-even isotopes of sulphur are the
other parameter that is calculated in the basis of shell model concepts. Though these
probabilities are in wiesskopf unit in the result of NushellX calculation, to convert
it to B (E2) up in e2b2 the relations

BW (Eλ) =
(

1

4π

)[
3

(3 + λ)

]2(
1.2A1/3

)2λ
e2fm2λ

and

B(E2)WU = 5.94 × 10−6A4/3(e2b2),
Are used. The other parameter which is calculated in this research is g-factor.

Nuclear magnetic moments are particularly sensitive to the specific proton and neu-
tron configurations in the wave functions due to the proton’s and neutron’s strikingly
different spin and orbital g-factor values. In this article the g-factor even- even iso-
topes of 32−44S are calculated [1].

17.2 Result and Discussion

According to the Table 17.1, the energy level of first excited states of even—even
isotopes of sulfur are calculated and compared with the experimental data [2].

Rather that energy levels, B(E2) values related to the first exited states and the
g-factors are calculated in extension. The consistency in rising energy level and g-
factor at closed shell in 36S and 44S is shown in Table 17.1. The g-factor for 42S and
44S nuclei are not shown because of lack of reliable empirical data in references.
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While at this region of orbital the amount of B (E2) falls to minimum with respect
to the isotopes in its neighbors. The transition of nucleons from sd to pf shell and
changing the treatment of nuclei at closed shells can determine the framework of
theoretical calculation in truncation and limitation consideration in NushellX [3].
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Abstract Neutron capture cross section measurements are of fundamental impor-
tance for the study of the slow process of neutron capture, so called s-process. This
mechanism is responsible for the formation of most elements heavier than iron in the
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Universe. To this aim, installations and detectors have been developed, as total energy
radiation C6D6 detectors. However, these detectors can not distinguish between true
capture gamma rays from the sample under study and neutron induced gamma rays
produced in the surroundings of the setup. To improve this situation, we propose
(Domingo Pardo in Nucl Instr Meth Phys Res A 825:78–86, 2016, [1]) the use of the
Compton principle to select events produced in the sample and discard background
events. This involves using detectors capable of resolving the interaction position of
the gamma ray inside the detector itself, as well as a high energy resolution. These
are the main features of i-TED, a total energy detector capable of gamma ray imag-
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Charles University, Prague, Czech Republic

G. Bellia · A. Musumarra
Dipartimento di Fisica e Astronomia, Università di Catania, Catania, Italy

E. Berthoumieux · E. Dupont · F. Gunsing
CEA Saclay, Irfu, Universit é Paris-Saclay, Gif-sur-Yvette, France

J. Billowes · E. Chiaveri · A. G. Smith · N. Sosnin · T. J. Wright
University of Manchester, Manchester, UK

D. Bosnar · P. Žugec
University of Zagreb, Zagreb, Croatia

A. S. Brown · D. G. Jenkins
University of York, York, UK

M. Busso · S. Cristallo · L. Piersanti
Istituto Nazionale di Fisica Nazionale, Perugia, Italy

M. Busso
Dipartimento di Fisica e Geologia, Università di Perugia, Perugia, Italy

M. Caamaño · I. Durán · B. Fernández-Domíngez
University of Santiago de Compostela, Santiago de Compostela, Spain

F. Calviño · A. Casanovas · G. P. Cortés · A. E. Tarifeño-Saldivia
Universitat Politècnica de Catalunya, Barcelona, Spain

M. A. Cortés-Giraldo · C. Guerrero · J. Lerendegui-Marco · J. M. Quesada ·M. Sabaté-Gilarte,
Instituto de Física Corpuscular, CSIC - Universidad de Valencia, Valencia, Spain



18 Characterization and First Test of an i-TED Prototype at CERN n_TOF 171

ing. Such system is being developed at the “Gamma Spectroscopy and Neutrons
Group” at IFIC (http://webgamma.ific.uv.es/gamma/es/, [2]), in the framework of
the ERC-funded project HYMNS (High sensitivitY andMeasurements of key stellar
Nucleo-Synthesis reactions). This work summarizes first tests with neutron beam at
CERN n_TOF.
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18.1 i-TED Concept and First Tests at CERN n_TOF

Compton cameras are widely used in various fields such as astronomy, medicine,
and the treatment of radioactive waste. In this work we explore the possibility to
apply them also in the field of neutron capture experiments. The detector consists of
two stages, scatter and absorber, operated in temporal coincidence. This allows us to
apply the Compton principle to obtain information on the direction of origin of the
gamma ray. Each stage is composed of LaCl3(Ce) scintillation crystals (thinner in the
scatter than in the absorber), coupled to pixelated silicon photomultipliers (SiPM)
readout by a fronted electronics from PETSyS [3].

On the left part of the Fig. 18.1, the experimental setup for the first tests of the
detector in n_TOF at CERN it shown. This facility provides pulsed and intense
neutron bunches over a broad every range [4]. In order to obtain the neutron energy,
an external trigger input was implemented on the electronic system.

18.2 Characterization

The energy resolution is relevant because the uncertainty in this quantity leads also
to an uncertainty on the Compton cone. i-TED achieves resolutions of around 5% at
662 keV [5]. On the other hand, we obtain spatial information of the gamma ray hits
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Fig. 18.1 Experimental setup with an i-TED prototype (left). Charge distribution of a gamma event
fitted with one analytical formula (right)

by means of a pixelated SiPM photosensor coupled to the crystal. The information
from the SiPM basically allows us to trace the vertex and the axis of the Compton
cone for each detected event.

For the position reconstruction, we have investigated different algorithms in order
to recover the 3D spatial coordinates of the gamma ray hit in each crystal. These
characterization studies will be reported in a separate work [6]. For example, on the
right part of Fig. 18.1 one can see the charge distribution of a gamma event centered
in the crystal fitted by an analytical form. The accuracy in the reconstructed position
ranges between 1mm and 3 mm fwhm depending on the method used.
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Chapter 19
Development of a New Radiobiology
Beam Line for the Study of Proton RBE
at the 18MeV Proton Cyclotron Facility
at CNA

A. Baratto-Roldán, M. A. Cortés-Giraldo, M. C. Jiménez-Ramos,
M. C. Battaglia, J. García López, M. I. Gallardo and J. M. Espino

Abstract At the National Centre of Accelerators (CNA) in Seville, Spain, a system
for the irradiation of mono-layer cell cultures is under study, to be implemented at
the external beam line of the cyclotron facility. This cyclotron delivers an 18MeV
proton beam, which can be used for investigating the Relative Biological Effective-
ness (RBE) of protons at low energies. In the following, the characteristics of the
experimental beam line are presented, together with a description of the solution
proposed for the irradiation of biological samples and some preliminary results.

19.1 Introduction

Doses deposited by protons are considered to be 10% more effective for cell killing
than those deposited by photons, property which is quantitatively described by the
Relative Biological Effectiveness (RBE): the ratio between dose deposited by photon
and proton beams determining the same biological effect. Thus, in clinical proton
therapy treatments, a uniform RBE value of 1.1 is generally used [1], even if it is
agreed that this quantity varies towards the distal Bragg peak region, increasing with
Linear Energy Transfer (LET). Ignoring variations of RBE near the Bragg peak may
have important clinical consequences [2], which makes studies of RBE at low proton
energies highly relevant. To perform such studies, beam lines as the one installed at
the 18MeV proton cyclotron facility of the National Centre of Accelerators (CNA,
Seville, Spain), are of great interest, since they can provide a low energy proton beam
(below 18MeV) with lower straggling as compared with those available in clinical
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proton therapy facilities at similar energies. In this work, the first feasibility study
of a radiobiology beam line for proton RBE measurements at the CNA cyclotron
facility is presented.

19.2 Methods and Results

At present, the experimental beam line installed at the cyclotron facility counts on
two Faraday cups, for beam diagnostics, and on two collimators, for beam delivery
and shaping, of 1.5cm diameter and placed 1m apart from one another, being the
downstreamonemounted just before a 125µmPolyethylene terephthalate (PET) exit
window. The spatial configuration of this beam line allows the irradiation of mono-
layer cell cultures grown in Petri dishes and mounted orthogonally with respect
to the beam axis at the exit of the beam line. With this configuration, two are the
major constraints when dealing with cell irradiations: low beam intensity at the
sample position, of the order of some pA, to control properly the fluence within
suitable irradiation time scales, and broad irradiation field, of the order of few cm,
homogeneous in both energy and spatial distribution to cover the whole sample.
In order to improve the homogeneity and decrease the beam intensity, the decision
to use a completely defocused beam and to scatter the beam downstream the exit
window has been made, by inserting tungsten scattering foils and by varying the
exit-window-to-sample distance.

Experiments have been performed in different irradiation conditions, a prototype
design of the sample holder has been built and measurements of the beam intensity
profile have been performed using EBT3 radiochromic films.With proton beam ener-
gies of 11MeV, obtained with a tungsten foil of 150µm thickness and at a distance of
approximately 50cm from the exit window in air, a homogeneous irradiation field,
with maximum deviations of around 8%, has been obtained in the whole sample
area (3.5cm diameter). Furthermore, preliminary dosimetric studies have been per-
formed, using EBT3 radiochromic films and a transmission ionization chamber for
dose and proton fluence evaluation. Studies of this nature are of great interest, since
radiochromic films would be a handy and easy to use dosimeter solution for proton
RBE studies [3].
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Chapter 20
Role of Competing Transfer Channels
on Charge-Exchange Reactions

S. Burrello, J. I. Bellone, Maria Colonna, José A. Lay Valera and Horst Lenske

Abstract There is a recently renewed experimental and theoretical interest in
studying single and double charge exchange reactions with heavy ions. We would
like to discuss a preliminary theoretical study of charge exchange reactionswithin the
Distorted Wave Born approximation (DWBA) framework. This allows us to include
the effect of the different competing transfer channels in a proper way. Evidences
seems to show that, under suitable conditions, the charge exchange process could
reveal safely dominant, although the competition between the two mechanisms calls
for further investigation.

20.1 Introduction

Charge-exchange (CEX) reactions arewell established tools for spectroscopic studies
of nuclear states, where participating nuclei keep their masses constant but exchange
their charge. In particular, there is a recently renewed experimental and theoretical
interest in studying double charge-exchange (DCEX) reactions with heavy ions.
Within this context, the NUMEN project at LNS [1] is looking at the possibility
to extract from these reactions the nuclear matrix elements (NME) of interest for
the double-beta decay process. Various mechanisms may contribute to the isospin
transition associated to a CEX reaction, that are:

• direct conversion of nucleons, through meson exchange;
• multi-step transfer via intermediate states, feeding the same outgoing channels.
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Fig. 20.1 Angular distribution of the differential cross section for the reaction 40Ca (18O, 18F)
40K@ 270 MeV for single CEX and transfer mechanism. Left panel: results for specific final
states. Right panel: sum up over all contributions within the excitation energy range considered

The goal of the project is to evaluate each contribution to get a complete description
of DCEX reactions, with all the mechanisms sharing the same initial and final states.

20.2 Results

One could treat these direct reactions within the DWBA framework and corre-
spondingly evaluate the differential cross section. The projectile-target interaction
is described by a complex optical potential; concerning the structure part, for the
CEX, the nuclear transition form factors are microscopically deduced by performing
Quasi-particle Random Phase Approximation (QRPA) calculations [2], while for the
transfer, the inputs for the overlaps are given by shell model spectroscopic ampli-
tudes. Calculations are tackled in 2nd order DWBA, employing the reaction code
FRESCO [3].

The preliminary tests show that the relative importance of 2nd order transfer
reactions is strongly dependent on the final state considered, as it emerges from the
left panel of Fig. 20.1. Therefore, in order to isolate the CEX contribution from the
experimental cross section, one should properly choose the best conditions to make
the transfer practically negligible. Alternately, one has to accurately evaluate the
coherent interference between the two mechanisms, as in the case of the right panel
of Fig. 20.1, showing the results obtained when summing up over all the relevant
intermediate transfer channels and integrating in the energy range considered. At
larger excitation energies, the transfer contribution should be suppressed, while the
charge-exchange is still expected to have an important strength. A comparison with
the experiment is however indispensable and will be done once the data will be
available.
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Chapter 21
Two-Neutron Transfer in the 18O+28Si
System

E. N. Cardozo, J. Lubian, F. Cappuzzello, R. Linares, D. Carbone,
M. Cavallaro, J. L. Ferreira, B. Paes, A. Gargano and G. Santagati

Abstract In this work, we study the effect of paring correlation on the two-neutron
transfer reaction 28Si(18O,16O)30Si at 84MeV incident energy in the laboratory frame.
For this, coupled reaction channel (CRC) and coupled channel Born approximation
(CCBA) calculations were performed considering the cluster, independent coordi-
nates and sequential transfer models for two-neutron transfer. For the calculation of
the spectroscopic amplitudes the NuShellX (http://www.garsington.eclipse.co.uk/,
[1]) code was used.

21.1 Theoretical Analysis

We performed coupled channel Born approximation (CCBA) calculation for sequen-
tial transfer model and coupled reaction channel (CRC) calculation for cluster and
independent coordinates transfer models. The two-neutron transfer cross section was
determined using the FRESCO code [2]. For the optical potential, in these calcula-
tions, the Sao Paulo double folding potential [3] was used for both parts, real and
imaginary. In the entrance partition a scaling factor of 0.6 in the imaginary part
of the optical potential was used for considering missing couplings which are not
explicitly considered and for other dissipative processes [4]. On the other hand, the
imaginary part of outgoing partition was multiplied by factor 0.78 for the reason no
coupling was considered. This parameter has been demonstrated to be appropriate
for describing the elastic scattering cross section for many systems at energies above
the Coulomb barrier [5]. Details about interactions and model spaces, as well as,
tables of the spectroscopic amplitudes for the projectile and target overlaps used can
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(a) (b)

Fig. 21.1 Comparison between experimental angular distributions [6] and the theoretical transfer
cross section for the 28Si(18O,16O)30Si reaction leading to the population of a the ground state and
b first excited state (2+) of 30Si

be found in Cardozo et al. [6]. The comparison of the theoretical differential cross
section using the extreme cluster (using spectroscoping amplitudes 1.0 and spin 0
for the two-neutron cluster) and independent coordinates (IC) models, for the direct
two-neutron transfer and the two-step CCBA (Seq) results with the experimental
data for the 28Si(18O,16O)30Si reaction are shown in Fig. 21.1.

One can observe that the extreme cluster model is above the experimental angular
distributions. For the ground state of 30Si the direct and sequential mechanisms
have the same order of magnitude. For the 2.235 MeV excited state, the sequential
mechanism is dominant. These dominance can be related to deformation of 30Si
ground state which accentuate the long-range correlations weakening the short-range
correlations (paring).

21.2 Conclusion

In the present work, angular distributions obtained for the two-neutron transfer in
the 18O+30Si system at bombarding energy of 84 MeV in the laboratory frame are
analyzed. The short-range correlation among the two neutrons suffer a interference
due to collective nature of 30Si making the sequential transfer mechanism become
relevant. The same conclusion has been obtained for the first excited state (2+1 ) in
66Ni nucleus for two-neutron transfer in the identical bombarding energy [7].
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Chapter 22
Study of the Neutron-Rich Region
in Vicinity of 208Pb via Multinucleon
Transfer Reactions

P. Čolović, A. Illana, S. Szilner, J. J. Valiente-Dobón and PRISMA GALILEO
MINIBALL Collaborations

Abstract We exploited a multinucleon transfer reactions with the neutron-rich
radioactive beams in order to populate the region around the heaviest doubly-magic
nucleus (208Pb), the region of the nuclear landscape which is rather difficult to reach
experimentally.We, thus, recently performed an experiment at HIE-ISOLDE, CERN
by using the 94Rb beam onto a thick 208Pb target, and by detecting the reaction prod-
ucts in the high-resolution MINIBALL spectrometer coupled to position sensitive
CD detector. With the used method we were able to successfully select the transfer
channels of interest and their associated γ -rays. Preliminary analysis shows preva-
lence of the transfer flux in the direction of the neutron rich Pb isotopes, revealing
the mechanism of transfer reactions as a competitive tool for the production of heavy
neutron-rich nuclei.

22.1 Objectives and Experimental Method

Multinucleon transfer (MNT) reactions with the stable beams were extensively used
for the nuclear structure and reaction dynamics studies of the neutron-rich nuclei,
mostly in vicinity of the light partner [1, 2]. With the use of the unstable neutron-rich
beams, nuclear reactionmodels [1, 4] predict large primary transfer cross sections for
the neutron-rich target-like nuclei. These predicted cross sections are comparable,
or even larger, than those of other competitive experimental methods. Our main
objective is to exploit MNT mechanism with heavy neutron-rich unstable beam, on
the heavy 208Pb target, and to evaluate the production cross sections of neutron-rich
heavy nuclei close to 208Pb.

To enrich the existing spectroscopic data of this heavy neutron-rich region, we
made a first measurements of MNT reactions at HIE-ISOLDE by accelerating a
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94Rb beam to 6.2 MeV/A onto 208Pb targets of 1 and 13 mg/cm2 thickness. The
high-resolution MINIBALL spectrometer, coupled to a position sensitive silicon
detector, allowed the identification of reaction products via their associated γ rays.
By constructing the matrix of energy vs. scattering angle measured in the range
of θ = 24◦–63◦ a clear separation between the beam-like and target-like fragments
was achieved. The selection of the beam-like and target-like fragments improves
Doppler correction for the γ -rays emitted in flight. The obtained resolution after
Doppler correction is 1.2% at 1.5 MeV.

22.2 Results and Outlook

The preliminary analysis (see Fig. 22.1) illustrates that the dominant transfer flux is in
the neutron transfer channels, as expected. The very exciting result is the prevalence
of this neutron transfer flux in the direction of the more-neutron rich Pb isotopes.
Construction of full level-schemes of nuclei around 208Pb will be obtained from the
γ -γ analysis, where we expect to enhance present knowledge in this region [3]. The
measured cross section will be compared with the state-of-the-art models [4, 5]. In
conclusion, the preliminary results show that MNT is an efficient process to populate
neutron-rich heavy binary partners and that it is a very competitive method compared
with cold fragmentation for the population of these difficult-to-reach species.

Fig. 22.1 Left: γ -spectrum obtained with the 1 mg/cm2 208Pb target (Doppler corrected for target-
like products). The dominant γ -transitions associated to the 209Pb are plotted in the level scheme
(right)
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Chapter 23
The QClam-Spectrometer
at the S-DALINAC

Antonio D’Alessio, Peter von Neumann-Cosel, N. Pietralla,
Maxim Singer and V. Werner

Abstract The multi-wire drift chamber detectors of the QCLAM (Quadrupole
CLAM shell) spectrometer at S-DALINAC were refurbished. This includes the
replacement of the cathode foils, all seals and a cleaning of the inside. The detec-
tors have, thus, been restored to operational condition. Stable gas conditions and low
oxygen levels were achieved. In September 2018 the refurbished detectors were used
for data acquisition for the first time.

The Technische Universität Darmstadt operates the superconducting linear elec-
tron accelerator S-DALINAC [1]. It provides electron beams with energies of up to
130MeV and currents of 20µA for experimental investigations in nuclear structure
physics, nuclear astrophysics and detector development. Inelastic electron scattering
off atomic nuclei represents a major experimental tool. For this purpose two electron
spectrometers are available. The LINTOTT spectrometer [2] provides a very high
energy resolution of down to ≈8keV, with a comparatively small acceptance.

TheQCLAMspectrometer has been developed as a large-acceptance spectrometer
for (e,e’) and (e,e’x) experiments with an angular acceptance of 35msr and an energy
resolution around 8·10−4 [3–5]. It also offers the possibility of electron scattering
experiments at 180◦ [6] for measurements of transversal nuclear modes. Measure-
mentswill be performed in the scientific context of theCollaborativeResearchCentre
1245 [7].

The data acquisition [8], as well as the detector system consisting of three multi-
wire drift chambers (MWDCs) [9] were rebuild. The MWDCs were completely
renewed at the beginning of 2018. Since no stable gas conditions and thus no constant
drift time distributions could be achieved, all seals were also replaced and the grooves
renewed.

Amixture of 80%Argon as counting gas and 20%carbondioxide as quenching gas
with a total flow of 100sccm is used. Recent measurements showed, that an oxygen
level below 200ppm in the gas could be achieved. A stable drift time distribution
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Fig. 23.1 If more than 6kV are applied to the high-voltage foils, a plateau forms in the single wire
response probability. In this region the probability is about 98%

can be expected for values below 400ppm oxygen. The high-voltage foils that had
visible corrosion damages were replaced by new aluminum-coated mylar foils with
a thickness of 2µm. With the renewed high voltage foils a broad working plateau
can be achieved. In the region of 6–6.25kV the response probability of a single wire
in the MWDC is almost constant at 98% (Fig.23.1). With that and the requirement
of at least 4 drift time events for detecting the position and therefore the energy of
the scattered electron the detector reaches a detection probability of over 99%. The
experimental program at the refurbished QCLAM-spectrometer at the S-DALINAC
has started in September 2018.

The next steps are the new construction of the MWDCs with a suitable high-
frequency shielding of the entire detector structure includingwires and preamplifiers.
As well as the development of a new housing, so that all wire planes are in one gas
volume.
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Chapter 24
Kaonic Atoms Measurement at DA�NE:
SIDDHARTA and SIDDHARTA-2

L. De Paolis, D. Sirghi, A. Amirkhani, A. Baniahmad, M. Bazzi, G. Bellotti,
C. Berucci, D. Bosnar, M. Bragadireanu, M. Cargnelli, C. Curceanu,
A. Dawood Butt, R. Del Grande, L. Fabbietti, C. Fiorini, F. Ghio, C. Guaraldo,
M. Iliescu, M. Iwasaki, P. Levi Sandri, J. Marton, M. Miliucci, P. Moskal,
S. Niedźwiecki, S. Okada, D. Pietreanu, K. Piscicchia, H. Shi, M. Silarski,
F. Sirghi, M. Skurzok, A. Spallone, H. Tatsuno, O. Vazquez Doce, E. Widmann
and J. Zmeskal

Abstract Light kaonic atoms studies provide the unique opportunity to perform
experiments equivalent to scattering at threshold, being their atomic binding ener-
gies in the keV range. High precision atomic X-rays spectroscopy ensures that the
energy shift and broadening of the lowest-lying states of the kaonic atoms, induced by
the strong interaction between the kaon and nucleus, can be detected. Kaonic hydro-
gen and kaonic deuterium are the lightest atomic systems and their study deliver
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the isospin-dependent kaon-nucleon scattering lengths. The SIDDHARTA collabo-
ration was able to perform the most precise kaonic hydrogen measurement to date,
together with an exploratory measurement of kaonic deuterium. The measurement
of the kaonic deuteriumwill be realized in the near future by amajor upgrade of SID-
DHARTA: SIDDHARTA-2. In this paper an overview of the main results obtained
by SIDDHARTA together with the future plans are presented.

24.1 The SIDDHARTA Experiment

The DA�NE (Double Annular � Factory for Nice Experiments) accelerator is an
electron-positron collider [1, 2] at the National Laboratory Frascati (LNF) in Italy. It
is a unique low-energy kaons source via the decay of φ-mesons produced almost at
rest, with a probability of about 48.9% in K+K−. The charged kaons are produced
with a momentum of 127MeV/c, and a momentum spread �p/p < 0.1%.

The SIDDHARTA (Silicon Drift Detector for Hadronic Atom Research by Tim-
ing Application) experiment measured various kaonic exotic atoms using the kaons
delivered by DA�NE.

The kaonic atoms are produced efficiently by stopping the low-energy monochro-
matic charged kaons inside a cryogenic gaseous target. The kaons are captured by
target atoms forming kaonic atoms in highly excited orbits. The system decays by
emitting radiation, which is measured.

The charged kaon trigger is a crucial feature of the experiment and it is based on
the coincidence of two plastic scintillation counters mounted top and bottom of the
interaction point of e+e−. This trigger system takes advantage of the back-to-back
topology of the produced low-energy kaons: � → K+K− and its use drastically
increases the signal-to-background ratio, because most of the background is gen-
erated by e+ and e− particles lost from the beams, in asynchronous timing with
collisions. Another fundamental element of the apparatus is the gas-target system,
because the yields of kaonic-atoms X-rays decrease at sensitively higher densities
due to collisions and Stark mixing.
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The most precise kaonic hydrogen measurement existing in literature was real-
ized by the use of new triggerable X-ray detectors, the Silicon Drift Detectors,
characterized by excellent energy and timing resolutions, essential for the back-
ground suppression. A detailed description of the experimental setup is given in
[3].

With SIDDHARTA the following measurements were performed:

– kaonic hydrogen X-ray transitions to the 1s level [3].
– kaonic helium4 transitions to the 2p level, the first measurement using a gaseous
target [4, 5].

– kaonic helium3 transitions to the 2p level, the first measurement [5, 6].
– kaonic deuterium X-ray transitions to the 1s level—as exploratory measurement
[7].

The 1s—level shift ε1s and width �1s of kaonic hydrogen measured by SID-
DHARTA are:

ε1s = −283 ± 36 (stat) ± 6 (syst) eV (24.1)

�1s = 541 ± 89 (stat) ± 22 (syst) eV . (24.2)

The precise determination of the K-series X-rays for kaonic hydrogen atoms
provides newconstraints on theories, having reached a qualitywhich demands refined
low-energy K N interaction calculations [8, 9].

24.2 SIDDHARTA-2 Experiment

SIDDHARTA-2 is a new experiment, which will be installed on DA�NE collider
in spring 2019 and will take advantage of the experience gained in the preceding
SIDDHARTA experiment [3–6]. The goal of the new apparatus is to increase drasti-
cally the signal-to-background ratio, by gaining in solid angle, taking advantage of
new SDDs with improved timing resolution, and by implementing additional veto
systems. Figure24.1 shows the schematic of the SIDDHARTA-2 apparatus.

A detailed Monte Carlo simulation was performed within GEANT4 framework
to optimise the critical parameters of the setup, like target size, gas density, detector
configuration and shielding geometry. TheMonte Carlo simulation took into account
all the improvements with the following assumptions: the values of shift and width
of the 1s ground state of kaonic deuterium are −800eV and 750eV, respectively;
yields ratios Kα : Kβ : Ktotal are those of kaonic hydrogen, with an assumed Kα

yield of 10−3. Figure24.2 shows the expected spectrum for an integrated luminosity
of 800pb−1 delivered by DA�NE in similar machine background conditions as in
the SIDDHARTA runs. The shift and width for kaonic deuterium 1s level can be
determined with precisions of about 30eV and 80eV, respectively. These values are
of the same order as the SIDDHARTA results for kaonic hydrogen.
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Fig. 24.1 The SIDDHARTA-2 setup with the cryogenic target cell surrounded by the SDDs and
the Veto-2 system within the vacuum chamber, while the Veto-1 device is surrounding the vacuum
chamber on the outside

Fig. 24.2 The simulated
SIDDHARTA-2 kaonic
deuterium spectrum,
assuming a shift
ε1s = −800eV and width
�1s = 750 eV of the 1s state,
and a Kα yield of 10−3. The
spectrum was simulated for
an integrated luminosity of
800pb−1

Acknowledgements We thank C. Capoccia and G. Corradi, from LNF-INFN; and H. Schneider,
L. Stohwasser, and D. Stuekler from Stefan-Meyer-Institut, for their fundamental contribution in
designing and building the SIDDHARTA setup. We thank as well the DA�NE staff for the excel-
lent working conditions and permanent support. Part of this work was supported by the Aus-
trian Science Fund (FWF): [P24756-N20]; Austrian Federal Ministry of Science and Research
BMBWK 650962/0001 VI/2/2009; the Grantïn-Aid for Specially Promoted Research (20002003),
MEXT, Japan; the Croatian Science Foundation, under project 1680; Minstero degli Affari Esteri
e della Cooperazione Internazionale, Direzione Generale per la Promozione del Sistema Paese



24 Kaonic Atoms Measurement at DA�NE: SIDDHARTA and SIDDHARTA-2 195

(MAECI), Strange Matter project; Polish National Science Center through grant No. UMO-
2016/21/D/ST2/01155; Ministry of Science and Higher Education of Poland grant no 7150/E-
338/M/2018.

References

1. C. Milardi et al., Int. J. Mod. Phys. A 24, 360 (2009)
2. M. Zobov et al., Phys. Rev. Lett. 104, 174801 (2010)
3. M. Bazzi et al., Phys. Lett. B 704, 113 (2011)
4. M. Bazzi et al., Phys. Lett. B 681, 310 (2009)
5. M. Bazzi et al., Phys. Lett. B 714, 40 (2012)
6. M. Bazzi et al., Phys. Lett. B 697, 199 (2011)
7. M. Bazzi et al., Nucl. Phys. A 907, 69 (2013)
8. Y. Ikeda et al., Phys. Lett. B 706, 63 (2011)
9. Y. Ikeda et al., Nucl. Phys. A 881, 98 (2012)
10. D. Sirghi et al., Experiment with low-energy kaons at the DA�NE Collider, Beach (2018)
11. C. Curceanu et al., The kaonic atoms research program at DA�NE: overview and perspectives.

J. Phys.: Conf. Ser. (2018)
12. C. Curceanu et al., Unlocking the secrets of the kaon-nucleon/nuclei interactions at low-

energies: The SIDDHARTA(-2) and the AMADEUS experiments at the DA�NE collider.
Nucl. Phys. A (2013)



Chapter 25
PIGE Technique Within the EnsarRoot
Framework

E. Galiana, D. Galaviz, H. Alvarez-Pol, P. Teubig and P. Cabanelas

Abstract The PIGE (Particle Induced Gamma Ray Emission) technique is a
non-destructive, isotopically sensitive and quantitative technique used in the deter-
mination of the elemental composition of a material or sample. The method is based
on the detection of gamma-rays, an excited nuclear state is induced by a proton beam
of a few MeV impinging on a target. Simulations of PIGE reactions will be carried
out using the EnsarRoot framework; this will be further enhance the applications by
including additional analysis tools. Themain goal is to provide a common framework
for experimental data analysis and simulation. We aim to benchmark this tool with
the measurement of the 35Cl(p,p’γ )35Cl and 37Cl(p,p’γ )37Cl reactions. The work
presented here provides an overview of the status of the PIGE technique, as well as,
the plans to investigate a scarcely explored region of the nuclear chart.

25.1 PIGE Technique

PIGE is an Ion BeamAnalysis (IBA) analytical technique, that has a wide application
scope ranging from environmental science to cultural heritage analysis. All IBA
methods are non-destructive, highly sensitive and allow the detection of elements
in depths ranging up to hundred of micrometers [1]. The technique uses energetic
ion beams to probe the surface of materials in order to determine their composition
and the determination of absolute concentration. Specifically, proton, deuteron or
α-beams at low energy are used, traditionally up to 4 MeV, where only low energy
nuclear forces are involved. The basic mechanism is the formation of a highly excited
compound nucleus, that de-excites by the emission of gamma rays [2]. These gamma
emissions conform to a unique gamma level scheme for each nucleus, allowing for
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isotopical differentiation. Strong resonances populated in (p,γ ) reactions allow depth
profiling studies on the samples.

The fact that the repulsive Coulomb barrier has to be overcame results in a lim-
itation of this method, as only nuclei with Z<20 are accessible. This light element
differentiation is specially important for biomedical and organic samples.

25.2 EnsarRoot Developments to Include PIGE

The PIGE simulations and analysis will be performed within the EnsarRoot code
[3, 4]. It is based on FAIRRoot [5] package which is fully based on the ROOT
code and Virtual Monte Carlo that supports Geant4 transport engine. The EnsarRoot
framework offers the possibility to perform the simulation of a particular experimen-
tal setup, as well as the direct comparison of simulated and measured data on equal
footing using the same analysis tools. EnsarRoot will be further developed to include
a subroutine based on the photopeak analysis for gamma ray spectra. Afterwards,
the code will be expanded to contain the quantitative and qualitative analysis of light
elements in thick samples necessary to analyse PIGE spectra.

25.3 Experimental Analysis of Chlorine

In addition to the benchmark of thePIGEanalysis tool (Sect. 25.2),wewill investigate
and characterize PIGE reactions on the two stable chlorine isotopes, 35Cl and 37Cl.
A quick literature review has revealed the information on both of these stable nuclei
still remains to be elucidated. Proton induced reactions on 37Cl play an determining
role in the ultimate abundances of 34S, 37Cl and 38Ar for explosive oxygen and silicon
burning in type II supernovae. Furthermore, from the nuclear structure standpoint,
these reactions are of particular interest as the target 37Cl nucleus has a 20 neutrons
closed shell [6].
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Chapter 26
Gogny Force Useful for Neutron Star
Calculations

C. Gonzalez-Boquera, M. Centelles, X. Viñas and L. M. Robledo

Abstract We propose a new Gogny parametrization, which we call D1M∗, aimed
to be successful in the study of the properties of neutron stars and, at the same time,
to describe finite nuclei with a similar quality as the D1M Gogny interaction. D1M∗
is able to reach up to 2 solar masses (M�) for a neutron star and give good global
properties for them [1].

The core of neutron stars (NSs) is the region responsible for almost all the mass and
size of the star, implying that several global properties of the star are determined
mostly by the core. The study of NSs with Gogny interactions, which are finite-
range effective forces which describe at the same time the mean field and pairing
field, works less well than when they are used for studying finite nuclei [2, 3]. That is,
the most successful Gogny forces used in the description of finite nuclei (D1S, D1N
and D1M) are unable to reach the maximum observed NS masses, around 2M� [4].
Recently we have introduced a new Gogny parametrization, dubbed D1M∗, aimed
to preserve the quality of D1M for finite nuclei and that also may be used to study
neutron-rich matter physics, such as in the context of NSs. The adjustment of the
force, as well as the values of its parameters, can be found in [1]. In Fig. 26.1a we
plot the symmetry energy (Esym(ρ)) as a function of the density from a few Gogny
interactions and from the well-known SLy4 Skyrme force. Generally, Gogny forces
tend to have too soft Esym(ρ), presenting isospin instabilities at densities a few times
the value of the saturation density, which gives, in turn, an equation of state (EoS)
that cannot support massive NSs. On the contrary, the symmetry energy calculated
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Fig. 26.1 a Symmetry energy against the density from the D1M∗, D1M, D1S, D1N, and D280
Gogny forces and from the SLy4 Skyrme force. b Mass-radius relation in neutron stars from the
D1M∗, D1M, D1N and D280 Gogny forces and the SLy4 Skyrme force. Horizontal bands from [4]

using the D1M∗ interaction increases with the density, providing a stiffer EoS than
the other Gogny interactions. In Fig. 26.1b we present the mass-radius relation for
neutron stars for the same interactions as in Fig. 26.1a, as long as they converge in
the NS calculation. This relation is determined by the behaviour of the beta-stable
nuclear matter EoS. The D1M∗ force predicts a maximummass of 2M� with a radius
of 10.2km, and a canonical star of 1.4M� with a radius of 11.6km.

On the other hand, we have also studied the ability of this new D1M∗ interaction
for describing finite nuclei, and the results are compared to the ones obtained with
D1M. These calculations are performed for 620 even-even nuclei of the 2012AME
compilation and have been carried out with the HFBaxial code in a harmonic oscilla-
tor basis [5]. We obtain for D1M a value of the rms deviations of the binding energies
of σE = 1.36MeV, and for the D1M∗ we obtain σE = 1.34MeV, which points out a
similar description of binding energies of finite nuclei on the average. Moreover, the
differences�B = Bth − Bexp are scattered around the zero value, and do not present
drifts with increasing neutron number.

Further studies for finite nuclei, such as studies of fission barriers and excitation
energies, using the D1M∗ Gogny interaction are in progress.
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Chapter 27
Nuclear Structure and β− Decay
of A = 90 Isobars

Nadjet Laouet and Fatima Benrachi

Abstract In the aim of estimating the β− decay properties of few nuclei in the
A ~ 90 region with few hole protons and particle neutrons in addition to 100Sn
doubly magic core, some spectroscopic calculations have been realized. The using
interaction is derived from snet one taking into account the three body interaction
effect in the studied mass region, and using recent single particle and hole energies.
The calculations are carried out in the framework of the nuclear shell model bymeans
of NuShellX@MSU code. The getting results have been compared to the available
experimental data.

27.1 Theoretical Framework

The approximation that consider the nucleus as an inert core without any interactions
with the valence particles, fail to reproduce nuclear properties of some isotopic chains
[1]. It is important to consider the effect resulting from the interactions between
the core and the valence particles in the aim of reproducing these missing nuclear
properties [2, 3]:

V T
st =

∑
J (2J + 1)〈 js jt |Vst | js jt 〉TJ

[
1 − (−1)J+T δst

]

∑
J (2J + 1)

[
1 − (−1)J+T δst

]

The two body matrix elements (TBME) of the using interaction snetm are modified
taking in consideration the proton–neutron monopole and mass effects for odd-odd
nuclei in the 100Sn region, basing on the original interaction snet [4].
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Fig. 27.1 Spectra, BE(MeV ) and B(GT) strengths as a function of excitation energy

27.2 Calculation Results and Discussion

Using the single particle energy SPE values taken from the available experimental
data and those given by Grawe et al. 2007 [5], some calculations are released by
means of NuShellX@MSU [6] nuclear structure code. The obtained results using
snetm interaction are presented in Fig. 27.1.

27.3 Conclusion

The calculations are realized by means of NushellX@MSU code. The modifica-
tions are based on the mass effect and proton–neutron monopole interaction of snet
interaction to get snetm one. The calculation results are in agreement with the exper-
imental data for even-even isobars 90Sr and 90Zr, however the calculations can not
reproduce the spin and parity of the odd-odd 90Y ground state. The 90Sr neutron in
the νg9/2 shell populate the 90Y proton in πp1/2 one. Moreover, the 90Y neutron in
νg9/2 shell populate the 90Zr proton in πg9/2 one. Most of the 90Sr GT− transition
strength (blue graph) is located in two peaks concentrated at about 0.5 and 5 in MeV.
For the 90Y (red graph) GT− transitions, most of the strength is located in four peaks
concentrated at about 0.02, 2.5, 4.0 and 0.5 in MeV.

Acknowledgements Authors of this article thank the organizers for the organization and the quality
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the rich discussion during the conference.
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Chapter 28
Real-Time Tomographic Image
Reconstruction in PET Using
the Pseudoinverse of the System
Response Matrix

A. López-Montes, P. Galve, J. M. Udías and J. López Herraiz

Abstract Positron Emission Tomography (PET), is one of the most recent medical
imaging techniques, and it is commonly used in oncology, cardiology and neurology.
PET is based on the detection in coincidence of the two 511 keV photons produced in
the annihilation of a positron with an electron of the media. Positrons are emitted by
radionuclides linked to amolecule of interest (tracer) administered to the patient. The
information of the coincidences of the 511 keV photons is used within a reconstruc-
tion algorithm to generate an image of the biodistribution of the tracer in the body.
The images are usually obtained after the end of the acquisition, but in some cases it
would be useful to be able to obtain PET images in real-time. Iterative image recon-
struction methods usually provide better resolution and less statistical fluctuations
than analytical methods, but they are too slow to be used in real time applications.
On the other hand, analytical methods are fast but, they produce images with arti-
facts when the acquired data are incomplete, they are more sensitive to noise, and
their resolution is not optimal as they are based on puremathematical approaches and
assumptions. In this work, we propose to combine the best features of both analytical
and iterative methods. We incorporate the most relevant physical processes involved
in the emission and detection of the radiation into a System ResponseMatrix (SRM),
and then the reconstruction is obtained using the pseudoinverse (PINV) of the SRM.
This method present an improvement in image quality comparing with common real
time analytical methods while it is fast enough to be used in real-time applications.

28.1 Introduction

PINV is a useful tool used to solve linear ill-posed problems that has been used in
many different problems in physics [1]. In a linearized version of the reconstruction
problem in PET, the activity distribution in the patient (X) and the acquired data with
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the scanner (Y) can be related using a SRM [2, 3]. Y = SRM·X The PINV of the
SRM can be used to solve this linear problem [3].

28.2 Methods

As a complete SRM for a common 3D-PET acquisition is too big to be stored in
current computers, we use subdivide the SRM into two parts. The PINV of an axial
SRM is used to rebin 3D data into a set of 2D data slices and another PINV of a
2D-SRM is used to reconstruct each one of the different slices. Standard method
for real time PET imaging [4] consists on a rebinning of the data using Single Slice
ReBinning (SSRB) [5] and a further reconstruction of 2D slices using analytical
methods as Filtered Backprojection (FBP) [6].

28.3 Results

Comparison of the standard method for reconstruction with our proposed method
for a rat injected with FDG is shown in Fig. 28.1. The PET data was obtained in the
SuperArgus preclinical scanner (SEDECAL) [7].

Fig. 28.1 Reconstructed images of a rat obtained with the standard analytical method and with the
proposed method
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Table 28.1 Approximated
computing times using Fortan
in a single thread of a CPU
E5-2640 v4 @ 2.40 GHz
processor for a 3D acquisition
with data gathered in a 3 Mb
sinogram and 15 Mb of
reconstructed image

Method Time (s)

Standard 4.5

Proposed 1.5

28.4 Discussion and Conclusion

According the results presented in Fig. 28.1 and Table 28.1, we can see an important
improvement on the resolution recovery using PINV being even faster than analytical
method SSRB+FBP. In this work we have shown that PINVmethods stands out over
common analytical methods used in real-time PET applications as we can include
physical and geometrical information of the acquisition into the SRM.
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Chapter 29
Photoacoustic Dose Monitoring
in Radiosurgery

O. M. Giza, D. Sánchez-Parcerisa, J. Camacho, V. Sánchez-Tembleque,
S. Avery and J. M. Udías

Abstract In vivo range verification in patients is determined to be crucial to utilize
the full potential of proton radiotherapy Parodi et al, (Mod Phys Lett A, 30, 1540025,
2015, [1]). In this work we study the detection of acoustic waves generated by a
clinical photon beam. Since the dose-acoustic effect is similar in photons and protons,
the results of this work can be further extrapolated to proton beams Jones et al, (Phys
Med Biol, 59, (21), 6549, 2014, [2]).

29.1 Introduction

In a radiotherapy treatment the dose absorbed by a tissue causes a small rise of the
temperature (µK)which generates a pressure acoustic wave (mPa). The amplitude of
the acoustic signal is proportional to the energy deposited by the radiation, the density
of the material and the Grüneisen of the target material. High-density and high-
Grüneisen metals have been used to amplify acoustic signals [3]: in our experiment,
a lead block is submerged in the target water phantom.
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29.2 Methods and Materials

The experimental setup consists of several ultrasonic transducers of different reso-
nance frequencies and bandwidths, a combination of preamplifiers and differential
amplifiers and a digital oscilloscope. The setup records and amplifies the acoustic
wave generated by two clinical beams (a Cyberknife™ radiosurgery beam and a
clinical LINAC) irradiating a block of lead submerged in a water tank.

Simulations of the experimental setup were carried out to study the optimal mea-
surement geometry and choice of transducer. The dose distributions were calculated
withMonte Carlo code FLUKA, while the acoustic simulations were performed with
analytical wave transport code k-Wave.

The temporal profiles of the dose pulses were measured with a scintillating crystal
coupled with a PMT [4] and used as an input to the acoustic simulation.

29.3 Results

Gammaacoustic signals were detected in both clinical beams, with an amplitude,
arrival time and pulse shape in agreement with simulations (Fig. 29.1).

Fig. 29.1 Simulated (blue) and measured (red) gammaacoustic signals from Truebeam (top) and
Cyberknife (bottom) clinical beams
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29.4 Discussion and Conclusions

Photoacoustic simulation with FLUKA and k-Wave can reproduce the experimental
response of acoustic transducers in dosemonitoring applications. The proposed setup
can detect photoacoustic signals originated from the penumbral areas of the treated
fields and with the relevant image analysis, it could be used to monitor the position
of the proton Bragg peak with mm accuracy.
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Chapter 30
Structure of Light Nuclei Studied
with 7Li+6,7Li Reactions

D. Nurkić, M. Uroić, M. Milin, A. Di Pietro, P. Figuera, M. Fisichella,
M. Lattuada, I. Martel, -D. Miljanić, M. G. Pellegriti, L. Prepolec,
A. M. Sánchez-Benítez, V. Scuderi, N. Soić, E. Strano and D. Torresi

Abstract In this contribution, a brief analysis of an experiment performed at
LNS-INFN with the 30 and 52 MeV 7Li beam and the 7LiF and 6LiF targets is
given. The 7Li+6,7Li reactions are measured to get information on different types of
structures of several light nuclei. Special attention is paid to a search for molecular
states in 10B and 10Be. Another goal is to find information for states with different
cluster configurations in 7He, 9Be and 10−12B. The experimental setup consists of
four telescopes covering polar angles in range from 20◦ to 90◦ and providing particle
identification using traditional ΔE-E techniques. The contribution includes previ-
ously published Uroić et al. (Eur Phys J A, 51, 93, 2015, [1]) procedures as well as
the remaining plans for analysis.

30.1 Introduction

Detailed description and modelling of extremely deformed states in light nuclei is
a task at hand for modern nuclear physics. Important prerequisites for such a task
are precise information on excitation energies and reaction channels that lead to the
formation of aforementioned states. The choice of projectile and target nuclei is a
very important component in experiments that deal with these issues. Here, 6,7Li
nuclei are used because of their pronounced cluster structure (α + t and α + d).
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Fig. 30.1 (left) Particle identification using the slowly varying energy function E f with the ΔE
thickness non-uniformity corrections included and (right) excitation energy of 8Be from the detec-
tion of two alpha particles. “Ghost peak”—decay of 9Be or 9B on the lower edge of the (wide) first
excited state of 8Be

Some of the states that are expected to be strongly populated are the three-body
cluster states in 9Be (with the α + d + t structure), 10Be (α + t + t), 10B (α + α +
d and α + 3He + t) and 11B (α + α + t).

StandardΔE-E particle identification ismodified by the introduction of the slowly
varying energy function E f instead of ΔE:

E f =
√

ΔE · E + αΔE2 + βE (30.1)

with the parameter values α = 0.7 and β = −0.05. This simplifies the identification
procedure and enables further ΔE thickness non-uniformity corrections. The results
are shown in Fig. 30.1. More information on the procedure and other results can be
found in [1].

30.2 Remaining Analysis

The remaining analysis will be focused on coincident detections. An elementary
example, excitation energy of 8Be from the detection of two alpha particles, is given
in Fig. 30.1. Well behaved results encourage taking further steps in that direction.
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Chapter 31
ICH15: A Linac Accelerator for Proton
Therapy and Radioisotope Production
Using IH/CH Cavities

A. K. Orduz, I. Martel, A. C. C. Villari, J. Sánchez-Segovia, C. Bontoui,
F. Manchado de Sola, R. Berjillos, J. Pérez, J. López-Morillas, J. Díaz,
A. Jurado, A. M. López-Antequera, J. Vazquez, J. L. Aguado-Casas,
T. Pérez, A. Pinto, D. Ablanedo, E. Hidalgo and M. Trueba

Abstract The project ICH15 aims for the design of a heavy-ion facility capable
of accelerating protons up to an energy of 70 MeV and 5 MeV/u heavy-ions with
A/Q=3. The objective is to simultaneously produce radioisotopes and deliver a
low energy proton beam for cancer therapy (uveal tumour). In this contribution we
present an overview of the project, including a selection ofmedical-physics goals and
technical developments: beam dynamics calculation, electromagnetic and thermo-
mechanical analysis, the control system and the irradiation facilities. Studies have
been carried put with Comsol Multiphysics (Comsol multiphysics 5.3. http://www.
comsol.com/products/multiphysics/ [1]) andGlobal Tracer Particle (General particle
tracer. http://www.pulsar.nl/gpt/ [2]).
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31.1 Introduction

Radiotherapy plays an essential role in the treatment of cancer, either by the use
of radio pharmaceuticals or by the direct irradiation of the tumour using energetic
radiation. An important new technique being under development is the so-called ther-
anostics, where two isotopes of the same chemical element are used simultaneously
for therapy and diagnosis. Hadron irradiation techniques (protons and other heavy
ions) provide more benefits as compared to photons [3]. As the energy-deposition
density along the ion path is much higher, the dose received by healthy tissues during
the treatment is smaller, and the maximum deposition occurs in a narrow region at
the end of the path, just over the tumour.

Design and studies for all elements have been performed. Prototypes of the
solenoid, IH cavity and the RFQwere produced by the Spanish companies FAYSOL,
TTI and ATI. The layout of the facility is shown in the Fig. 31.1. The prototype
was integrated with an ECR source elements in the Laboratory of the University of
Huelva [4] as shown in Fig. 31.2. The RFQ structure operates at 200 MHz and con-
sists of four modulated rods and fourteen field tunning systems inside a cylindrical
cavity of 2 m length. It accelerates particles with mass-to-charge ratio A/Q=3 up to
an energy of 500 keV/u.

31.2 RF and Control System

Within the framework of ICH15, it has been developed an innovative RF System,
the ICH15-Solid State Power Amplifier (SSPA). The system is based on LDMOS
solid state technology, and it is designed to deliver up to 300 kWs CW at a frequency
of 200 MHz. The SSPA combines two HPA units, which have been integrated in a
single 19”/4U rack module. The Control System consists of a set of computerized
tools for on-line monitoring, communication and control of the relevant accelerator
devices and diagnostic elements. The system has been structured in three levels that

Fig. 31.1 ICH15 accelerator layout
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Fig. 31.2 RFQ accelerator prototype

corresponds to the sensors, actuators, beam and RF diagnostics, security systems,
PLCs and crates and finally the monitoring room, where a SCADAS system allows
the remote control of the LINAC.

31.3 Conclusions

The team have carried out a design study of a medical physics facility delivering
70 MeV protons and E=5 MeV/u heavy-ions with A/Q=3, including the beam
dynamics, electromagnetic and thermomechanical studies of the accelerator ele-
ments, RFQ, IH/CH cavities and solenoids. The work-group has also calculated the
beam lines for radioisotope production and radiotherapy, including the control sys-
tem, treatment and verification system. Finally, the prototypes for IH cavity, the RFQ
and the solenoid has been delivered. Future work will be focused on RF test of the
resonant cavities and mapping the magnetic field of the solenoid.
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Chapter 32
Near Coulomb Barrier Scattering of 15C
on 208Pb

J. D. Ovejas

Abstract In the last years, the neutron rich carbon isotope 15C has been debated as
a halo nucleus (Sn =1215 keV, S2n = 9395keV) according to reaction experiments
at high energies [1]. If so, it would be the only halo nucleus exhibiting a pure s-wave
configuration in its ground state. Exotic structures in light nuclei such as the n-halo of
11Li and 11Be or the n-skin of 8He, have previously been studied via the measurement
of the elastic scattering on heavy and stable targets at energies around the Coulomb
barrier, see e.g. (Pesudo et al., Phys. Rev. Lett. 118:152502, 2017, [2]). Now, with the
event of the HIE-ISOLDE facility at CERN, it is possible to continue these studies
with 15C. The IS619 experiment, carried out in August 2017, is the first dynamical
study of this nucleus at near Coulomb energies and aims to prove its structure via
the measurement of the angular distribution of the elastic scattering cross-section on
a 208Pb target.

32.1 Experimental Facility and Setup

The 15C radioactive beam was produced from the impact of 1.4GeV proton pulses
on a CaO production target via nuclear spallation. The isotope of interest is purified,
mass separated, and extracted to HIE-ISOLDE where it was post-accelerated to
4.3MeV/u, i.e. just in the region of the Coulomb barrier of the system 15C+208Pb,
and finally made to impinge on the reaction target.

Outgoing charged particles were measured with the GLORIA setup [3], consist-
ing in six telescopes symmetrically surrounding the reaction target, each telescope
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formed by two DSSSDs: one 40µm thick �E stage and a secondary 1mm thick E
detector. This configuration allows for the identification of light ions at laboratory
angles comprised within 15◦ and 165◦ with a total geometric efficiency of 25% of
4π and with an angular resolution of 2.5◦. The detector resolution FWHM is in the
order of 30keV.

32.2 Data Analysis and Theoretical Interpretation

The telescope�E–E configuration makes possible particle and ion identification and
hence a gate can be imposed in the corresponding energetic range of the elastic 15C
events. Integration of these events in small angular intervals covered by groups of
DSSSD pixels, normalized to the solid angle subtended in each interval, and finally
normalized to the Rutherford scattering distribution, leads to the angular distribution
of the elastic cross-section. The halo structure of 15C should then be manifested as a
remarkable decrease around the Coulomb rainbow.

Theoretical coupled reaction channels calculations for the elastic scattering have
been performed [4] and can be seen in Fig. 32.1 (right).Dashed line corresponds to the
well known Fresnel pattern, which features the Coulomb rainbow at grazing angles,
enhancing the cross-section over Rutherford due to the interference between electro-
static and nuclear potentials. Solid line is the full calculation taking into account the
single neutron stripping coupling, favored by the 1-n halo structure. The on-going
analysis of the obtained experimental data should be able to favor one or the other
of the two curves.

Fig. 32.1 To the left is shown a bi-dimensional plot obtained in one telescope. Here the 15C elastic
events can be selected for further analysis. To the right is shown the comparison of two theoretical
angular distribution of the elastic cross-section depending upon taking the n-halo structure into
account or not [4]
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Chapter 33
Preliminary Data of 10Be/9Be Ratios
in Aerosol Filters in Mexico City

S. Padilla, C. G. Méndez, C. Solís, L. Acosta, M. Rodríguez-Ceja
and E. Chávez

Abstract The 1 MV AMS system of Laboratorio Nacional de Espectrometría de
Masas con Acelerador (LEMA) has been used to measure the meteoric 10Be. The
preliminary results of 10Be/9Be ratios in PM10 from Mexico City are presented. The
aim of this work is to provide new data for meteoric 10Be/10Be ratios in this kind
of samples. The radiochemical procedure to extract the 10Be in aerosols collected in
quartz filters has been modified and adapted in LEMA laboratory.

33.1 Introduction

The meteoric 10Be (T1/2 = 1.39 × 106 y) is a cosmogenic radionuclide which is
produced by the interaction of cosmic rays with the isotopes of the atmosphere
by spallation reactions. It is primarily produced at lower stratosphere and upper
troposphere and finally, is carried and deposited on the surface joined with aerosols,
in soluble form in rain or dry deposition. The 10Be associated to aerosols can be
used as tracer of atmospheric processes and concretely indicators of the cosmogenic
interactions in lower Stratosphere, upper Troposphere, the air exchange between both
and deposition processes on the Earth surface [1].
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33.2 Sampling and Sample Separation

The samples were taken on the roof of the Institute of Physics-UNAM (19º19′26′′N
99º10′37′′W), about 2300 m high. Atmospheric aerosols were collected on quartz
filters (Pallflex 2500 of 20 × 25 cm, QAT-UP; Pall Sciences, Ann Arbor, MI, USA)
using a high-volume sampler of PM10 with 1.9 m3min−1 flow (Graseby Andersen
SA-2000H). The sampling period for each sample was 48 h in the cold-dry season of
2012 (fromNovember 19th toDecember 6th). The filterswerewrapped in aluminium
foil and stored at 4 °C until its processing. The radiochemical procedure consisted in
a calcination, digestion with HF and the use of several ion exchange resins in order
to separate and purify the 10Be. Finally, the samples were calcinated to BeO and
measured in the Low Energy AMS at LEMA, at the Institute of Physics of UNAM
[2, 3].

33.3 Results

The measurement of 10Be at LEMA were carried out at charge state +1 after of
the Terminal Voltage and +1 after of absorber passive. The values obtained were a
7% from the nominal ratio of the standard. The 10B interference is separated from
10Be using a 75 nm absorber passive located after of ESA [4]. The characterization
of the system elements such as magnets, ESA and electrostatics lens, was carried
out with standards provided by K. Niishizumi and blanks mixed with Nb. The first
results of 10Be/9Be obtained in the 1 MV AMS at LEMA are shown in Fig. 33.1a.
The values are in a range of 1.95–4.16 × 10−12. Those data are in totally agree
with the ones obtained in the city of Seville by Padilla [3] (Fig. 33.1b). The samples
reported by Padilla were taken on propylene filters during a week per sample, with
an approximately surface of 43 × 43 cm2 and with a mean flow of 100,000 m3/week
along 2013 [3], while in this work the flow was 3000 m3/day. The aliquots taken in
both studies correspond to 22.30–82.25µg/m3 in the city of Seville and 2–8.7µg/m3

inMexico City, therefore a higher amount of particles were taken in the city of Seville
samples. As a similar amount of 9Be carrier were added in both studies, the values
of ratios from the city of Seville are higher [3].

The preliminary data of 10Be/9Be ratio in aerosols collected in quartz filters from
Mexico City have been obtained at LEMA. The radiochemical procedure has been
succefully adapted in LEMA laboratory. The elements such as magnets, ESA and
electrostatic lens of 1 MV AMS at LEMA have been optimized for the measure-
ment of 10Be in environmental samples. The data are in totally according with the
ones reported in similar studies [2]. A new measurement meteoric 10Be in PM2.5 is
being carried out and analyzed at LEMA. New and definitive 10Be data in different
campaigns and particle sizes will be reported in the future by LEMA.
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Fig. 33.1 a 10Be/9Be ratio
obtained from quartz aerosol
filters taken in Mexico City
and measured in the 1 MV
AMS at LEMA and b data of
the 10Be/9Be ratio in aerosol
filters in the city of Seville
reported by Padilla [3]. The
dashed lines correspond to
the average ratio value for
both studies
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Chapter 34
Measurement of Signal-to-Noise Ratio in
Straw Tube Detectors for PANDA
Forward Tracker

Narendra Rathod, Jerzy Smyrski and Akshay Malige

Abstract PANDA forward tracker consist of self supporting straw tube detector for
reconstruction of trajectories of charged particles passes through it, particle identi-
fication. The basic properties of straw tube detector and signal-to-noise ratio with
results are presented in this paper.

34.1 Self-Supporting Straw Tube Detectors

The PANDAexperiment [1] will be built at the FAIR facility at Darmstadt (Germany)
to conduct experimental studies of the strong interaction through pp and pA annihila-
tion. To track charged particles emitted at the most forward angles within acceptance
of the PANDA Forward Spectrometer, the Forward Tracker (FT) consisting of a set
of planar straw tube layers will be used [2]. The straws for the FT consist of very thin
aluminized Mylar cathodes and are made self-supporting by means of 1 bar over-
pressure of the working gas mixture [3]. The expected high counting rates, reaching
up to 1 MHz/straw, and particle fluxes upto 25 kHz/cm2, are the main challenges for
the FT and the associated readout electronics.

The Forward Tracker (FT) is based on self-supporting straw tubes, with 10 mm in
diameter. In these straws, the applied gas overpressure is of 1 bar for forward trackers
which provides the mechanical stiffness and maintains the anode wire tension. The
straw tubes aremade of aluminizedMylar foil, with a thickness of only 27µm,which
results in a very low material budget of only 2% X0 for the entire FT containing 24
double layers of straws. The material budget in the FT should be as low as possible
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(less than 5%X0) in order to achieve the required momentum resolution�p/p 1.5%.
Central anode is gold-plated tungsten-rhenium wire, with 20 µm diameter, is used.

34.2 Signal-to-Noise Ratio

The signal-to-noise ratio was measured for the straw tube pulses at the analog output
of the Front End Electronic card (FEE). Amplitude of pulses was measured for
5.9keV X-rays from 55Fe source (see Fig. 34.1) at the anode voltage of 1700V, the
measurements was done for the gain parameter in the FEE set to 1mV/fC and three
different settings of the peaking time parameter: 15, 20 and 35ns and there respective
amplitudes are 162, 168 and 174 mV. The pulses were registered by using CAEN
Digitizer DT5742 working at a sampling frequency 1 GHz and a resolution of 0.25
mV. For each registered waveform, the baseline level was determined as an average
of the first 100 samples preceding the straw pulse and then was subtracted from all
samples in the waveform. A distribution of the first 100 samples corrected for the
baseline was fitted with a gaussian function and the standard deviation of the function
was taken as the level of noise (see Fig. 34.2) represents distribution for 20ns. The
level of noise was 1.00, 0.84 and 0.80mV, and the signal-to-noise ratio was 162, 200
and 218 respective to there stated peaking time. We conduct studies of additional
shielding of the straws with extra layer of aluminized Mylar for further reduction of
the noise.

Fig. 34.1 Amplitude spectrum registered for X-rays from 55Fe source, for the anode voltage 1700
V and the s2 setting of FEE (black line)
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Fig. 34.2 Distribution of noise for the s2 setting of FEE (black line) together with a fitted gaussian
function (red line)
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Chapter 35
Investigation of the Pygmy Dipole
Resonance Across the Shell Closure
in Chromium Isotopes

P. C. Ries, T. Beck, J. Beller, M. Bhike, U. Gayer, J. Isaak, B. Löher,
Krishichayan, L. Mertes, H. Pai, N. Pietralla, V. Yu. Ponomarev, C. Romig,
D. Savran, M. Schilling, W. Tornow, V. Werner and M. Zweidinger

Abstract For several nuclei in the vicinity of shell closures an accumulation of
electric dipole strength around the particle separation threshold has been reported.
This strength accumulation is often referred to as pygmy dipole resonance (PDR).
As part of the systematic survey of the PDR, the dipole responses of the even-even
chromium isotopes 50,52,54Cr have been measured using the phenomenon of nuclear
resonance fluorescence. Spin and parity quantum numbers as well as excitation en-
ergies and transition strengths were measured for numerous known and previously
unknown states. The comparison to calculations within the quasi-particle phonon
model and between the isotopes provide new insight about the onset of the PDR and
its evolution to heavier and more neutron rich nuclei.

The electric dipole responses of numerous nuclei have been extensively studied
throughout the past decades. In addition to the two-phonon states [1] and the isovector
giant dipole resonance (GDR) [2] many nuclei show another common feature, an
accumulation of strength around the neutron separation energy, the pygmy dipole
resonance (PDR) [3]. It was shown, that the strength gathered in the PDR is connected
to the so-called symmetry energy, a termof a commonTaylor expansion of the nuclear
equation of state (EOS) in terms of density and isospin-asymmetry, via the neutron
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skin thickness [4]. Fundamental nuclear properties depend on a reliable description
of the EOS and thus determining the parameters of this series is of great interest.
Part of this is the systematic investigation of the PDR.

Experiments using the nuclear resonance fluorescence method were conducted on
the isotopes 50,52,54Cr. The experiments were twofold: On one hand, at the Darmstadt
high intensity photon setup DHIPS [5] the targets were irradiated with a continuous
energy bremsstrahlung spectrum produced by the Darmstadt electron linear acceler-
ator S-DALINAC [6]. Measuring the scattered photons with HPGe detectors yields
excitation energies, spin quantum numbers and transition strengths of the excited
states. Excitation energies and transition strengths are calibrated via 11B measured
simultaneously. On the other hand, the polarized and quasi-monoenergetic photon
beam of the High Intensity γ -ray Source HIγS allows the determination of parity
quantum numbers at the γ 3 setup [7]. The corresponding identification of elec-
tric dipole transitions with these observables is rather unambiguously. Calculations
within the quasi-particle phonon model exclude these transition as part of the GDR
and thus the onset of the PDR within the chromium isotopes was confirmed.

In order to account for transitions strength through intermediate states the HIγS
measurements provide average branching ratios: For each energy setting, the summed
up intensity of all ground state transitions of the states excited within the energy
range of the photon beam is compared to the intensity of the decay of the first
excited 2+ state, which is only fed from the aforementioned higher-lying levels.
The overall strength can be corrected by these branching ratios and expressed in
percentage exhaust of the Thomas–Reiche–Kuhn sum rule [8]. The comparison of
these percentages for the measured chromium isotopes shows a significant increase
as a function of neutron number above the shell closure, which provides new insight
in the origin and behavior of the PDR. A publication is currently prepared.
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Chapter 36
Modification of UO2 Fuel Thermal
Conductivity Model at High Burnup
Structure

B. Roostaii, H. Kazeminejad and S. Khakshournia

Abstract The thermal conductivity of UO2 under in-pile irradiation changes due to
produced porosity. This paper has calculated evolution of fuel swelling and porosity
by using a model of fuel matrix swelling due to fission gases that is valid for range
of low temperature and burnups up to 120 MWd/KgU where high burnup structure
(HBS) is formed. The HALDEN thermal conductivity correlation is selected for
study of the fuel swelling and porosity evolution effect on irradiated UO2 thermal
conductivity. In addition, the correlation is completedwith a proposed porosity factor.
With considering porosity evolution by burnup, is seen a reduction about 25% in
the thermal conductivity which increases the fuel temperature. Calculation results
indicate a good agreement with experimental data.

36.1 Introduction

The UO2 fuel is under irradiation-induced recrystallization at low temperatures with
increasing burnup [1]. Up to now, various equations have been developed to describe
the effect of porosity on the thermal conductivity. DART code [2] applies a model
sequentially for modelling of dispersion fuel thermal conductivity. This model takes
a unit cell of porous material represented as a cube of the solid material surrounding
a gas pore and derives an analytical expression for the porosity effect on thermal
conductivity. In a work, Spino et al. [3] obtained a relation for total matrix swelling,
which is related to the fuel bulk density and porosity. In previous work of the authors
[4] an expression was derived for total volume porosity of the fuel that was consist
of two parts: volume porosity and swelling porosity. In this paper, is achieved using
a model for determining porosity evolution based on the work of Spino et al. [3] as
well as the Rest model [1, 2] for UO2 swelling with progressive recrystallization.
Then as a case study, the HALDEN thermal conductivity correlation is selected and
combined with the porosity factor of DART code.
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36.2 Models and Methods

36.2.1 Swelling and Porosity

Using the Rest method for calculation of swelling by burnup in low temperature
regime for low and high burnup [1, 3] and the definition of total porosity, P, (that
has two contributions: One comes from pores, Pv, including as-fabricated voids and
the other named swelling porosity, Ps, stems from the irradiation induced fission gas
bubbles) in our previous works [4], we have the relation for Pv and Ps by burnup.

36.2.2 HALDEN Thermal Conductivity Correlation

The HALDEN thermal conductivity correlation is as (36.1).

k95 = 1

0.1148+ 0.0035Bu+ (
2.475× 10−4

)
(1− 0.003Bu)(T− 273)

+ 0.0132exp(0.00188(T− 273)) (36.1)

where k95 is thermal conductivity of UO2 in 95% theoretical density (10.96 kg/cm3),
Bu is burnup in MWd/kgU and T is temperature in Kelvin (K).

36.2.3 Porosity Factor

It is assumed that the fuel has a three-phase structure consisting of the pores, Pv, and
swelling porosity, Ps, dispersed in the fully dense material composed of UO2 matrix
and solid fission products. We can obtain (36.2) with using the DART code thermal
conductivity model [2].

κP = keff
k0

=
[

1− π

(
3

4π
Pv

) 2
3

]⎧
⎨

⎩
1−

[

π

(
3

4π
Ps

) 2
3

]⎡

⎣1− kg

2kVe
(

3
4πPs

) 1
3

⎤

⎦

⎫
⎬

⎭

(36.2)

where keff is effective thermal conductivity of porous fuel material including Pv and
PS, and kg is thermal conductivity of the Xe [2] and k0 is thermal conductivity of
fully dense UO2 material.
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Fig. 36.1 CalculatedUO2 fuel thermal conductivity based onHALDEN correlation versus burn-up
at 490 K with porosity evolution included in comparison with the case with constant porosity and
experimental data [5]

36.3 Result and Discussion

36.3.1 Thermal Conductivity

Figure 36.1 compares the evolution of calculated UO2 thermal conductivity based
on the origin HALDEN correlation and its modified as a function of local burn-up.
Figure 36.1 also shows that the model can predict the experimental data [5] at the
temperature of 490 K.

36.4 Conclusion

In this work, we modified HALDEN thermal conductivity model with a porosity
factor. It can be seen that taking into account the evolution of porosity with burn-up
leads to a decrease in the thermal conductivity of about 25% at a local burn-up of
120 MWd/kgU at 490 K.
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Chapter 37
Shell Model Calculations for Nuclei
with Two Valence Nucleons Around
the Doubly Magic 78Ni Core

Hanane Saifi and Fatima Benrachi

Abstract In this work, we study the nuclear structure of pfg—shells in term of
shell model theory, in particular, systems with two identical valence nucleons out of
the 78Ni core. Calculations were performed using a new effective interaction named
jj45pnc. Energies of low lying states, B(E2; Ji → Jf) and deformation parameter,
quadrupole moment and R4/2 ratio are evaluated for the studied nuclei. Our results
are compared with available experimental data.

37.1 Introduction and Theoretical Calculations

Study of nuclei properties in the neighbouring of closed shells Z = 28, and N =
50, is an experimental and theoretical active research object. It permits testing the
bases of different theoretical approaches. In this context, we have employed shell
model calculation with a new realistic effective interaction jj45pnc obtained on the
basis of the similarity existed between the 132Sn and 78Ni region; and extracted
from the interaction jj56pn which already proved quite successful in describing
the 132Sn region. Calculations were performed using the NuShellX@MSU code.
Single particle energies are taken from the experimental spectra of 79Cu nucleus,
assuming the 1f5/2 as ground state [1, 2].Whereas, the neutron single particle energies
determined realizing calculation with Hartree–Fock method employing the Skyrme
potential SK19-(skxm) [3].
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37.2 Results and Discussion

We study the 80Zn and 80Ni Nuclei with two valence protons and neutrons respec-
tively. Structure of these nuclei has a major interest to understand the mechanism of
populating the proton and neutron shells and also to test the pp and nn part of the
effective interaction. The calculated level’s energies are compared to the available
experimental data for both nuclei and presented on Fig. 37.1.

Calculations reproduce satisfactorily the excitation energies of 80Zn, and shows
that low lying states are dominated by the occupation of 1f5/2 orbit for protons.Where
states of 80Ni havemain configuration 2d5/2 orbit for neutrons with percentages range
from 80 to 99%. On the other hand, we realize a fit in order to reproduce the available
experimental spectroscopic properties for 80Zn, which allowed us to get the best
values of effective charges (eπ = 1.95e, eν = 0.5e), when we use the standard values
(eπ = 1.5e, eν = 0.5e) for the 80Ni. Results are summarized on Tables 37.1 and 37.2.

Deformation parameter β and quadrupole moment values show the existence of
deformation, where the R4/2 ratio confirm that they have shell configuration.

Fig. 37.1 Calculated and experimental spectra [2, 4] of 80Ni (left) and 80Zn (right)

Table 37.1 Spectroscopic properties of 80Zn nucleus

B(E2:↑) e2fm4 Q(e2fm2) μ(μN) R4/2 β

Exp jj45pnc Jπ jj45pnc Jπ jj45pnc Exp jj45pnc Exp jj45pnc

0+
g.s →
2+
1

730 602 2+
1

8.36 2+
1

0.73 1.33 1.18 0.141 0.128

2+
1 →
4+
1

/ 166.6 4+
1

−19.2 4+
1

1.39
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Table 37.2 Spectroscopic
properties of 80Ni nucleus

B(E2:↑) e2fm4 Q(e2fm2) μ(μN) R4/2 β

jj45pnc Jπ jj45pnc Jπ jj45pnc 1.467 0.053

0+
g.s →
2+
1

91.11 2+
1

−3.30 2+
1

−1.21

2+
1 →
4+
1

26.41 4+
1

−6.64 4+
1

−2.72

37.3 Conclusion

We have study the structure of nuclei with two identical valence nucleons out of the
doubly magic 78Ni in term of shell model theory. Calculations show good agreement
with the experimental data, where the spectroscopic properties show that these nuclei
have deformed states, on the other hand it confirms the success of the interaction
jj45pnc to describe nucleus in very exotic area of 78Ni.
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Chapter 38
Investigation of the Mechanism of Proton
Induced Spallation Reactions

U. Singh, I. Ciepał, B. Kamys, P. Lasko, J. Łukasik, A. Magiera, P. Pawłowski,
K. Pysz, Z. Rudy and S. K. Sharma

Abstract The mechanism of proton-nucleus interactions at GeV energies is still not
well understood. The agreement between data and model predictions deteriorates
with increasing ejectile energy and for the forward angles. This indicates the pres-
ence of preequilibrium processes which are not taken into consideration by present
theoretical models. New experimental data are needed to put constraints to any new
model of the reaction mechanism. The measurements are planned to be done to study
proton induced reactions at energies in the range from 70 to 230 MeV.

38.1 Introduction

The spallation reactions have a wide range of applications in many fields of sci-
ence and technology, e.g. astrophysics, material science, hybrid nuclear reactors,
production of rare isotopes for medical purposes. All these applications are based on
the knowledge of the spallation cross sections, which frequently cannot be obtained
experimentally but has to be determined from theoretical models which in turn must
be tested by experimental data. Possible nonequilibrium processes are presented
schematically in Fig. 38.1 together with the intranuclear cascade mechanism which
is a standard part of the present daymodels. To proof reliability of the new theoretical
models it is necessary to compare their predictions with inclusive and coincidence
cross sections of proton induced reactions on several nuclear targets at various beam
energies. The present project concerns suchmeasurements to be donewith the proton
beam in the energy range from 70 to 230 MeV.
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Fig. 38.1 Possible modes of the spallation reactions. The proton of the beam impinging on to the
target nucleus initiates with probability P the intranuclear cascade of nucleon-nucleon and pion-
nucleon collisions (present day models) or may induce with probability 1-P a cleavage of the target
nucleus into three excited groups of nucleons: the smallest—fireball and two larger—the fast and
slow moving sources (possible preequilibrium processes)

38.2 Investigations

It is planned using the new PROTEUS cyclotron of the Cyclotron Centre Bronowice,
to measure the single spectra dσ/dΩdE and coincidence spectra dσ/dΩ1dE1dΩ2

dE2 of LCP (i.e. 1−3H, 3,4He) and IMF (i.e. 6He, Li, Be, B, C, N, O.. ions) in proton
induced reactions on various target nuclei (Al, Ni, Ag, Au). The experiment will
be performed at different beam energies (70–230MeV). The KRATTA [1] (Krakow
Triple Telescope Array) detection system can be used to measure the energy, angle
of emission and isotopic composition of LCP and IMF. The main goal of the present
experiment is to investigate experimentally the hypothesis presented above i.e. the
presence of the “fireball” contribution to the reaction mechanism.
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Chapter 39
Challenging the Calorimeter CALIFA
for FAIR Using High Energetic Photons

P. Teubig, P. Remmels, P. Klenze, H. Alvarez-Pol, E. Alves, J. M. Boillos,
P. Cabanelas, R. C. da Silva, D. Cortina-Gil, J. Cruz, D. Ferreira, M. Fonseca,
D. Galaviz, E. Galiana, R. Gernhäuser, D. González, A. Henriques, A. P. Jesus,
H. Luís, J. Machado, L. Peralta, J. Rocha, A. M. Sánchez-Benítez, H. Silva
and P. Velho

Abstract Proton induced γ -ray reactions were used as a tool to probe and char-
acterize a CALIFA (CALorimeter for the In-Flight detection of γ -rays and light
charged pArticles) Barrel segment consisting of 128 CsI(Tl) crystals and readout
photodetectors. In this work, we present the individual crystal response to photons
from inelastic and radiative capture reactions of protons on 27Al, as well as a pre-
liminary analysis of the calorimetric response of the prototype, with special focus
on the energy resolution of the calorimeter.

39.1 Probing CALIFA with High Energetic Photons

The barrel-shaped section of the calorimeter CALIFA will surround the target at the
upcoming R3B (Reaction with Relativistic Radioactive Beam) experimental setup
at FAIR (Facility for Antiproton and Ion Research, Darmstadt, Germany) [1, 2]. In
this manuscript, we report on the experiment performed at the LATR (Laboratory for
Accelerators and Radiation Technologies) facility at the CTN/IST [3] site (Sacavem,
Portugal). A detector array consisting of 128 CALIFA crystals were exposed to high-

P. Teubig (B) · D. Ferreira · D. Galaviz · E. Galiana · A. Henriques · L. Peralta · P. Velho
LIP, Av. Prof. Gama Pinto 2, 1649-016 Lisboa and FCUL, Portugal
e-mail: pteubig@lip.pt

P. Remmels · P. Klenze · R. Gernhäuser
TUM, Munich, Germany

H. Alvarez-Pol · J. M. Boillos · P. Cabanelas · D. Cortina-Gil · D. González
IGFAE, Univ. de Santiago de Compostela, 15706 Santiago de Compostela, Spain

E. Alves · R. C. da Silva · H. Luís, J. Rocha
IPFN, IST-UL, Lisboa, Portugal

J. Cruz · M. Fonseca · A. P. Jesus · J. Machado · H. Silva
LIBPhys-UNL, Lisboa, Portugal

A. M. Sánchez-Benítez
Dept. de Ciencias Integradas, Facultad de Ciencias Experimentales, Univ. Huelva,
Huelva, Spain

© Springer Nature Switzerland AG 2019
J.-E. García-Ramos et al. (eds.), Basic Concepts in Nuclear Physics:
Theory, Experiments and Applications, Springer Proceedings in Physics 225,
https://doi.org/10.1007/978-3-030-22204-8_39

245

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-22204-8_39&domain=pdf
mailto:pteubig@lip.pt
https://doi.org/10.1007/978-3-030-22204-8_39


246 P. Teubig et al.

Fig. 39.1 Proton induced γ –rays from reactions on 27Al (inelastic and radiative capture). The
spectra measured by a single crystal (left) and by the whole assembly of 64 crystals (calorimetric,
right) are shown

Table 39.1 Relative FWHM for the CALIFA prototype: single crystal versus calorimeter

Type E844 keV (%) E1015 keV (%) E1779 keV (%)

Single crystal 5.2 4.9 3.5

Calorimeter (64 crystals) 6.6 6.3 4.7

energetic γ -rays up to 14 MeV from the decay of 28Si∗. Several specific resonances
in the reaction 27Al(p, γ )28Si [4] were populated to produce high-energy γ -rays,
which were used to evaluate the response of the detector array.

A semi-automated calibration procedure was implemented considering photons
from 27Al∗ (844 and 1015 keV), and a 60Co (1173 and 1333 keV) radioactive source.
Photon spectra from different proton induced reactions on 27Al are shown for a
single crystal (Fig. 39.1, left) and the calorimetric response of 64 crystals (Fig. 39.1,
right). Furthermore, the energy resolution for each photopeak has been evaluated
(Table39.1), pointing to a slight worsening (30%) for the calorimetric mode. The
dependence of the resolution on the event multiplicity is being studied, as well as the
analysis of the high-energy γ -rays observed during the experiment beyond 8 MeV.
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Chapter 40
Research and Development of a
Position-Sensitive Scintillator Detector
for γ - and X-Ray Imaging and
Spectroscopy

Zh. Toneva, V. Bozhilov, G. Georgiev, S. Ivanov, D. Ivanova, V. Kozhuharov,
S. Lalkovski and G. Vankova-Kirilova

Abstract Preliminary results of a study for a scintillator detector with a position
sensitive capabilities are presented here. The first tests have been performed with a
7mm thick plastic scintilator and 256-channel Multi-Anode Photomultiplier Tube
(MAPMT). The study shows that good position resolution is in reach.

40.1 Introduction

Gamma-rays in the sub-MeV region interact with matter through photoelectric effect
and Compton scattering. As such, the full photon absorption is a result of one or few
point-like events, where the entire photon energy, or a portion of it, is passed to
electrons from the medium. Exploiting this phenomenon, position sensitive γ -ray
detectors have been used for more than 50 years in different fields, such as astro-
nomy and space observation [1], nuclear physics [2] and medical applications [3],
where γ - and X-ray imaging is required. There are different technologies existing
on the market today mainly based on large scintillators or high purity germanium
(HPGe) detectors. These however, have rather poor special resolution and imaging
capabilities.

Research and development (R&D) study for a scintillator detector with a position
sensitive capabilities is now performed at University of Sofia, as a part of the project
“Novel Detectors for Gamma-Ray Astronomy”. The aim of the presented project is
to create a prototype of a position-sensitive detector for γ - and X-rays imaging and
spectroscopy that can be utilized in space-borne nano telescopes. The detector will be
used to identify lines in the range of 20 keV to 1MeV. The prototype is envisioned to
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be built of a single non-segmented scintillator and coupled to a position-sensitive light
sensor. This approach will help to obtain the full energy of the deposited radiation
while enhancing the spatial resolution of the detector.

Given that a single detector is expected to provide spectroscopic information
and generate images of astronomical objects it has to have good position, time and
energy resolutions. In particular, its position resolution should be better than 5mm,
which is a prerequisite for the generation of sharp images. For identification and
disentanglement of different radiation sources, an energy resolution of 5% at 662
keV is required. The prototype is expected to have a time resolution of the order of
150 ps, which is crucial for the background subtraction in the telescope, while being
in space mounted on a nano satellite. Further constraints on detector size, weight
and power consumption are defined by the nano satellites’ specifics. High efficiency
is also a important factor that will reduce the observation time. Furthermore, given
the constrains of the nano satillite carying the telescope, an optimal geometry has to
be determined such that the telescope remains efficent for γ -rays but also to have a
good position resolution.

40.2 Test Experiments

The goal of NDeGRA project is to identify and characterise possible materials, such
a scintillators and light sensors, that can be used for the construction of the detector,
capable to track all interaction points, unambiguously determine the first point of
interaction and the initial γ -ray energy. Our approach is based on the assumption
that Compton and photo-effect electrons are absorbed close to the interaction point,
and where the majority of the scintillations also happen.

In the initial experimetnal setup a 7mm thin plastic scintillator with a surface
of 25cm2, coupled to a 256-channel MAPMT, model H9500 [4] have been used.
The size of each anode is 2.8 × 2.8mm [4]. The MAPMT was connected to one
V1751 8-channel 1 GS/s digitizer with a 10-bit resolution [5]. Multiple scans with
90Sr/90Y source were performed at 5mm steps in two orthogonal directions aligned
with the detector front plane. Sampled data was recorded for different combinations
of 8 arbitrary MAPMT channels.

Preliminary results from these tests are shown in Fig. 40.1, where the charge
obtained from an arbitrary MAPMT channel is depicted as a function of source to
anode distance. The initial tests results shows that the presently achieved position
resolution is better than 8mm. Further tests, analysis and interpretations are now
ongoing.
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Fig. 40.1 The intensity on
the image represents the
charge obtained from an
arbitrary MAPMT channels,
when the 90Sr/90Y source is
set at 1.5 cm at X axis and
2cm at Y axis. See text

40.3 Conclusions and Outlook

Position-sensitive scintilator detector for space-borne nano telescopes, capable of
detecting X- and γ -ray energies, and their interaction points in the scintillator, is
now being researched under NDeGRA project. The goal is to find possible materials
and to achieve detector geometries that can fit inside a nano satellite. At first, position-
sensitive detectorwas built of plastics scintillator andMAPMTand then scannedwith
electron source. This approach allows for a better control on the interaction point and
is considered to be a simplified version of themulti- Coulomb scattering eventswhere
the initial, and later, the scattered γ -rays would have energies less then 1 MeV. With
the present setup, a position resolution better than 8mm is achieved with 90Sr/90Y
source. Next iteration will be to scan CeBr3 crystals coupled to MAPMT and SiPM,
with X- and γ -rays.
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Chapter 41
The Path Towards Low Dose CT: The
Case of Breast CBCT

A. Villa-Abaunza, P. Ibáñez García, J. López Herraiz and J. M. Udías

Abstract Commercial CT systems include tools to estimate the dose received by
the patient in a CT scan, but they tend to overestimate the dose for large patients
and underestimate it for small/pediatric ones. In this work we consider the case of
Cone Beam CT (CBCT) for breast imaging to explore the feasibility of obtaining
accurate and fast estimates of the dose received during a low dose CT. The Hybrid-
Ultra MC algorithm, developed in the group for fast and accurate dose estimation,
has been used for the study, with the well validated MC code PenEasy as the refer-
ence. Comparing analytical and realistic projections, we estimated the improvement
achievable when the later ones are used in the reconstruction, and we concluded that
when a realistic projection model is used and acquisition parameters are adapted to
the density and size of the breast, CBCT images obtained under the dose limits of
Digital Mammography (DM) may reach diagnostic quality.

41.1 Introduction

Commercial CT systems include tools to estimate the dose received by the patient in
a CT scan, but they tend to overestimate the dose for large patients, and underestimate
it for small/pediatric ones, because they do not consider patient size, age, gender, or
specific organs or regions [1]. The aim of this work is to explore the feasibility of
obtaining accurate and fast estimates of the dose received during low dose CT. Cone
Beam CT (CBCT) for breast imaging is a good test case. If the dose is adequately
managed while keeping good image quality, CBCT could be used in cancer breast
screening with advantages with respect to X-ray digital mammographs (DM). DM is
compact and achieves high resolution, but requires compression of the breast, and it
has difficulties to identify tumors in dense breasts [2]. CBCT has the potential to pro-
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vide high quality 3D images without breast compression and with dose comparable
to DM.

41.2 Methods

In order to obtain accurate dose estimates in very short times, theHybridUltra-Monte
Carlo (HUMC) dose calculation algorithm, developed in the group [3], was used.
PenEasy [4], a slow but well validated MC code, was used to obtain reference dose
distributions.The image reconstructionof the simulatedCBCTbreast projectionswas
performed using TIGRE [5] a MATLAB GPU-based toolkit. TIGRE was adapted to
be able to incorporate projections producedwith theHUMC.Comparing the standard
TIGRE projections with the HUMC ones, we estimated the improvement achievable
when realistic projections are used in the reconstruction. Several detector geometries
have been tested in order to optimize the acquisition and reconstruction parameters.

41.3 Results

Dose estimates and projections obtained with the HUMC are similar enough to the
ground truth (penEasy) both for the integral dose estimates (within 10%) and for
the reconstructed images. HUMC is 500 times faster than penEasy under similar
computing power (a single thread on a CPU), which enables real time dose estimates
with common 10-core PCs. Furthermore, CBCT images obtained under the dose
limits of DM (4 mSv) may reach diagnostic quality, especially when a realistic
projection model is used, and acquisition parameters are adapted to the density and
the size of the breast (Fig. 41.1).

Fig. 41.1 Reconstruction of a simulated breast phantom, assuming monochromatic 35 keV X-ray
beam, using the FDKanalytical algorithm (left) and the iterativeMLEMalgorithmwith 15 iterations
(right)



41 The Path Towards Low Dose CT: The Case of Breast CBCT 253

41.4 Conclusion

This work shows that personalized CT acquisitions, together with ultra-fast Monte
Carlo and reconstruction methods may provide diagnostic good quality image with
reduced noise.
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Chapter 42
Electron Capture of 8B into Highly
Excited States of 8Be

S. Viñals

Abstract The experiment (IS633) was performed at ISOLDE facility by the MAG-
ISOL collaboration. Our interest lies in determining the branching ratios of the 2+
doublet at 16.6 and 16.9MeV populated via β+ and electron capture (EC) respec-
tively, and also the so far unobserved EC-delayed proton emission via the 17.6MeV
state. The 2+ doublet is interesting due to the high isospin mixing (von Brentano,
Phys Rep, 264:57, 1996, [1]), leading to dominant configurations as 7Li+p and 7Be+n
respectively. The feeding to the 17.6MeV state is especially interesting due to the
proton-halo character of 8B as a core of 7Be+p. Considering the halo proton as a
spectator, the decay branch can then estimated from the 7Be core to be in the order
of 2.3×10−8 (Borge et al, J Phys G, 40:035109, 2013, [2]), which is to be verified
by this experiment.

42.1 Experiment and Preliminary Results

The first part of the experiment, focused on the 2+ doublet, was performed using
a setup of 4 ΔE-E telescopes composed by a front Double-sided Si strip detector
(DSSD) as ΔE backed by Si-PAD E-detector in a diamond configuration and an
extra thick DSSD on the bottom. The setup was optimized for the detection of the
fragmentation of the 8Be into 2α particles. A total geometrical efficiency of 28%
leads to an efficiency of 56% to detect any one of the two αs. Further, having done
so, to detect the second α in coincidence (at 180◦) is almost 100%. An angular
resolution of 3 degrees is obtained due to the high pixilation of the DSSD-detectors.

In the left side of the Fig. 42.1 is shown the high energy part of the summed 2α
spectrum; the two well-defined peaks are the 2+ doublet at 16.6 and 16.9MeV. The
energies are in good agreement with the literature [3], and we have obtained enough
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Fig. 42.1 To the left, peaks of the 2+ doublet obtained from the α-α coincidences. To the right, the
resulting single α low-energy spectrum obtained in the ΔE detector after applying different filters
to remove contaminating noise and β signals in the detector. In red is displayed the raw low-energy
part of the α-spectrum. In green the spectrum after the data is gated by the TDC i.e. self-triggered
data. In purple what is left over in the region of interest after applying both: the TDC cut and an
anti-coincidence with the other detectors in order to remove the β response

statistics (∼450 counts) in the 16.9MeV peak in order to determine a branching ratio
within a 5% error, but for that the ongoing R-matrix analysis of the data is needed.

The second part of the experiment was optimised to set an upper limit on the
branching ratio to the 17.6 level and thus the emission of a 330keV proton. This
proton, fed in EC, is only followed by a non-detectable low-energy X-ray, i.e. should
have no other signal in coincidence. To optimize for such detection, we choose a thin
ΔE detector of 30µm with negligible β-response. This detector was fronted by a
big Si-PAD covering 3 times the solid angle of ΔE to ensure that all the α-α events
are in coincidence in both detectors. Another big Si-PAD detector placed behind the
ΔE to VETO all β that might have passed the ΔE detector. All this to ensure as
background free spectrum as possible in the region from 200 to 400keV. After an
anti-coincidence analysis, a preliminary experimental upper limit of the emission of
the delayed-proton can be stablished to 4.4×10−6. The right side of the Fig. 42.1
shows the resulting spectrum after the application of different filters used to clean
the data in the region of interest.
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Chapter 43
Examining the Helium Cluster Decays
of the 12Be Excited States by Triton
Transfer to the 9Li Beam

N. Vukman, N. Soić, P. Čolović, M. Uroić, M. Freer, T. Davinson, A. Di Pietro,
M. Alcorta, D. Connolly, A. Lennarz, C. Ruiz, A. Shotter, M. Williams
and A. Psaltis

Abstract Wepresent the first results of the experiment: “Examining the helium clus-
ter decays of the 12Be excited states by triton transfer to the 9Li beam” (spokespersons:
N. Soić,M. Freer), done at TRIUMF,Vancouver, CA,with themain goal of providing
precise experimental data on the internal structure of the 12Be excited states.

43.1 Motivation and the Experimental Method

Light nuclei, due to the small number of relevant degrees of freedom, present excel-
lent framework in which to study the basic principles of nuclear interactions and
structure: from single-particle dynamics to the appearance of clustering in the nuclei
[1]. Structure of the 12Be excited states decaying to the helium isotopes has been
studied in several experiments so far, with scarce and contradictory results [2]. In
recent years, considerable theoretical effort and advances have beenmade, indicating
the existence of exotic clustering in 12Be, namely molecular α-4n-α structure [3].
Due to it’s importance for understanding the structural changes in neutron-rich light
nuclei, precise experimental data is needed. Prior to the experiment MC simulations
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Fig. 43.1 �E-E (telescope 6, strip 2) and excitation spectra of 19F from 19F(9Li, 9Li)19F reaction

were carried out in AUSA code, developed by Aarhus University, DK, to optimize
the setup and efficiency for kinematically complete measurement. The 9Li beam
(75MeV), provided by ISAC-II accelerator facility at TRIUMF, CA, was hitting the
7LiF target (1mg/cm2). Two set of YY1 wedge detectors of thickness 65 μm and
1500 μm, arranged as �E-E telescopes, were positioned in the LAMP configuration
inside the TUDA chamber, covering θ range from 16◦ to 48◦.

43.2 Calibration Process and Preliminary Results

We obtained the energy calibration using an α source and 9Li elastic scattering on
the Au target, taking into account the relevant energy losses. This calibration is then
used for the fine tuning of the measured geometry. The 2-body reactions excitation
spectra of 7Li and 19F (see Fig. 43.1) are obtained, with the right position of ground
state and first few excited states verifying the quality of the calibration. The next step
in the analysis is to study the coincident helium isotopes detected from the break-up
of the 12Be* (12Be∗ → 6He+6He, 12Be∗ → 8He+4He) and produced predominantly
via reactions on 7Li (4He recoil, Q> 0) or less frequently on 19F (16O recoil, Q< 0).
Due to the large Q-value differences those two cases can be separated in the analysis.
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Chapter 44
Fast-Timing Lifetime Measurement
of 174,176,178,180Hf

J. Wiederhold, V. Werner, R. Kern, N. Pietralla, D. Bucurescu, R. Carroll,
N. Cooper, T. Daniel, D. Filipescu, N. Florea, R.-B. Gerst, D. Ghita, L. Gurgi,
J. Jolie, R. Ilieva, R. Lica, N. Marginean, R. Marginean, C. Mihai, I. O. Mitu,
F. Naqvi, C. Nita, M. Rudigier, S. Stegemann, S. Pascu and P. H. Regan

Abstract Lifetimes of yrast band states of 174,176,178,180Hf have beenmeasured using
fast-electronic scintillation timing or Coulomb excitation. The lifetimes of the 2+

1 ,
4+
1 states and apart from 176Hf also of the 6+

1 states have been determined, using
the slope and the centroid shift methods. By using the same setup for all isotopes of
interest systematic uncertainties were reduced.

The method of fast electronic scintillation timing (FEST) [1] makes it possible to
determine lifetimes down to a few 10ps, especially with the recent development of
LaBr3 detectors. The typical time resolution of the LaBr3 detectors is 200–300ps and
their energy resolution is about 3%. Critical for the determination of short lifetimes
in the ps range a good calibration of the energy-dependent time walk has to be
performed (see [2, 3] for more details).

Recent measurements of lifetimes τ(2+
1 ) in the rare-earth region around the mass

number A=170 [4–6] showed discrepancies of up to 20% to literature data. In the
present work we show results from a FEST experiment, that has been performed at
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Fig. 44.1 B(E2; 2+
1 → 0+

gs)

transition strength shown
over the neutron number N
for the isotopic chains of Yb,
Hf, W and Os. The
determined values of
174,176,178,180Hf are marked
within the black rectangle.
The collectivity of the Hf
isotopes maximizes at
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the 9MV FN Tandem accelerator of the IFIN-HH near Bucharest with their γ -ray
detector array ROSPHERE [7]. It consisted of 11 LaBr3(Ce) and 14 HPGe detectors.
Excited states of the investigated isotopes were populated via fusion-evaporation
reactions or Coulomb excitation. Lifetimes of the 2+

1 , 4
+
1 states of 174,176,178,180Hf and

of the 6+
1 state of 174,178,180Hf have been measured. The lifetime τ(4+

1 ) of 178Hf has
been determined for the first time and the other measured lifetimes are in agreement
with the recently reported lifetimes from [5]. Figure44.1 shows the B(E2; 2+

1 →
0+
gs) strengths of the Yb, Hf, W and Os isotopic chains around neutron mid-shell

N=104. Values determined in this work are highlighted in the black rectangle. The
maximum of collectivity, i.e. the B(E2, 2+

1 → 0+
gs) strength, is not at neutron mid-

shell (N=104) as would be naively expected, but shifted towards lower neutron
number for the Hf isotopic chains. A similar trend can be seen in the neighboring
isotopic chains. To date there is no microscopic explanation for the early drop of
collectivity. Further results and discussion can be found in [9].
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Chapter 45
Searching for Halo Nuclear Excited
States Using Sub-Coulomb Transfer
Reactions

J. Yang, Pierre Capel and Alexandre Obertelli

Abstract Through this study we propose to use sub-Coulomb transfer to investigate
the one-neutron halo phenomenon within nuclear excited states since this method
could naturally guarantee the peripherality of the transfer. Zero-range ADWA calcu-
lations are performed with the final nucleus bound under different conditions. It can
be observed that there is a clear enhancement of the interaction cross sections when
the nucleus is loosely bound within an s orbital.

A common feature of halo nuclei is a large spatial extension caused by the valence
nucleon(s) loosely bound to a nuclear core [1]. It is mostly found in the neutron-rich
nuclei with small one or two neutron separation energy. The weak binding gives
rise to an extended tail in the single-particle wave function of the valence part. One
of the open questions we would like to explore is the possible halo feature in the
nuclear excited states since the binding energy could become very small in those
situations. To study the single-particle structure of nuclei, transfer reaction has been
widely employed during the past decades. In particular, they are ideal to study the
one-neutron halo structure. Even though the corresponding cross sections would be
reduced due to the Coulomb repulsion, performing such reaction below the Coulomb
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barrier would bring several advantages including: (1) Any observed event would
most likely be a direct and peripheral transfer; (2) Other channels are negligible, e.g.
compound-nucleus formation; (3) The distortion of the elastic Coulomb waves by
the nuclear potential is small.

Weconsider the three-bodyapproximation (A + n + p)within theADWAmethod
to simulate the sub-Coulomb A(d, p)B transfer. A zero-range version of the adia-
batic potential developed by Johnson and Soper [2] is used to include the break-up
effect of deuteron for the entrance channel. The nucleon-nucleus optical potentials
are obtained from the global parametrization CH89 [3] without including the spin-
orbit term. For the p-n interaction, the Reid soft-core interaction is chosen to get the
appropriate wave function of the deuteron. The nucleus B is described in a two-body
model (A + n). A andn are bound together by aWoods–Saxonpotential,whose depth
is adjusted to reproduce the binding energy (BE). The calculations are performed
with FRESCO [4].

A 90Zr-like nucleus is selected as an example for testing our idea. Several assumed
binding energies and states of the generated nucleus are considered (see Table 45.1).
Through comparison in Fig. 45.1, we find that loosely bound state in an s orbital,
which would be a halo candidate, clearly increases the transfer probability at back-
ward angles.

Table 45.1 Several parameters of the corresponding transfer reaction.Ucoul is the Coulomb barrier
while Ed and BE represent the incident energy of the deuteron and the binding energy of the product
respectively. State means which orbital the transferred neutron populates at

Reaction Ucoul /MeV Ed /MeV State BE/MeV
90Zr(d, p)91Zr like ∼8 4, 6, 8, 10 3s1/2, 2d5/2, 1g7/2 0.5, 2, 7, 10

Fig. 45.1 Left side: radialwave functions obtainedwith theWoods–Saxon potentials for the valence
neutron bound with 0.5MeV at different states inside the 91Zr-like nucleus; Right side: ZR-ADWA
calculations of 90Zr(d, p)91Zr-like transfer probability at Ed = 4MeV
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