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Fig. 1. (a) The structure of the !pHe+ atomcule, in which the !p with large-(n; l) quantum numbers circulates in a localized
orbit around the He2+ nucleus, while the electron occupies the distributed 1s state. (b) The level scheme of large-(n; l)
states of the !pHe+ atomcule. The solid bars indicate radiation-dominated metastable states, while the broken lines are for
Auger-dominated short-lived states, The signi"cance of this categorization will be explained below. The ionized !pHe2+

states are also shown by dotted lines. From Ref. [2].

• Slow radiative decay
The remaining decay process is a slow radiative decay because of the small level spacings

and of the retardation mechanism due to the e−–!p correlation. The main cascade is (n; l)→
(n− 1; l− 1) and the typical level lifetime is 1:5 !s.

The level scheme of antiprotonic helium is also shown in Fig. 1. The solid bars represent metastable
states, whereas the broken lines show Auger dominated short-lived states. The ionized states (!pHe2+)
are shown by dotted lines.

1.3. Unique facets of antiprotonic helium

The unique character of antiprotonic helium as a three-body system involving one !p gives it a
number of interesting facets, each of which provides its own arena for the study of physical and
chemical phenomena:

(i) Primordial exotic atom
Metastable states of antiprotonic helium occupy the region (n ∼ n0 =

√

M ∗=me), where the
exotic particle and the atomic electron coexist in the same spatial region. It is only in this case
that the primordial zone of exotic atoms has been identi"ed. Previously it was therefore an
untouched subject of investigation.

(ii) Exotic ground-state hydrogen atom
If we think of (!pHe2+)n; l as a “proton” to which an electron can be bound, Antiprotonic

helium can be regarded as a member of the family of exotic hydrogen atoms that include
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Fig. 1. (a) The structure of the !pHe+ atomcule, in which the !p with large-(n; l) quantum numbers circulates in a localized
orbit around the He2+ nucleus, while the electron occupies the distributed 1s state. (b) The level scheme of large-(n; l)
states of the !pHe+ atomcule. The solid bars indicate radiation-dominated metastable states, while the broken lines are for
Auger-dominated short-lived states, The signi"cance of this categorization will be explained below. The ionized !pHe2+

states are also shown by dotted lines. From Ref. [2].

• Slow radiative decay
The remaining decay process is a slow radiative decay because of the small level spacings

and of the retardation mechanism due to the e−–!p correlation. The main cascade is (n; l)→
(n− 1; l− 1) and the typical level lifetime is 1:5 !s.

The level scheme of antiprotonic helium is also shown in Fig. 1. The solid bars represent metastable
states, whereas the broken lines show Auger dominated short-lived states. The ionized states (!pHe2+)
are shown by dotted lines.

1.3. Unique facets of antiprotonic helium

The unique character of antiprotonic helium as a three-body system involving one !p gives it a
number of interesting facets, each of which provides its own arena for the study of physical and
chemical phenomena:

(i) Primordial exotic atom
Metastable states of antiprotonic helium occupy the region (n ∼ n0 =

√

M ∗=me), where the
exotic particle and the atomic electron coexist in the same spatial region. It is only in this case
that the primordial zone of exotic atoms has been identi"ed. Previously it was therefore an
untouched subject of investigation.

(ii) Exotic ground-state hydrogen atom
If we think of (!pHe2+)n; l as a “proton” to which an electron can be bound, Antiprotonic

helium can be regarded as a member of the family of exotic hydrogen atoms that include
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discovery of p̅ longevity in helium ( at KEK)
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p̅He formation probability & lifetime
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Laser spectroscopy principles
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Laser Resonance Curve
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Fig. 32. First successful observation of laser resonance of antiprotonic helium, now attributed to the
(n; l) = (39; 35) → (38; 34) transition. Left: Observed time spectra of delayed annihilation of antiprotons with laser
irradiation of various vacuum wavelengths near 597:2 nm. Spikes due to forced annihilation through the resonance tran-
sitions are seen. Upper right: Enlarged time pro!le of the resonance spike. Lower right: Normalized peak count versus
vacuum wavelength in the resonance region. From [29].

Fig. 33. The transition, (n; l) = (37; 34)→ (36; 33), observed at 470:7 nm. From Ref. [32]. (a) DATS spectrum, showing
a spike at the laser timing, followed by a depletion of the continuum intensity. (b) The resonance shape.

(36; 33) transition. This !nding was also consistent with the Auger transition rule. Fig. 33(a) shows
a resonance spike in DATS, which is followed by a signi!cant amount of intensity depletion in the
continuum region. This will be discussed in detail in next section.
Fig. 34 shows the comparison of the experimentally determined transition wavelengths with the

theoretical values for the two transitions, (39; 35)→ (38; 34) and (37; 34)→ (36; 33), as of 1994. The
agreement was at the level of ≈ 0:1%. The symbols, BO, CI, VM and CR, refer, respectively, to the
molecular model with the Born–Oppenheimer approximation (BO) [20,79], the atomic con!guration–
interaction calculation (CI) [18], the large con!guration–space variational method (VM) [94,95] and
non-adiabatic coupled rearrangement channel variational calculations (CR) [96]. As of 1994 the
theoretical uncertainty in predicting the transition energies of this three-body Coulomb system was
believed to be 0.1%. The theoretical values served as useful guides for resonance search, but the
scanning time needed for per resonance was considerable.
This theoretical situation was dramatically improved in 1995, when Korobov [21], with his

molecular-expansion variational method, claimed to have succeeded to calculate the wavelengths of
the two known transitions with 1 ppm precision (see Fig. 35:top), and provided us with predictions
for other transitions as well.
We therefore used Korobov’s calculated values as the initial points of laser-resonance search and

succeeded in 1995 to !nd three new favoured transitions (two for "p3He+ [33], and one for "p4He+

using the double-resonance method described below [34]). In addition we found two unfavoured
transitions [35] (see the next subsection).
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20 years ago - Theory precision ~ 1000 ppm
T. Yamazaki et al. / Physics Reports 366 (2002) 183–329 253
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are compared with the experimental values for the two laser resonance transitions. From [32].

Fig. 35. Experimental values for the four laser-induced transitions compared with the non-relativistic calculations by
Korobov [21]. From [33].

Korobov’s calculated values in comparison with the experimental values are shown in Fig. 35 for
the four transitions, two for !p4He+ and two for !p3He+. The theoretical values are not only in good
agreement with the experimental values but also seem to deviate systematically from the experiments.
These “50 ppm red shifts” were soon accounted for by including the relativistic correction to the
electron’s motion (Korobov and Bakalov, [22]).
The single-laser technique described so far will not work if the upper and lower levels are both

metastable, since at any given instant their populations can be expected to be almost equal. We found
the (38; 35) → (37; 34) transition [34] by a “double-resonance” method, the "rst laser being set to
the already known 470-nm resonance, (n; l) = (37; 34) → (36; 33), while the (38; 35) → (37; 34)
transition was searched for by scanning a second laser. The upper resonant condition then revealed
itself as an increase in the height of the 470-nm annihilation peak.
The pulses that ignited the two lasers were synchronised to within ∼5 ns, although the unavoidable

time jitter of the excimer lasers that pump the tunable dye lasers caused the actual light pulse arrival
time to vary with a FWHM of ∼15 ns. However, this jitter was well within the width of the light
pulse (∼30–40 ns), so that the two laser pulses almost always overlapped in time. The expected
enhancement of the lower (38; 35)→ (37; 34) transition was soon found at an upper wavelength of
529:622 nm [34]. This can be seen in Fig. 36, which compares the annihilation time spectra with
the second laser o#- and on-resonance (left and right panels).
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electron’s motion (Korobov and Bakalov, [22]).
The single-laser technique described so far will not work if the upper and lower levels are both

metastable, since at any given instant their populations can be expected to be almost equal. We found
the (38; 35) → (37; 34) transition [34] by a “double-resonance” method, the "rst laser being set to
the already known 470-nm resonance, (n; l) = (37; 34) → (36; 33), while the (38; 35) → (37; 34)
transition was searched for by scanning a second laser. The upper resonant condition then revealed
itself as an increase in the height of the 470-nm annihilation peak.
The pulses that ignited the two lasers were synchronised to within ∼5 ns, although the unavoidable

time jitter of the excimer lasers that pump the tunable dye lasers caused the actual light pulse arrival
time to vary with a FWHM of ∼15 ns. However, this jitter was well within the width of the light
pulse (∼30–40 ns), so that the two laser pulses almost always overlapped in time. The expected
enhancement of the lower (38; 35)→ (37; 34) transition was soon found at an upper wavelength of
529:622 nm [34]. This can be seen in Fig. 36, which compares the annihilation time spectra with
the second laser o#- and on-resonance (left and right panels).

Variational calculation of energy levels in p He1 molecular systems

V. I. Korobov
Joint Institute for Nuclear Research, Dubna, Russia
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A variational calculation is presented of energy levels for the nonrelativistic Hamiltonian of the metastable
antiprotonic helium atom p 3,4He1. This calculation is based on a molecular expansion of the wave function.
We estimate the precision of the results to be about 1027 a.u. @S1050-2947~96!50708-0#

PACS number~s!: 36.10.2k, 31.15.Ar

It has been recently discovered in experiments @1,2# that
antiprotons stopped in liquid and gas helium can form meta-
stable states in neutral p He1 atoms with overall mean life
up to several msec, as first suggested by Condo for p

2 and
K2 mesons @3#. In the last two years radiative transition
wavelengths of 597.25960.002 nm @4# and 470.72460.002
nm @5# have been measured in (n ,l)!(n21,l21) transi-
tions by means of a laser-induced annihilation technique.
However, at present, the theoretical estimates @6–9# yield
numerical results with a wavelength error about 0.121 nm
~200–2000 ppm!. This uncertainty is clearly inadequate for
meaningful comparison with the high-precision experimental
results. The variational calculation of p He1 energy levels
described hereunder has reduced the discrepancy between
theory and experiment to the level of 50 ppm for the above-
mentioned transitions and has furthermore considerably nar-
rowed the wavelength search ranges necessary in future ex-
periments.
The systems of interest consist of three particles, an elec-

tron of mass me and two nuclei of masses M a and M b ,
where a hereafter stands for the helium nucleus and b for the
antiproton. The nonrelativistic Hamiltonian ~in atomic units
e5\5me51) after separating the center of mass motion
can be written in Jacobian coordinates as

H52
1

2M ab
DR2

1
2mab

Dr2
2
ra

1
1
rb

2
2
R ,

M ab
215M a

211M b
21 ,

mab
215me

211
~

M a1M b!

21, ~1!

where R is the position vector of nucleus b relative to
nucleus a , r is the position vector of the electron relative to
the center of mass of the nuclei, and ra and rb are the relative
electron-nucleus distances.
Let the total three-body wave function be C(R,r). We

can introduce the states with the total orbital angular momen-
tum L , its projection on the z axis of the fixed frame M , and
total spatial parity l as follows:
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where
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L

~

F ,Q ,w
!

#

are the symmetrized Wigner D functions. The components
are numbered by the subscript m50,1, . . . , defining the azi-
muthal magnetic quantum number with respect to the mov-
ing frame. In what follows we will denote them also as s ,
p , etc., in accordance with the usual notation adopted in
molecular physics. The states with l5(21)L are referred to
as states of normal spatial parity ~or as parity-favored states!
and those with l52(21)L as states of anomalous parity ~or
as parity-unfavored states!. The summation index m in ~2!
starts from 0 for the states of normal parity and from 1 oth-
erwise. The Condo model @3# of metastability suggests that
the negatively charged heavy particle is captured into the
circular or nearly circular orbit of an atom with remaining
electron situated in its ground state. As can be seen from ~2!
the anomalous parity states should have an excited electron
orbital with m>1 and decay rapidly via Auger transitions. In
what follows we will consider only the states of normal spa-
tial parity.
The functions Fm

Ll(R ,r ,u) have to satisfy the natural con-
dition

Fm
Ll

~

R ,r ,u
!

5sinm
u Hm

Ll

~

R ,r ,u
!

, ~3!

where Hm
Ll(R ,r ,u) is a bounded function of variables R , r ,

and u . This condition ensures the analyticity of the total
wave function C(R,r) in the case when the three particles
lie on the same line.
It is convenient to compare the expansion based on

Wigner D functions with the expansion based on bipolar
harmonics @11#:
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5
(

l11l25L
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$

Y l1
^ Y l2%LMGl1l2

Ll

~

R ,r ,u
!

,

~4!

for the states of normal parity l5(21) l11l25(21)L. The
components Gl1l2

Ll (R ,r ,u) are some bounded functions of the
internal variables. Equations ~4! explicitly describe the rota-
tional movement of the antiproton with respect to the helium
nucleus and the asymptotic behavior of the wave function in
the vicinity of the coalescence point.
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In the present paper, we perform a systematic calculation of the complex resonance energy for metastable

states in the antiprotonic helium atoms, which decay predominantly via Auger transitions, by using the

complex-coordinate rotation !CCR" method. Special attention is paid to relativistic corrections for the bound
electron related to the Breit interaction. These corrections have been calculated using the CCR wave functions,

which are square integrable. Some higher-order relativistic and QED effects have been included into consid-

eration to get precise theoretical values for transition frequencies.
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I. INTRODUCTION

Metastable states of an exotic atom He" p̄ were of consid-
erable interest in the past years. After first observation at
KEK of the delayed annihilation phenomena, when about
3.6% of antiprotons injected into the helium target #1$ sur-
vived as long as a few microseconds, precise spectroscopic
measurements of several transition lines both in 4He and
3He atoms have been performed at CERN #2,3$. It was ex-
pected that such longevity could be explained by the stability
model suggested by Condo #4$. According to this hypothesis,
antiprotons that occupy nearly circular orbits !with n%40)
decay by slow radiative transitions only. Further theoretical
calculations of the transition energies #5$ that brought agree-
ment between theory and experiment to about 5–10 ppm
have rigorously confirmed the Condo model.
In the recent precise measurements #6$ carried out at

CERN, a daughter state of the measured transition, in gen-
eral, is a state decaying via Auger channel. That allows to
observe a spike in the annihilation time spectra when a laser
wavelength is on-resonance. To meet the requirements of
these experiments, it is necessary to perform an accurate
study of the ‘‘Auger states.’’
Very precise nonrelativistic energies and wave functions

have been obtained for the metastable states which decay
dominantly via radiative channels #7$. In this case one can
effectively apply the Feshbach formalism, when the Hamil-
tonian is projected onto the subspace of closed channels that
still provide a sufficiently accurate zero-order approximation
for the wave function. The other advantage is that the stan-
dard variational technique may be applied. In case when the
Auger decay becomes dominant, the state should be consid-
ered as an essentially resonant one, and more sophisticated
methods are required.
In a present calculation, we apply the complex-coordinate

rotation !CCR" method #8$ to this problem.

II. THE FESHBACH FORMALISM

The exotic helium atoms under consideration consist of an
electron of mass me , a helium nucleus of mass MHe , and a

negatively charged antiproton p̄ of mass Mp̄ . The nonrela-
tivistic Hamiltonian !in atomic units e#&#me#1) reads

H#T"V

#!
1

2'1

“R
2!

1

2'2

“r
2!

1

MHe

“R•“r!
2

R
!
2

r
"

1

!R!r! ,

'1
!1#MHe

!1"MX
!1 , '2

!1#MHe
!1"me

!1 , !1"

where R and r are the position vectors of p̄ and of the elec-
tron relative to the helium nucleus, while T and V denote the
operators of kinetic and potential energy.
The wave function of a state of total angular momentum

L, its projection M onto z axis of the space-fixed frame, and
total spatial parity ( may be written as

)M
L(!R,r"# *

l"le#L
Rlrle+Y l!Y le,LMGlle

L(!R ,r ,-", !2"

where the components Glle

L((R ,r ,-) are functions of the in-
ternal degrees of freedom and are expanded as follows:

Glle

L(!R ,r ,-"#*
i#1

.

Cie
!/ iR!0 ir!1 i!R!r!. !3"

The complex parameters / i , 0 i , and 1 i are generated in a
quasirandom manner #7$:

/ i#" ⌊ ⌊ 12 i! i"1 "!p/⌋!A2!A1""A1#
"i" ⌊ 12 i! i"1 "!q/⌋!A2!!A1!""A1!# , !4"

⌊x ⌋ designates the fractional part of x, p/, and q/ are some

prime numbers, #A1 ,A2$ and #A1! ,A2!$ are real variational
intervals which need to be optimized. Parameters 0 i and 1 i

are obtained in a similar way.
To get a Feshbach-type closed-channel solution, one

needs to retain in expansion !2" components with small le
!angular momentum of an electron" and if le

(max)$2l , where
2l#l!l! is the smallest energetically possible change of the
antiproton orbital angular momentum in the Auger transition,

#He" p̄$n ,l→#He2" p̄$n!,l!"e!,
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Er!"2.847 324 042!3 " a.u.,

#/2!3.714!3 "#10"5 a.u.

The uncertainty in the calculated parameters of the resonance

is about 10"9 a.u. That is somewhat less accurate than in a

case of states with a dominance of the radiative decay mode.

The reason for that is an absence of simple criteria for choos-

ing optimal variational parameters as in case of the standard

variational principle for bound states.

From these calculations, the Auger decay rates can be

extracted. Table II contains the Auger rates obtained by the

approach expounded above, which are compared with ex-

perimental measurements and other theoretical calculations.

It is required to note that beyond the Auger decay, other

effects such as collisional quenching have influence on ex-

perimental data. As is seen from the table, our results are in

a rather good agreement with previous theoretical calcula-

tions. Especially, good agreement is with our previous calcu-

lations $14%, except for one case of (37,33) state, which has
been marked in Ref. $14% as not converging. It is worth say-
ing that in the early calculation, a different type of basis

functions has been used and a Feshbach-like formalism has

been applied to get the Auger width.

IV. LEADING-ORDER RELATIVISTIC CORRECTIONS

FOR THE RESONANT STATES

In this work, we will consider the spin-independent part

of a transition energy only. The major contribution beyond

the nonrelativistic transition energy comes from the relativ-

istic correction for the bound electron,

Erc!&2! "
pe
4

8me
3

$
4'

8me
2

$ZHe(!rHe"$Zp̄(!rp̄"%" . !9"

The other terms of the Breit Hamiltonian, which have to

be considered, are the following: the relativistic correction to

the kinetic energy for heavy particles !including the Darwin
term for an antiproton",

Ekin!"&2! pHe
4

8mHe
3

$
p
p̄

4

8m
p̄

3 "
Zp̄

8m
p̄

24'(!rp̄"" ; !10"

the retardation !or the transverse photon exchange",
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i% j
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r i j
3 " ; !11"

and the nuclear finite-size correction,

EFSC!)
2'Zi!Ri /a0"

2

3
*(!ri"+, !12"

where R is the root-mean-square radius of the nuclear charge

distribution. The rms radius for the helium nucleus and anti-

proton is, respectively, R(4He)!1.673(1) fm, R( p̄)

!0.862(12) fm.
The last three contributions are less than the leading con-

tribution from Eq. !9" by three or four orders of magnitude.
That means that they can be calculated using the closed-

channel zero-order wave function, since a relative accuracy

of ,10"4 is sufficient for these corrections. On the contrary,

the leading contribution requires more accurate zero-order

approximation, which can be obtained within the framework

of the complex-coordinate rotation approach.

In this case a perturbation theory has to be formulated,

which can be applied to resonant states. The relevant theory

is provided by the theorem proved by Simon $17%.
Theorem. Let H be a three-body Hamiltonian with the

Coulomb pairwise interaction, and W(-) be a dilatation ana-
lytic perturbation. Let E0 be an isolated simple resonance

FIG. 1. !Color online" Rotational paths for the (38,33) state of
4He$ p̄ . The point on the plot where the paths are nearly stationary

determines a position of the resonance on the complex plane. Pa-

rameters of the resonance for this state derived from the plot are

Er!"2.847 324 042(3) a.u. and #/2!3.714(3)#10"5 a.u.

TABLE II. Comparison of theoretical Auger decay rates .A and experimentally measured decay rates !in

s"1) for the 4He$ p̄ atom.

State /l Expt. $13% $14% $15% $16% CCR

!38,33" 2 3.85(26)#1011 3.1#1011 3#1011 3.08#1011 3.071(3)#1011

!37,33" 3 1.11(16)#1011 5.7#109 3#1010 4.41#1010 4.21(2)#1010

!38,34" 3 1.11(7)#108 1.3#108 1.4#108 1.344(4)#108

!34,32" 3 1.45(16)#108 2.2#108 2.3#108 1.84#108 2.260(3)#108
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states in the antiprotonic helium atoms, which decay predominantly via Auger transitions, by using the

complex-coordinate rotation !CCR" method. Special attention is paid to relativistic corrections for the bound
electron related to the Breit interaction. These corrections have been calculated using the CCR wave functions,

which are square integrable. Some higher-order relativistic and QED effects have been included into consid-

eration to get precise theoretical values for transition frequencies.
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I. INTRODUCTION

Metastable states of an exotic atom He" p̄ were of consid-
erable interest in the past years. After first observation at
KEK of the delayed annihilation phenomena, when about
3.6% of antiprotons injected into the helium target #1$ sur-
vived as long as a few microseconds, precise spectroscopic
measurements of several transition lines both in 4He and
3He atoms have been performed at CERN #2,3$. It was ex-
pected that such longevity could be explained by the stability
model suggested by Condo #4$. According to this hypothesis,
antiprotons that occupy nearly circular orbits !with n%40)
decay by slow radiative transitions only. Further theoretical
calculations of the transition energies #5$ that brought agree-
ment between theory and experiment to about 5–10 ppm
have rigorously confirmed the Condo model.
In the recent precise measurements #6$ carried out at

CERN, a daughter state of the measured transition, in gen-
eral, is a state decaying via Auger channel. That allows to
observe a spike in the annihilation time spectra when a laser
wavelength is on-resonance. To meet the requirements of
these experiments, it is necessary to perform an accurate
study of the ‘‘Auger states.’’
Very precise nonrelativistic energies and wave functions

have been obtained for the metastable states which decay
dominantly via radiative channels #7$. In this case one can
effectively apply the Feshbach formalism, when the Hamil-
tonian is projected onto the subspace of closed channels that
still provide a sufficiently accurate zero-order approximation
for the wave function. The other advantage is that the stan-
dard variational technique may be applied. In case when the
Auger decay becomes dominant, the state should be consid-
ered as an essentially resonant one, and more sophisticated
methods are required.
In a present calculation, we apply the complex-coordinate

rotation !CCR" method #8$ to this problem.

II. THE FESHBACH FORMALISM

The exotic helium atoms under consideration consist of an
electron of mass me , a helium nucleus of mass MHe , and a

negatively charged antiproton p̄ of mass Mp̄ . The nonrela-
tivistic Hamiltonian !in atomic units e#&#me#1) reads
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where R and r are the position vectors of p̄ and of the elec-
tron relative to the helium nucleus, while T and V denote the
operators of kinetic and potential energy.
The wave function of a state of total angular momentum

L, its projection M onto z axis of the space-fixed frame, and
total spatial parity ( may be written as
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The complex parameters / i , 0 i , and 1 i are generated in a
quasirandom manner #7$:

/ i#" ⌊ ⌊ 12 i! i"1 "!p/⌋!A2!A1""A1#
"i" ⌊ 12 i! i"1 "!q/⌋!A2!!A1!""A1!# , !4"

⌊x ⌋ designates the fractional part of x, p/, and q/ are some

prime numbers, #A1 ,A2$ and #A1! ,A2!$ are real variational
intervals which need to be optimized. Parameters 0 i and 1 i

are obtained in a similar way.
To get a Feshbach-type closed-channel solution, one

needs to retain in expansion !2" components with small le
!angular momentum of an electron" and if le

(max)$2l , where
2l#l!l! is the smallest energetically possible change of the
antiproton orbital angular momentum in the Auger transition,
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The uncertainty in the calculated parameters of the resonance

is about 10"9 a.u. That is somewhat less accurate than in a

case of states with a dominance of the radiative decay mode.

The reason for that is an absence of simple criteria for choos-

ing optimal variational parameters as in case of the standard

variational principle for bound states.

From these calculations, the Auger decay rates can be

extracted. Table II contains the Auger rates obtained by the

approach expounded above, which are compared with ex-

perimental measurements and other theoretical calculations.

It is required to note that beyond the Auger decay, other

effects such as collisional quenching have influence on ex-

perimental data. As is seen from the table, our results are in

a rather good agreement with previous theoretical calcula-

tions. Especially, good agreement is with our previous calcu-

lations $14%, except for one case of (37,33) state, which has
been marked in Ref. $14% as not converging. It is worth say-
ing that in the early calculation, a different type of basis

functions has been used and a Feshbach-like formalism has

been applied to get the Auger width.

IV. LEADING-ORDER RELATIVISTIC CORRECTIONS

FOR THE RESONANT STATES

In this work, we will consider the spin-independent part

of a transition energy only. The major contribution beyond

the nonrelativistic transition energy comes from the relativ-

istic correction for the bound electron,
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where R is the root-mean-square radius of the nuclear charge

distribution. The rms radius for the helium nucleus and anti-

proton is, respectively, R(4He)!1.673(1) fm, R( p̄)

!0.862(12) fm.
The last three contributions are less than the leading con-

tribution from Eq. !9" by three or four orders of magnitude.
That means that they can be calculated using the closed-

channel zero-order wave function, since a relative accuracy

of ,10"4 is sufficient for these corrections. On the contrary,

the leading contribution requires more accurate zero-order

approximation, which can be obtained within the framework

of the complex-coordinate rotation approach.

In this case a perturbation theory has to be formulated,

which can be applied to resonant states. The relevant theory

is provided by the theorem proved by Simon $17%.
Theorem. Let H be a three-body Hamiltonian with the

Coulomb pairwise interaction, and W(-) be a dilatation ana-
lytic perturbation. Let E0 be an isolated simple resonance

FIG. 1. !Color online" Rotational paths for the (38,33) state of
4He$ p̄ . The point on the plot where the paths are nearly stationary

determines a position of the resonance on the complex plane. Pa-

rameters of the resonance for this state derived from the plot are

Er!"2.847 324 042(3) a.u. and #/2!3.714(3)#10"5 a.u.

TABLE II. Comparison of theoretical Auger decay rates .A and experimentally measured decay rates !in

s"1) for the 4He$ p̄ atom.

State /l Expt. $13% $14% $15% $16% CCR

!38,33" 2 3.85(26)#1011 3.1#1011 3#1011 3.08#1011 3.071(3)#1011

!37,33" 3 1.11(16)#1011 5.7#109 3#1010 4.41#1010 4.21(2)#1010

!38,34" 3 1.11(7)#108 1.3#108 1.4#108 1.344(4)#108

!34,32" 3 1.45(16)#108 2.2#108 2.3#108 1.84#108 2.260(3)#108
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add relativistic correction (~100 ppm)
V.I. Korobov, D.D. Bakalov, Phys. Rev. Lett. 79 (1997) 3379.
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and the one-loop vacuum polarization:

Evp!
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The only quantity that needs numerical evaluation is the

Bethe logarithm, which arises from the ultrasoft photon con-

tribution and can be expressed as )21,22*

ln
k0

R"
!

#J%H"E0&ln)%H"E0&/R"*J'
#J%H"E0&J'

,

where J!+ iz ivi!+ iz ipi /mi is a nonrelativistic electric cur-

rent operator for a dynamical system. The denominator can

be easily expanded:

#0%J%E0"H &J%0'!"#0%J)H ,J*%0'/2

!2(! z1z2# z1m1

"
z2

m2
$ 2#$%r12&'

#z1z3# z1m1

"
z3

m3
$ 2#$%r13&'

#z2z3# z2m2

"
z3

m3
$ 2#$%r23&'" .

The numerical evaluation of the Bethe logarithm was carried

out following the scheme used in Ref. )23* and is based on
the closed-channel variational approximation for the zero-

order wave function.

The m!5 order recoil corrections )20* are smaller than
error bars in calculated values of the leading-order terms and

have not been included into consideration.

The main results of this work are summarized in Tables

IV and V, the nonrelativistic energies and expectation values

of various operators required for the determination of transi-

tion energies. For the helium-4 case, one state of a multipo-

larity ,l!4 is presented, namely, the (32,31) state. This is
because it was suspected that this state has an anomalously

small Auger lifetime due to a configuration mixture effect

)15*, when the closed-channel state %with le!0) is strongly
coupled with excited electron configurations. As is seen from

this calculation, which includes excited electron configura-

tions in the variational trial function, that is not the case. The

numerical uncertainty in the nonrelativistic energy is pointed

out in parentheses as an uncertainty in the last digit.

Table VI shows contribution of different relativistic and

QED corrections to the final energy difference of the

(37,34)→(38,33) transition. As already mentioned, the lead-

ing contribution comes from the relativistic Breit correction

for the bound electron. The next to leading is the bound

electron self-energy. Recoil and finite size corrections are

almost negligible in comparison with uncertainty. It is note-

TABLE V. Multipolarities of the Auger transition ,l , nonrelativistic energies Enr %in atomic units&, Auger
widths - %in atomic units&, expectation values of operators pe

4 , $(rHe), and $(rp̄) for the Auger states of the
3He# p̄ atom.

State ,l Enr -/2 pe
4 $(rHe) $(rp̄) .(n ,l)

%38,33& 3 "2.7562177355(3) 3.38$10"8 52.2796 1.71296 0.04549 4.4279

%37,33& 3 "2.82196302536(3) 4.26$10"9 48.6427 1.60404 0.05369 4.4414

%37,32& 2 "2.83307489(1) 8.12$10"6 49.2841 1.62261 0.05220 4.4369

%36,32& 3 "2.9087979751(1) 5.8$10"9 45.6212 1.51328 0.06138 4.4527

%35,32& 3 "2.99540435174(2) 8.17$10"9 41.6764 1.39520 0.07159 4.4712

%35,31& 2 "3.00689318(1) 1.767$10"5 42.4005 1.41545 0.06868 4.4648

%34,31& 3 "3.10612885528(1) 8.1$10"10 38.6976 1.30553 0.08006 4.4858

%33,31& 3 "3.21950724327(1) 8.28$10"9 34.7441 1.18716 0.09174 4.5110

%33,30& 2 "3.230815869(2) 1.126$10"5 35.8104 1.21828 0.08832 4.498

%30,29& 3 "3.685380849484(3) 1.469$10"8 25.9971 0.92377 0.12145 4.57885

TABLE VI. Contributions from different relativistic and QED

corrections to the energy of the (37,34)→(38,33) transition.

Enr ! 420 158 166%20&
Erc ! "43 753%30&

Erc-QED ! 360

Ese ! 5 929%5&
Evp ! "189

Ekin ! "4

Eret ! "65

E fsc ! 4

Etotal ! 420 120 448%40&
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In the present paper, we perform a systematic calculation of the complex resonance energy for metastable

states in the antiprotonic helium atoms, which decay predominantly via Auger transitions, by using the

complex-coordinate rotation !CCR" method. Special attention is paid to relativistic corrections for the bound
electron related to the Breit interaction. These corrections have been calculated using the CCR wave functions,

which are square integrable. Some higher-order relativistic and QED effects have been included into consid-

eration to get precise theoretical values for transition frequencies.

DOI: 10.1103/PhysRevA.67.062501 PACS number!s": 36.10.!k, 31.15.Ar

I. INTRODUCTION

Metastable states of an exotic atom He" p̄ were of consid-
erable interest in the past years. After first observation at
KEK of the delayed annihilation phenomena, when about
3.6% of antiprotons injected into the helium target #1$ sur-
vived as long as a few microseconds, precise spectroscopic
measurements of several transition lines both in 4He and
3He atoms have been performed at CERN #2,3$. It was ex-
pected that such longevity could be explained by the stability
model suggested by Condo #4$. According to this hypothesis,
antiprotons that occupy nearly circular orbits !with n%40)
decay by slow radiative transitions only. Further theoretical
calculations of the transition energies #5$ that brought agree-
ment between theory and experiment to about 5–10 ppm
have rigorously confirmed the Condo model.
In the recent precise measurements #6$ carried out at

CERN, a daughter state of the measured transition, in gen-
eral, is a state decaying via Auger channel. That allows to
observe a spike in the annihilation time spectra when a laser
wavelength is on-resonance. To meet the requirements of
these experiments, it is necessary to perform an accurate
study of the ‘‘Auger states.’’
Very precise nonrelativistic energies and wave functions

have been obtained for the metastable states which decay
dominantly via radiative channels #7$. In this case one can
effectively apply the Feshbach formalism, when the Hamil-
tonian is projected onto the subspace of closed channels that
still provide a sufficiently accurate zero-order approximation
for the wave function. The other advantage is that the stan-
dard variational technique may be applied. In case when the
Auger decay becomes dominant, the state should be consid-
ered as an essentially resonant one, and more sophisticated
methods are required.
In a present calculation, we apply the complex-coordinate

rotation !CCR" method #8$ to this problem.

II. THE FESHBACH FORMALISM

The exotic helium atoms under consideration consist of an
electron of mass me , a helium nucleus of mass MHe , and a

negatively charged antiproton p̄ of mass Mp̄ . The nonrela-
tivistic Hamiltonian !in atomic units e#&#me#1) reads

H#T"V

#!
1

2'1

“R
2!

1

2'2

“r
2!

1

MHe

“R•“r!
2

R
!
2

r
"

1

!R!r! ,

'1
!1#MHe

!1"MX
!1 , '2

!1#MHe
!1"me

!1 , !1"

where R and r are the position vectors of p̄ and of the elec-
tron relative to the helium nucleus, while T and V denote the
operators of kinetic and potential energy.
The wave function of a state of total angular momentum

L, its projection M onto z axis of the space-fixed frame, and
total spatial parity ( may be written as

)M
L(!R,r"# *

l"le#L
Rlrle+Y l!Y le,LMGlle

L(!R ,r ,-", !2"

where the components Glle

L((R ,r ,-) are functions of the in-
ternal degrees of freedom and are expanded as follows:

Glle

L(!R ,r ,-"#*
i#1

.

Cie
!/ iR!0 ir!1 i!R!r!. !3"

The complex parameters / i , 0 i , and 1 i are generated in a
quasirandom manner #7$:

/ i#" ⌊ ⌊ 12 i! i"1 "!p/⌋!A2!A1""A1#
"i" ⌊ 12 i! i"1 "!q/⌋!A2!!A1!""A1!# , !4"

⌊x ⌋ designates the fractional part of x, p/, and q/ are some

prime numbers, #A1 ,A2$ and #A1! ,A2!$ are real variational
intervals which need to be optimized. Parameters 0 i and 1 i

are obtained in a similar way.
To get a Feshbach-type closed-channel solution, one

needs to retain in expansion !2" components with small le
!angular momentum of an electron" and if le

(max)$2l , where
2l#l!l! is the smallest energetically possible change of the
antiproton orbital angular momentum in the Auger transition,

#He" p̄$n ,l→#He2" p̄$n!,l!"e!,
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Er!"2.847 324 042!3 " a.u.,

#/2!3.714!3 "#10"5 a.u.

The uncertainty in the calculated parameters of the resonance

is about 10"9 a.u. That is somewhat less accurate than in a

case of states with a dominance of the radiative decay mode.

The reason for that is an absence of simple criteria for choos-

ing optimal variational parameters as in case of the standard

variational principle for bound states.

From these calculations, the Auger decay rates can be

extracted. Table II contains the Auger rates obtained by the

approach expounded above, which are compared with ex-

perimental measurements and other theoretical calculations.

It is required to note that beyond the Auger decay, other

effects such as collisional quenching have influence on ex-

perimental data. As is seen from the table, our results are in

a rather good agreement with previous theoretical calcula-

tions. Especially, good agreement is with our previous calcu-

lations $14%, except for one case of (37,33) state, which has
been marked in Ref. $14% as not converging. It is worth say-
ing that in the early calculation, a different type of basis

functions has been used and a Feshbach-like formalism has

been applied to get the Auger width.

IV. LEADING-ORDER RELATIVISTIC CORRECTIONS

FOR THE RESONANT STATES

In this work, we will consider the spin-independent part

of a transition energy only. The major contribution beyond

the nonrelativistic transition energy comes from the relativ-

istic correction for the bound electron,

Erc!&2! "
pe
4

8me
3

$
4'

8me
2

$ZHe(!rHe"$Zp̄(!rp̄"%" . !9"

The other terms of the Breit Hamiltonian, which have to

be considered, are the following: the relativistic correction to

the kinetic energy for heavy particles !including the Darwin
term for an antiproton",

Ekin!"&2! pHe
4

8mHe
3

$
p
p̄

4

8m
p̄

3 "
Zp̄

8m
p̄

24'(!rp̄"" ; !10"

the retardation !or the transverse photon exchange",

Eret!"&2)
i% j

ZiZ j

2mim j
! pi•pjr i j

$
ri j!ri j•pi"pj

r i j
3 " ; !11"

and the nuclear finite-size correction,

EFSC!)
2'Zi!Ri /a0"

2

3
*(!ri"+, !12"

where R is the root-mean-square radius of the nuclear charge

distribution. The rms radius for the helium nucleus and anti-

proton is, respectively, R(4He)!1.673(1) fm, R( p̄)

!0.862(12) fm.
The last three contributions are less than the leading con-

tribution from Eq. !9" by three or four orders of magnitude.
That means that they can be calculated using the closed-

channel zero-order wave function, since a relative accuracy

of ,10"4 is sufficient for these corrections. On the contrary,

the leading contribution requires more accurate zero-order

approximation, which can be obtained within the framework

of the complex-coordinate rotation approach.

In this case a perturbation theory has to be formulated,

which can be applied to resonant states. The relevant theory

is provided by the theorem proved by Simon $17%.
Theorem. Let H be a three-body Hamiltonian with the

Coulomb pairwise interaction, and W(-) be a dilatation ana-
lytic perturbation. Let E0 be an isolated simple resonance

FIG. 1. !Color online" Rotational paths for the (38,33) state of
4He$ p̄ . The point on the plot where the paths are nearly stationary

determines a position of the resonance on the complex plane. Pa-

rameters of the resonance for this state derived from the plot are

Er!"2.847 324 042(3) a.u. and #/2!3.714(3)#10"5 a.u.

TABLE II. Comparison of theoretical Auger decay rates .A and experimentally measured decay rates !in

s"1) for the 4He$ p̄ atom.

State /l Expt. $13% $14% $15% $16% CCR

!38,33" 2 3.85(26)#1011 3.1#1011 3#1011 3.08#1011 3.071(3)#1011

!37,33" 3 1.11(16)#1011 5.7#109 3#1010 4.41#1010 4.21(2)#1010

!38,34" 3 1.11(7)#108 1.3#108 1.4#108 1.344(4)#108

!34,32" 3 1.45(16)#108 2.2#108 2.3#108 1.84#108 2.260(3)#108

METASTABLE STATES IN THE ANTIPROTONIC . . . PHYSICAL REVIEW A 67, 062501 !2003"

062501-3

add self energy (~15 ppm)

Bethe logarithm
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Theory vs experiment
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Figure 7. Comparison of measured and calculated transition frequencies for the (39, 35) →
(38, 34) transition of p̄4He+.

magnetic moment is much larger than the spin one, and the angular momentum coupling
scheme proceeds as follows:

F = Lp̄ + Sē,

J = F + Sp̄ = Lp̄ + Sē + Sp̄. (26)

Figure 8 (left) shows the resulting hyperfine splitting of p̄4He+. The dominant splitting
arising from the interaction of the antiproton angular momentum and the electron spin leads
to a splitting into a doublet F + and F− and is called a hyperfine (HF) splitting. The antiproton
spin leads to a further, smaller splitting into a quadruplet J ++, J +−, J−+ and J−− called
superhyperfine (SHF) splitting.

In the case of p̄3He+, each level splits into an octet as shown in figure 8 (right), due to an
additional coupling to the 3He (helion) nuclear spin Sh [96]:

F = Lp̄ + Sē

G = F + Sh = Lp̄ + Sē + Sh

J = G + Sp̄ = Lp̄ + Sē + Sh + Sp̄. (27)

Although the helion magnetic moment is smaller than the antiproton one, its overlap with the
electron cloud is larger and therefore the coupling scheme shown above is more stable.

The hyperfine structure has been first calculated by Bakalov and Korobov (BK) [97] who
showed that the HF splitting is in the order of νHF = 10–15 GHz, while the SHF slitting is
about two orders of magnitude smaller: νSHF = 0.1–0.3 GHz. Note that in laser transitions,
it is the difference between the two hyperfine splittings which comes into play. In the case
of (n, ℓ) → (n + 1, ℓ − 1) transitions (unfavored transitions), the splitting is of the order
of 1.5 Gz and can be partially resolved in the laser resonance profiles, while in the case of
(n, ℓ) → (n − 1, ℓ − 1) transitions (favored transitions) it is less than 0.5 GHz and hence
cannot be easily resolved. In order to determine the hyperfine splittings, it is necessary to
induce microwave transitions as indicated by wavy lines in figure 8, as discussed in detail in
section 5.

LEAR ← →AD
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Figure 14. Delayed annihilation time spectrum measured using a pulsed antiproton beam [132],
with the resonance transition (n, ℓ) = (39, 35) → (38, 34) at wavelength λ = 597.3 nm induced
at t = 1.6 µs (a). The hatched area represents the estimated contribution of π+ → µ+ → e+

decay. The background-free spectrum measured using a continuous antiproton beam at the same
target conditions, the spike induced at the same timing (b).

Now among the many E1 transitions involving p̄4He+ states of n ! 40, the following two
types (some of which are shown in figure 15) are most amiable to laser spectroscopy.

• (n, ℓ) → (n − 1, ℓ − 1) (i.e. $v = 0), which lie in the wavelength region
λ = 264.7–776.1 nm. We call these ‘favored’ transitions, since they have the highest
rates corresponding to transition dipole moments µif = 0.2–0.8 D (1 Debye = 10−18 esu)
[76, 80, 133].

• (n, ℓ) → (n + 1, ℓ − 1), characterized by $v = 2, λ = 395.6–1154.8 nm and
µif = 0.02–0.1 D. The partial rates of these ‘unfavored’ transitions are ∼100 times smaller
than in the favored case.

Note that the dipole moment µif is related to the spontaneous radiation rate 1/τ by the equation

1
τ

=
ω3µ2

if

3πεh̄c3
, (34)

wherein ω = 2πc/λ denotes the optical angular frequency of the laser and ε, h̄ and c the
dielectric constant of vacuum, the Planck constant divided by 2π and the speed of light.

The expected time evolution of the antiproton populations in the resonant parent
(n, ℓ) = (39, 35) and daughter (38, 34) states under laser irradiation will reveal the laser
intensity needed to drive the transition within the microsecond-scale lifetime of p̄He+. To
calculate this, we integrate the optical Bloch equation for a single-photon transition induced

positrons (i.e., those produced by !+→"+→e+ decay) [36],
which could not be eliminated or accurately quantified due to
the analog nature of the measurement (see Sec. II). This
made it difficult to estimate the absolute number of antipro-
tons populating the p He+ states, normalized to the total num-
ber of stopped antiprotons. In experiments using the continu-
ous antiproton beam, p He+ were produced in an event-by-
event manner, allowing the antiprotons occupying individual
metastable states to be accurately counted under background-
free conditions. Due to technical reasons (see Sec. II), how-
ever, the laser could not be fired at time regions
t#1.6–1.8 "s [14]. We therefore used the pulsed antiproton
beam to measure the relative values of the populations at
early times, then relied on spectra obtained using the con-
tinuous beam to correctly normalize them.
We recently used the AD to study the primary populations

of 20 metastable states in the isotopes p 4He and p 3He [12].
The region n=37–40 accounted for nearly all of the ob-
served 3% fraction of antiprotons captured into metastable
states, which agreed with the estimation of Eq. (1). Unlike
LEAR, however, the AD can produce only a pulsed antipro-
ton beam, with a significant !+→"+→e+ background in the
measured p He+ spectra. The work of Ref. [12], therefore,
critically depended on comparisons with the data and analy-
sis reported here to obtain accurate values on the primary
populations.
In a previous paper [17], the shortening of the state life-

times caused by collisions between p He+ and helium atoms
was studied. State !39,35" had a lifetime $!39,35"
=1.5±0.1 "s, which was relatively unchanged between
atomic densities of the helium target %=2&1020 and
1.9&1022 cm−3. In contrast, the lifetime of state !37,34"

decreased from $!37,34"=1.2 "s at %=1&1020 cm−3 to
0.13 "s at 5.8&1021 cm−3. In the present work, we mea-
sured the effect of collisions on the population evolution of
states in the v=2 and 3 cascades, at densities between %=2
&1020 and 1.2&1022 cm−3. Systematic measurements of the
delayed annihilation time spectrum undisturbed by laser irra-
diation were also made at densities %=6&1020−2
&1022 cm−3.
The deduction and normalization of the primary popula-

tions is a complicated task, but it has been done and
presented here. The paper is organized in the following
way. Section II describes the laser spectroscopy experiments
of p He+ using pulsed and continuous antiproton beams
in some detail. Precise measurements of populations depend
on a variety of factors, the estimations of which are pre-
sented in Sec. III. The experimental data on the v=2 and 3
metastable cascades of p He+ are described in Sec. IV.
Finally, some discussions and conclusions are given in
Secs. V and VI.

FIG. 3. Schematic layout of the experiments using pulsed (top)
and continuous (bottom) antiproton beams.

FIG. 2. Delayed annihilation time spectrum measured using a
pulsed antiproton beam, with the resonance transition !n ,!"
= !39,35"→ !38,34" at wavelength '=597.3 nm induced at t
=1.6 "s (a). The hatched area represents the estimated contribution
of !+→"+→e+ decay. The background-free spectrum was mea-
sured using a continuous antiproton beam at the same target condi-
tions, the spike was induced at the same timing (b).

POPULATIONS AND LIFETIMES IN THE v=n−!−1=2… PHYSICAL REVIEW A 70, 012504 (2004)
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Figure 14. Delayed annihilation time spectrum measured using a pulsed antiproton beam [132],
with the resonance transition (n, ℓ) = (39, 35) → (38, 34) at wavelength λ = 597.3 nm induced
at t = 1.6 µs (a). The hatched area represents the estimated contribution of π+ → µ+ → e+

decay. The background-free spectrum measured using a continuous antiproton beam at the same
target conditions, the spike induced at the same timing (b).

Now among the many E1 transitions involving p̄4He+ states of n ! 40, the following two
types (some of which are shown in figure 15) are most amiable to laser spectroscopy.

• (n, ℓ) → (n − 1, ℓ − 1) (i.e. $v = 0), which lie in the wavelength region
λ = 264.7–776.1 nm. We call these ‘favored’ transitions, since they have the highest
rates corresponding to transition dipole moments µif = 0.2–0.8 D (1 Debye = 10−18 esu)
[76, 80, 133].

• (n, ℓ) → (n + 1, ℓ − 1), characterized by $v = 2, λ = 395.6–1154.8 nm and
µif = 0.02–0.1 D. The partial rates of these ‘unfavored’ transitions are ∼100 times smaller
than in the favored case.

Note that the dipole moment µif is related to the spontaneous radiation rate 1/τ by the equation

1
τ

=
ω3µ2

if

3πεh̄c3
, (34)

wherein ω = 2πc/λ denotes the optical angular frequency of the laser and ε, h̄ and c the
dielectric constant of vacuum, the Planck constant divided by 2π and the speed of light.

The expected time evolution of the antiproton populations in the resonant parent
(n, ℓ) = (39, 35) and daughter (38, 34) states under laser irradiation will reveal the laser
intensity needed to drive the transition within the microsecond-scale lifetime of p̄He+. To
calculate this, we integrate the optical Bloch equation for a single-photon transition induced
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positrons (i.e., those produced by !+→"+→e+ decay) [36],
which could not be eliminated or accurately quantified due to
the analog nature of the measurement (see Sec. II). This
made it difficult to estimate the absolute number of antipro-
tons populating the p He+ states, normalized to the total num-
ber of stopped antiprotons. In experiments using the continu-
ous antiproton beam, p He+ were produced in an event-by-
event manner, allowing the antiprotons occupying individual
metastable states to be accurately counted under background-
free conditions. Due to technical reasons (see Sec. II), how-
ever, the laser could not be fired at time regions
t#1.6–1.8 "s [14]. We therefore used the pulsed antiproton
beam to measure the relative values of the populations at
early times, then relied on spectra obtained using the con-
tinuous beam to correctly normalize them.
We recently used the AD to study the primary populations

of 20 metastable states in the isotopes p 4He and p 3He [12].
The region n=37–40 accounted for nearly all of the ob-
served 3% fraction of antiprotons captured into metastable
states, which agreed with the estimation of Eq. (1). Unlike
LEAR, however, the AD can produce only a pulsed antipro-
ton beam, with a significant !+→"+→e+ background in the
measured p He+ spectra. The work of Ref. [12], therefore,
critically depended on comparisons with the data and analy-
sis reported here to obtain accurate values on the primary
populations.
In a previous paper [17], the shortening of the state life-

times caused by collisions between p He+ and helium atoms
was studied. State !39,35" had a lifetime $!39,35"
=1.5±0.1 "s, which was relatively unchanged between
atomic densities of the helium target %=2&1020 and
1.9&1022 cm−3. In contrast, the lifetime of state !37,34"

decreased from $!37,34"=1.2 "s at %=1&1020 cm−3 to
0.13 "s at 5.8&1021 cm−3. In the present work, we mea-
sured the effect of collisions on the population evolution of
states in the v=2 and 3 cascades, at densities between %=2
&1020 and 1.2&1022 cm−3. Systematic measurements of the
delayed annihilation time spectrum undisturbed by laser irra-
diation were also made at densities %=6&1020−2
&1022 cm−3.
The deduction and normalization of the primary popula-

tions is a complicated task, but it has been done and
presented here. The paper is organized in the following
way. Section II describes the laser spectroscopy experiments
of p He+ using pulsed and continuous antiproton beams
in some detail. Precise measurements of populations depend
on a variety of factors, the estimations of which are pre-
sented in Sec. III. The experimental data on the v=2 and 3
metastable cascades of p He+ are described in Sec. IV.
Finally, some discussions and conclusions are given in
Secs. V and VI.

FIG. 3. Schematic layout of the experiments using pulsed (top)
and continuous (bottom) antiproton beams.

FIG. 2. Delayed annihilation time spectrum measured using a
pulsed antiproton beam, with the resonance transition !n ,!"
= !39,35"→ !38,34" at wavelength '=597.3 nm induced at t
=1.6 "s (a). The hatched area represents the estimated contribution
of !+→"+→e+ decay. The background-free spectrum was mea-
sured using a continuous antiproton beam at the same target condi-
tions, the spike was induced at the same timing (b).
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Figure 7. Comparison of measured and calculated transition frequencies for the (39, 35) →
(38, 34) transition of p̄4He+.

magnetic moment is much larger than the spin one, and the angular momentum coupling
scheme proceeds as follows:

F = Lp̄ + Sē,

J = F + Sp̄ = Lp̄ + Sē + Sp̄. (26)

Figure 8 (left) shows the resulting hyperfine splitting of p̄4He+. The dominant splitting
arising from the interaction of the antiproton angular momentum and the electron spin leads
to a splitting into a doublet F + and F− and is called a hyperfine (HF) splitting. The antiproton
spin leads to a further, smaller splitting into a quadruplet J ++, J +−, J−+ and J−− called
superhyperfine (SHF) splitting.

In the case of p̄3He+, each level splits into an octet as shown in figure 8 (right), due to an
additional coupling to the 3He (helion) nuclear spin Sh [96]:

F = Lp̄ + Sē

G = F + Sh = Lp̄ + Sē + Sh

J = G + Sp̄ = Lp̄ + Sē + Sh + Sp̄. (27)

Although the helion magnetic moment is smaller than the antiproton one, its overlap with the
electron cloud is larger and therefore the coupling scheme shown above is more stable.

The hyperfine structure has been first calculated by Bakalov and Korobov (BK) [97] who
showed that the HF splitting is in the order of νHF = 10–15 GHz, while the SHF slitting is
about two orders of magnitude smaller: νSHF = 0.1–0.3 GHz. Note that in laser transitions,
it is the difference between the two hyperfine splittings which comes into play. In the case
of (n, ℓ) → (n + 1, ℓ − 1) transitions (unfavored transitions), the splitting is of the order
of 1.5 Gz and can be partially resolved in the laser resonance profiles, while in the case of
(n, ℓ) → (n − 1, ℓ − 1) transitions (favored transitions) it is less than 0.5 GHz and hence
cannot be easily resolved. In order to determine the hyperfine splittings, it is necessary to
induce microwave transitions as indicated by wavy lines in figure 8, as discussed in detail in
section 5.

LEAR ← →AD

39



	 9 June 2017 	 	 	 Krakow	 	 	 	 	 R. Hayano

with RFQD+Comb

Antiprotonic helium and CPT invariance 2013

1998 2000 2002 2004 2006

501949.2

501949.0

501948.8

501948.6

501948.4

p4He+ (39,35)→(38,34) transition frequency (GHz)

Experiment

Theory
(Korobov)

Figure 7. Comparison of measured and calculated transition frequencies for the (39, 35) →
(38, 34) transition of p̄4He+.

magnetic moment is much larger than the spin one, and the angular momentum coupling
scheme proceeds as follows:

F = Lp̄ + Sē,

J = F + Sp̄ = Lp̄ + Sē + Sp̄. (26)

Figure 8 (left) shows the resulting hyperfine splitting of p̄4He+. The dominant splitting
arising from the interaction of the antiproton angular momentum and the electron spin leads
to a splitting into a doublet F + and F− and is called a hyperfine (HF) splitting. The antiproton
spin leads to a further, smaller splitting into a quadruplet J ++, J +−, J−+ and J−− called
superhyperfine (SHF) splitting.

In the case of p̄3He+, each level splits into an octet as shown in figure 8 (right), due to an
additional coupling to the 3He (helion) nuclear spin Sh [96]:

F = Lp̄ + Sē

G = F + Sh = Lp̄ + Sē + Sh

J = G + Sp̄ = Lp̄ + Sē + Sh + Sp̄. (27)

Although the helion magnetic moment is smaller than the antiproton one, its overlap with the
electron cloud is larger and therefore the coupling scheme shown above is more stable.

The hyperfine structure has been first calculated by Bakalov and Korobov (BK) [97] who
showed that the HF splitting is in the order of νHF = 10–15 GHz, while the SHF slitting is
about two orders of magnitude smaller: νSHF = 0.1–0.3 GHz. Note that in laser transitions,
it is the difference between the two hyperfine splittings which comes into play. In the case
of (n, ℓ) → (n + 1, ℓ − 1) transitions (unfavored transitions), the splitting is of the order
of 1.5 Gz and can be partially resolved in the laser resonance profiles, while in the case of
(n, ℓ) → (n − 1, ℓ − 1) transitions (favored transitions) it is less than 0.5 GHz and hence
cannot be easily resolved. In order to determine the hyperfine splittings, it is necessary to
induce microwave transitions as indicated by wavy lines in figure 8, as discussed in detail in
section 5.
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Contributions to the frequency of the (39, 35)→(38, 34) transition (in MHz).

Enr = 501 972 347.9
Erc = −27 525.3
Erc−qed = 233.3
Ese = 3 818.0
Evp = −122.5
Ekin = 37.3
Eexch = −34.7
Eα3−rec = 0.8
Etwo−loop = 0.9
Enuc = 2.4
Eα4 = −2.6

Etotal = 501 948 755.6(1.3) MHz
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where Q(r) is the so-called Araki–Sucher term [91, 92],
"Etwo-loop is the two-loop QED corrections
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and
"Eα4 is the order-α4 relativistic correction (with an estimated accuracy of ∼10%),

"Eα4 ≈ −α4 π

2
δ(r1). (25)

The total transition energy "Etotal is shown with two errors, the first being the uncertainty due
to as yet uncalculated contributions of order α5 ln α and higher, while the second being the
numerical uncertainty.

Theoretical [82] as well as experimental [51, 93–95] precisions have improved over the
years, as shown in figure 7. The theory improved by adding higher QED correction terms,
and by improving the numerical precision in solving the non-relativistic Hamiltonian. The
progress of experimental methods will be discussed in section 3.

2.4.3. Hyperfine splitting of the antiprotonic states. The levels of antiprotonic helium labelled
by the principal quantum number n and the total angular momentum quantum number l exhibit
a splitting which originates from the magnetic moments associated with the electron spin Se,
the antiproton orbital angular momentum Lp̄ and the antiproton spin Sp̄. The electron, which
is predominantly in its ground state (hence l = L), has a magnetic moment given by its
spin magnetic moment µe = geµBSe. The antiproton magnetic moment consists of an orbital
and a spin part µp̄ = [gp̄

ℓLp̄ + g
p̄
s Sp̄]µN, g

p̄
ℓ and g

p̄
s being the corresponding orbital and spin

g-factors. Because of the large angular momentum of p̄ in metastable states, the p̄ orbital
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The total transition energy "Etotal is shown with two errors, the first being the uncertainty due
to as yet uncalculated contributions of order α5 ln α and higher, while the second being the
numerical uncertainty.
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Ar!X" = Ar!Xn+" + nAr!e" −
Eb!X" − Eb!Xn+"

muc2 . !4"

Here Eb!X" /muc2 is the relative-atomic-mass equivalent
of the total binding energy of the Z electrons of the
atom, where Z is the atomic number !proton number",
and Eb!Xn+" /muc2 is the relative-atomic-mass equivalent
of the binding energy of the Z−n electrons of the Xn+

ion. For a fully stripped atom, that is, for n=Z, XZ+ is N,
where N represents the nucleus of the atom, and
Eb!XZ+" /muc2=0, which yields the first few equations of
Table XL in Sec. XII.B.

The binding energies Eb used in this work are the
same as those used in the 2002 adjustment; see Table IV
of CODATA-02. For tritium, which is not included
there, we use the value 1.097 185 439!107 m−1 !Ko-
tochigova, 2006". The uncertainties of the binding ener-
gies are negligible for our application.

C. Cyclotron resonance measurement of the electron relative
atomic mass Ar(e)

A value of Ar!e" is available from a Penning-trap
measurement carried out by the University of Washing-
ton group !Farnham et al., 1995"; it is used as an input
datum in the 2006 adjustment, as it was in the 2002 ad-
justment:

Ar!e" = 0.000 548 579 9111!12" #2.1 ! 10−9$ . !5"

IV. ATOMIC TRANSITION FREQUENCIES

Atomic transition frequencies in hydrogen, deute-
rium, and antiprotonic helium yield information on the
Rydberg constant, the proton and deuteron charge radii,
and the relative atomic mass of the electron. The hyper-
fine splitting in hydrogen and fine-structure splitting in
helium do not yield a competitive value of any constant
at the current level of accuracy of the relevant experi-
ment and/or theory. All of these topics are discussed in
this section.

A. Hydrogen and deuterium transition frequencies, the
Rydberg constant R!, and the proton and deuteron charge
radii Rp, Rd

The Rydberg constant is related to other constants by
the definition

R" = #2mec
2h

. !6"

It can be accurately determined by comparing measured
resonant frequencies of transitions in hydrogen !H" and
deuterium !D" to the theoretical expressions for the en-
ergy level differences in which it is a multiplicative fac-
tor.

1. Theory relevant to the Rydberg constant

The theory of the energy levels of hydrogen and deu-
terium atoms relevant to the determination of the Ryd-
berg constant R", based on measurements of transition
frequencies, is summarized in this section. Complete in-
formation necessary to determine the theoretical values
of the relevant energy levels is provided, with an empha-
sis on results that have become available since the pre-
vious adjustment described in CODATA-02. For brevity,
references to earlier work, which can be found in Eides
et al. !2001b" for example, are not included here.

An important consideration is that the theoretical val-
ues of the energy levels of different states are highly
correlated. For example, for S states, the uncalculated
terms are primarily of the form of an unknown common
constant divided by n3. This fact is taken into account by
calculating covariances between energy levels in addi-
tion to the uncertainties of the individual levels as dis-
cussed in detail in Sec. IV.A.1.l. In order to take these
correlations into account, we distinguish between com-
ponents of uncertainty that are proportional to 1/n3, de-
noted by u0, and components of uncertainty that are es-
sentially random functions of n, denoted by un.

The energy levels of hydrogenlike atoms are deter-
mined mainly by the Dirac eigenvalue, QED effects
such as self energy and vacuum polarization, and nuclear
size and motion effects, all of which are summarized in
the following sections.

a. Dirac eigenvalue

The binding energy of an electron in a static Coulomb
field !the external electric field of a point nucleus of
charge Ze with infinite mass" is determined predomi-
nantly by the Dirac eigenvalue

ED = f!n,j"mec2, !7"

where

f!n,j" = %1 +
!Z#"2

!n − $"2&−1/2

, !8"

n and j are the principal quantum number and total an-
gular momentum of the state, respectively, and

TABLE VI. The variances, covariances, and correlation coef-
ficients of the University of Washington values of the relative
atomic masses of deuterium, helium 4, and oxygen 16. The
numbers in bold above the main diagonal are 1020 times the
numerical values of the covariances, the numbers in bold on
the main diagonal are 1020 times the numerical values of the
variances, and the numbers in italics below the main diagonal
are the correlation coefficients.

Ar!2H" Ar!4He" Ar!16O"

Ar!2H" 0.6400 0.0631 0.1276
Ar!4He" 0.1271 0.3844 0.2023
Ar!16O" 0.0886 0.1813 3.2400

639Mohr, Taylor, and Newell: CODATA recommended values of the fundamental …
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p̅He 2-photon spectroscopy

‘chirp’, induced during this amplification are an important source of
systematic error5,13–15 and were measured using a heterodyne spectro-
meter11. The precision of this laser system was verified11 to be
,1.4 3 1029 by measuring some two-photon transition frequencies
in rubidium and caesium at respective wavelengths of 778 and 822 nm.

It was essential to use helium targets of low enough density for the
relaxations caused by collisions between !pHe1 and other helium atoms
that could inhibit the two-photon transition to remain small. This
implied the use of antiprotons of low enough energy to be stopped
in such targets within the volume irradiated by the 2-cm-diameter
laser beams. We used the CERN Antiproton Decelerator to produce
200-ns-long, pulsed beams of 5.3-MeV antiprotons (Fig. 1c). Every
100 s, we decelerated about 7 3 106 antiprotons to ,70 keV by allow-
ing them to pass through a 3-m-long, radio-frequency quadrupole
decelerator4. The beam was then transported by an achromatic,
magnetic beamline to the target chamber filled with 4He or 3He gas
at temperature T < 15 K and pressure P 5 0.8–3 mbar. At a time 2–8ms
after the resulting formation of !pHe1, two horizontally polarized
laser beams of energy density ,1 mJ cm22 were simultaneously
fired through the target in opposite directions perpendicular to the
antiproton beam.

Figure 1b shows the Cherenkov signal (solid blue line) as a function
of time elapsed since the arrival of antiproton pulses at the target,
averaged over 30 pulses, which corresponds to ,107 !pHe1 atoms.
Laser beams of wavelengths c/n1 5 417 and c/n2 5 372 nm were tuned
to the two-photon transition (36, 34) R (34, 32) such that the virtual
intermediate state lay Dnd < 6 GHz away from the real state (35, 33).
The above-mentioned annihilation spike corresponding to the two-
photon transition can be seen at t 5 2.4ms. When the 417-nm laser
alone was tuned off the two-photon resonance condition slightly (by
0.5 GHz; Fig. 1b, red line), the signal abruptly disappeared as expected.
This indicates that the background from any Doppler-broadened,
single-photon transitions is very small.

Figure 2b shows the resonance profile measured by detuning the laser
of frequency n2 by Dnd 5 26 GHz and scanning the laser of frequency
n1 between 21 and 1 GHz around the two-photon resonance defined
by n1 1 n2, which corresponds to a wavelength of ,197.0 nm. The

measured linewidth (,200 MHz) represents the highest spectral reso-
lution achieved so far for an antiprotonic atom, and is more than an
order of magnitude smaller than the Doppler- and power-broadened
profile of the corresponding single-photon resonance (36, 34) R (35,
33) (Fig. 2a) measured under the same target and laser power condi-
tions. This allows us to determine the atomic transition frequency with a
correspondingly higher precision. The remaining width is caused by the
hyperfine structure; the 3-ns Auger lifetime of the daughter state, (34,
32); and power broadening effects.

The two-peak structure with a frequency interval of 500 MHz arises
from the dominant interaction between the electron spin and the
orbital angular momentum of the antiproton. Each peak is a super-
position of two hyperfine lines caused by a further interaction between
the antiproton and electron spins. The asymmetric structure is repro-
duced by line shape calculations9 (see below) and is due to the 25-MHz
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!p4He1 via a virtual intermediate state of the antiproton tuned close to the real
state (35, 33). b, Cherenkov detectors revealed the annihilation of !p4He1

following the nonlinear two-photon resonance induced at t 5 2.4ms (blue).
When one of the lasers was detuned from resonance frequency by 2500 MHz,
the two-photon signal abruptly disappeared (red). PMT, photomultiplier tube.

c, The !p4He1 atoms were synthesized by decelerating a beam of antiprotons
using a radio-frequency quadrupole, and allowing them to stop in a cryogenic
helium target. Two Ti:sapphire pulsed lasers whose optical frequencies were
stabilized to a femtosecond frequency comb were used to carry out the
spectroscopy. CW, continuous wave; RF, radio frequency; SHG, second-
harmonic generation; THG, third-harmonic generation; ULE, ultralow
expansion.
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mp/me vs mp̅/me

we obtained the ratio M!p/me 5 1,836.1526736(23), which yielded the
best agreement between theoretical and experimental frequencies. The
uncertainty, 2.3 3 1026, includes the statistical and systematic experi-
mental contributions, respectively 1.8 3 1026 and 1.2 3 1026, and the
theoretical contribution, 1.0 3 1026. This is in good agreement with the
four previous measurements of the proton-to-electron mass ratio21–24

(Fig. 4) and has a similar experimental precision. The most precise
value for protons is currently obtained by comparing the g factors of
hydrogen-like 12C51 and 16O71 ions measured by the GSI-Mainz
collaboration23,24 with high-field QED calculations. The CODATA
recommended value for Mp/me is taken as the average over these
experiments. This ratio may be determined to higher precision in the
future by laser spectroscopy experiments25 on H2

1 and HD1 ions. By
assuming19 CPT invariance, such that M!p 5 Mp 5 1.00727646677(10) u,
we can further derive the value of me 5 0.0005485799091(7) u for the
electron mass from our !pHe1 result.

The equalities between the antiproton and proton charges and
masses, formulated respectively as dQ 5 (Qp 2 Q!p)/Qp and dM 5
(Mp 2 M!p)/Mp, have been constrained26,27 to within 2 3 1025. This
was achieved by combining X-ray spectroscopic data on antiprotonic
atoms (/Q2

!pM!p) with the cyclotron frequency (/Q!p=M!p) of anti-
protons confined in Penning traps and measured to a higher precision.
We can improve this limit by more than four orders of magnitude by
studying the linear dependence2 of dM and dQ on nth, that is,
dMkM 1 dQkQ # jnexp 2 nthj/nexp. For the three transitions, the con-
stants kM and kQ were estimated2 to be 2.3–2.8 and 2.7–3.4, respec-
tively. The right-hand side of the inequality was evaluated to be
,(86 15)3 10210 by averaging over the three transitions. Furthermore,
the constraint that (Q!p/M!p)/(Qp/Mp) 1 1 5 1.6(9) 3 10210, from the
TRAP experiment28,29, implies that dQ < dM. From this, we conclude
that any deviations between the charges and masses are ,7 3 10210 at
the 90% confidence level.

METHODS SUMMARY
The two continuous-wave seed lasers were stabilized relative to 470-mm-long,
monolithic cavities made of ultralow-expansion glass by using the Pound–
Drever–Hall technique. The cavities were suspended horizontally by springs
and isolated in a vacuum chamber whose temperature was stabilized to
60.05 uC. Drifts in the laser frequencies were typically ,0.1 MHz h21. The fre-
quency chirp11,13–15 during pulsed laser amplification was corrected using electro-
optic modulators placed inside the pulsed laser resonators, such that its amplitude
was reduced to a few megahertz. This remaining chirp was recorded for each laser
pulse and its effect corrected for at the data analysis stage. The output beams were

frequency-doubled (second-harmonic generation) or frequency-tripled (third-
harmonic generation) to wavelengths of l 5 264–417 nm in b-barium borate
and lithium triborate crystals. Simulations5,13,14 show that additional chirp caused
by this frequency conversion is negligible (,0.1 MHz).

The Cherenkov signals corresponding to !pHe1 were recorded using a digital
oscilloscope, and the area under the peak in each of these time spectra (Fig. 1b) was
plotted as a function of laser frequency to obtain the resonance profiles in Fig. 2.
Each data point represents an average of 8–10 antiproton beam arrivals at the target.
This measurement was repeated for 10,000 arrivals at various laser intensities, target
densities, frequency offsets (nd) and alignments of the antiproton beam. The fact
that the pulsed laser can maintain absolute precision for the duration of the mea-
surements was verified by using part of the light to measure the 6s–8s two-photon
transition frequency of caesium 20 times over a two-week period. The result, with a
conservative error of 1.4 3 1029, was in good agreement with previous experi-
ments30. The acquired resonance profile was fitted with the theoretical two-photon
resonance line shape as described in the main text. This a-priori calculation well
reproduced the experimental data (Fig. 2). The validity of this method was also
partly verified by using it to analyse the above-mentioned caesium two-photon
signal11.
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we obtained the ratio M!p/me 5 1,836.1526736(23), which yielded the
best agreement between theoretical and experimental frequencies. The
uncertainty, 2.3 3 1026, includes the statistical and systematic experi-
mental contributions, respectively 1.8 3 1026 and 1.2 3 1026, and the
theoretical contribution, 1.0 3 1026. This is in good agreement with the
four previous measurements of the proton-to-electron mass ratio21–24

(Fig. 4) and has a similar experimental precision. The most precise
value for protons is currently obtained by comparing the g factors of
hydrogen-like 12C51 and 16O71 ions measured by the GSI-Mainz
collaboration23,24 with high-field QED calculations. The CODATA
recommended value for Mp/me is taken as the average over these
experiments. This ratio may be determined to higher precision in the
future by laser spectroscopy experiments25 on H2

1 and HD1 ions. By
assuming19 CPT invariance, such that M!p 5 Mp 5 1.00727646677(10) u,
we can further derive the value of me 5 0.0005485799091(7) u for the
electron mass from our !pHe1 result.

The equalities between the antiproton and proton charges and
masses, formulated respectively as dQ 5 (Qp 2 Q!p)/Qp and dM 5
(Mp 2 M!p)/Mp, have been constrained26,27 to within 2 3 1025. This
was achieved by combining X-ray spectroscopic data on antiprotonic
atoms (/Q2

!pM!p) with the cyclotron frequency (/Q!p=M!p) of anti-
protons confined in Penning traps and measured to a higher precision.
We can improve this limit by more than four orders of magnitude by
studying the linear dependence2 of dM and dQ on nth, that is,
dMkM 1 dQkQ # jnexp 2 nthj/nexp. For the three transitions, the con-
stants kM and kQ were estimated2 to be 2.3–2.8 and 2.7–3.4, respec-
tively. The right-hand side of the inequality was evaluated to be
,(86 15)3 10210 by averaging over the three transitions. Furthermore,
the constraint that (Q!p/M!p)/(Qp/Mp) 1 1 5 1.6(9) 3 10210, from the
TRAP experiment28,29, implies that dQ < dM. From this, we conclude
that any deviations between the charges and masses are ,7 3 10210 at
the 90% confidence level.

METHODS SUMMARY
The two continuous-wave seed lasers were stabilized relative to 470-mm-long,
monolithic cavities made of ultralow-expansion glass by using the Pound–
Drever–Hall technique. The cavities were suspended horizontally by springs
and isolated in a vacuum chamber whose temperature was stabilized to
60.05 uC. Drifts in the laser frequencies were typically ,0.1 MHz h21. The fre-
quency chirp11,13–15 during pulsed laser amplification was corrected using electro-
optic modulators placed inside the pulsed laser resonators, such that its amplitude
was reduced to a few megahertz. This remaining chirp was recorded for each laser
pulse and its effect corrected for at the data analysis stage. The output beams were

frequency-doubled (second-harmonic generation) or frequency-tripled (third-
harmonic generation) to wavelengths of l 5 264–417 nm in b-barium borate
and lithium triborate crystals. Simulations5,13,14 show that additional chirp caused
by this frequency conversion is negligible (,0.1 MHz).

The Cherenkov signals corresponding to !pHe1 were recorded using a digital
oscilloscope, and the area under the peak in each of these time spectra (Fig. 1b) was
plotted as a function of laser frequency to obtain the resonance profiles in Fig. 2.
Each data point represents an average of 8–10 antiproton beam arrivals at the target.
This measurement was repeated for 10,000 arrivals at various laser intensities, target
densities, frequency offsets (nd) and alignments of the antiproton beam. The fact
that the pulsed laser can maintain absolute precision for the duration of the mea-
surements was verified by using part of the light to measure the 6s–8s two-photon
transition frequency of caesium 20 times over a two-week period. The result, with a
conservative error of 1.4 3 1029, was in good agreement with previous experi-
ments30. The acquired resonance profile was fitted with the theoretical two-photon
resonance line shape as described in the main text. This a-priori calculation well
reproduced the experimental data (Fig. 2). The validity of this method was also
partly verified by using it to analyse the above-mentioned caesium two-photon
signal11.
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we obtained the ratio M!p/me 5 1,836.1526736(23), which yielded the
best agreement between theoretical and experimental frequencies. The
uncertainty, 2.3 3 1026, includes the statistical and systematic experi-
mental contributions, respectively 1.8 3 1026 and 1.2 3 1026, and the
theoretical contribution, 1.0 3 1026. This is in good agreement with the
four previous measurements of the proton-to-electron mass ratio21–24

(Fig. 4) and has a similar experimental precision. The most precise
value for protons is currently obtained by comparing the g factors of
hydrogen-like 12C51 and 16O71 ions measured by the GSI-Mainz
collaboration23,24 with high-field QED calculations. The CODATA
recommended value for Mp/me is taken as the average over these
experiments. This ratio may be determined to higher precision in the
future by laser spectroscopy experiments25 on H2

1 and HD1 ions. By
assuming19 CPT invariance, such that M!p 5 Mp 5 1.00727646677(10) u,
we can further derive the value of me 5 0.0005485799091(7) u for the
electron mass from our !pHe1 result.

The equalities between the antiproton and proton charges and
masses, formulated respectively as dQ 5 (Qp 2 Q!p)/Qp and dM 5
(Mp 2 M!p)/Mp, have been constrained26,27 to within 2 3 1025. This
was achieved by combining X-ray spectroscopic data on antiprotonic
atoms (/Q2

!pM!p) with the cyclotron frequency (/Q!p=M!p) of anti-
protons confined in Penning traps and measured to a higher precision.
We can improve this limit by more than four orders of magnitude by
studying the linear dependence2 of dM and dQ on nth, that is,
dMkM 1 dQkQ # jnexp 2 nthj/nexp. For the three transitions, the con-
stants kM and kQ were estimated2 to be 2.3–2.8 and 2.7–3.4, respec-
tively. The right-hand side of the inequality was evaluated to be
,(86 15)3 10210 by averaging over the three transitions. Furthermore,
the constraint that (Q!p/M!p)/(Qp/Mp) 1 1 5 1.6(9) 3 10210, from the
TRAP experiment28,29, implies that dQ < dM. From this, we conclude
that any deviations between the charges and masses are ,7 3 10210 at
the 90% confidence level.

METHODS SUMMARY
The two continuous-wave seed lasers were stabilized relative to 470-mm-long,
monolithic cavities made of ultralow-expansion glass by using the Pound–
Drever–Hall technique. The cavities were suspended horizontally by springs
and isolated in a vacuum chamber whose temperature was stabilized to
60.05 uC. Drifts in the laser frequencies were typically ,0.1 MHz h21. The fre-
quency chirp11,13–15 during pulsed laser amplification was corrected using electro-
optic modulators placed inside the pulsed laser resonators, such that its amplitude
was reduced to a few megahertz. This remaining chirp was recorded for each laser
pulse and its effect corrected for at the data analysis stage. The output beams were

frequency-doubled (second-harmonic generation) or frequency-tripled (third-
harmonic generation) to wavelengths of l 5 264–417 nm in b-barium borate
and lithium triborate crystals. Simulations5,13,14 show that additional chirp caused
by this frequency conversion is negligible (,0.1 MHz).

The Cherenkov signals corresponding to !pHe1 were recorded using a digital
oscilloscope, and the area under the peak in each of these time spectra (Fig. 1b) was
plotted as a function of laser frequency to obtain the resonance profiles in Fig. 2.
Each data point represents an average of 8–10 antiproton beam arrivals at the target.
This measurement was repeated for 10,000 arrivals at various laser intensities, target
densities, frequency offsets (nd) and alignments of the antiproton beam. The fact
that the pulsed laser can maintain absolute precision for the duration of the mea-
surements was verified by using part of the light to measure the 6s–8s two-photon
transition frequency of caesium 20 times over a two-week period. The result, with a
conservative error of 1.4 3 1029, was in good agreement with previous experi-
ments30. The acquired resonance profile was fitted with the theoretical two-photon
resonance line shape as described in the main text. This a-priori calculation well
reproduced the experimental data (Fig. 2). The validity of this method was also
partly verified by using it to analyse the above-mentioned caesium two-photon
signal11.
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1. Bluhm, R., Kostelecký, V. A. & Russell, N. CPT and Lorentz tests in hydrogen and
antihydrogen. Phys. Rev. Lett. 82, 2254–2257 (1999).
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We develop a numerical method to calculate the Bethe logarithm for resonant states. We use the complex
coordinate rotation (CCR) formalism to describe resonances as time-independent Schrödinger solutions. To get
a proper expression for the Bethe logarithm we apply the generalization of the second order perturbation theory
to an isolated CCR eigenstate. Using the developed method we perform a systematic calculation of the Bethe
logarithm for metastable states in the antiprotonic helium He+p̄ atoms with a precision of 7–8 significant digits.
We also recalculate the nonrelativistic energies with improved precision using CODATA10 recommended values
of masses. Along with a complete set of corrections of mα7 order and the leading contributions of mα8 order,
that has allowed us to get theoretical values for ro-vibrational transition frequencies for the He+p̄ atoms with an
uncertainty of 0.1–0.3 MHz.
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I. INTRODUCTION

Precision spectroscopy of the antiprotonic helium is con-
sidered as one of the possible ways to improve the CODATA
value for the atomic mass of an electron [1,2] assuming the
validity of the CPT symmetry at this level of accuracy. Since
the discovery of a long-lived fraction of antiprotons in helium
[3] and the first laser experiments [4] a great progress in
precision from ppm to ppb level has been achieved [5,6].
More details on this exotic system may be found in Refs. [7]
and [8].

On the other hand, it was shown that individual states
of the antiprotonic helium may be treated numerically with
high precision [9]. Despite the fact that these states appear
in the continuum of the nonrelativistic Hamiltonian operator
as resonances having antiprotons in nearly circular orbitals
with total orbital angular momentum of an atom L ∼ 30–36,
they allow us to calculate very precisely taking into account
their resonant nature [10] together with many higher order
(in powers of the fine structure constant α) relativistic and
radiative corrections [11].

The major goal of the present paper is to get a fractional
precision of one part in 1010 for the theoretical transition
frequencies, which should be compared with the CODATA10
[1] uncertainty limits for the atomic mass 4.1 × 10−10. To
achieve that we need to solve two problems. The first one is
to calculate the nonrelativistic Bethe logarithm for individual
metastable states with an accuracy of seven significant digits
going beyond the usual bound state formalism [10]. The
second is to obtain the complete set of contributions of
various corrections of mα7 order. The latter was carried out
recently in Refs. [12,13]. The former will be considered here
below.

In our derivation of the Bethe logarithm formalism for the
resonant states we utilize the quantum numbers generally used
in the few-body calculations, namely, the total orbital angular
momentum L and the vibrational (or excitation) quantum
number. When we turn to the antiprotonic helium specifically,
we switch to more conventional for this system notation: the
principal quantum number n and orbital angular momentum l
of an antiprotonic orbital. These two sets of quantum numbers
are related as follows: L = l, v = n − l − 1.

II. RESONANCES AND THE COMPLEX COORDINATE
ROTATION APPROACH

To have a rigorous background for our calculations we
need to give a brief outline of the complex coordinate rotation
(CCR) method [14] along with some basics for the perturbation
theory for isolated resonant states. The Coulomb Hamiltonian
for a system of pointlike particles is analytic under dilatation
transformations

[U (θ )f ](r) = emθ/2f (eθr), H (θ ) = U (θ )HU−1(θ ), (1)

for real θ and can be analytically continued to the complex
plane. The complex coordinate rotation method [14] “rotates”
the coordinates of the dynamical system (θ = iϕ), rij →
rij e

iϕ , where ϕ is the parameter of the complex rotation. Under
this transformation the Hamiltonian changes as a function
of ϕ

Hϕ = T e−2iϕ + V e−iϕ, (2)

where T and V are the kinetic energy and Coulomb potential
operators. The continuum spectrum of Hϕ is rotated on
the complex plane around branch points (“thresholds”) to
“uncover” resonant poles situated on the unphysical sheet
of the Reimann surface in accordance with the Augilar-
Balslev-Combes theorem [15]. The resonance energy is then
determined by solving the complex eigenvalue problem for the
“rotated” Hamiltonian

(Hϕ − E)$ϕ = 0. (3)

The eigenfunction $ϕ obtained from Eq. (3) is square inte-
grable, and the corresponding complex eigenvalue E = Er −
i%/2 defines the energy Er and the width of the resonance %,
the latter being related to the Auger rate as λA = %/!.

The use of a finite set of N basis functions reduces the
problem (3) to the generalized algebraic complex eigenvalue
problem

(A − λB)x = 0, (4)

where A = ⟨$ϕ|Hϕ|$ϕ⟩ is the finite N × N matrix of the
Hamiltonian in this basis, and B is the matrix of overlap B =
⟨$ϕ|$ϕ⟩.

1050-2947/2014/89(1)/014501(5) 014501-1 ©2014 American Physical Society

(33,32)→(31,30) theory 2 145 054 869.9-   
(1.6)  

2 145 054 858.1-   
(2) 

experiment 2 145 054 858--— 
(5)——

0.09 ppb

0.8 ppb

2.3 ppb 

MHz
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Experiment - go to 1.5K (and to ELENA)

Thermal baffle 6 K

1.5 K heat exchanger
(coil type)

Thermal baffle 77 K

To 2000 m3 

roots blower

0.5 Torr 3He or 4He inlet line

1.5 K needle valve

4 K needle valve

To flow controller
for 4.2 K cooling
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T=1.5K two-photon scan in progress
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Two-photon resonance 4He  (36,34)->(34,32)

Improved experimental precision (2.5x-3x higher precision?)
Fit function is very rough…..
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Recently, mp/me much improved

of the modified cyclotron frequency at very low energies below the
detection threshold of the image-current amplifier, a significant
improvement on the established ‘pulse and probe’ technique22. Com-
bined with the axial and magnetron frequency information from dip
fits, the invariance relation allows us to calculate the free-space cyclo-
tron frequency, which is a measure of the magnetic field at the ion’s
location.

The Larmor precession frequency, nominally 105 GHz in our case,
cannot be detected directly with the image current detector. Instead,
the Zeeman splitting of the bound electron’s spin is probed with a
microwave excitation. The key requirement for this is the ability to
detect the spin state with the continuous Stern–Gerlach effect23. To this
end, a strong magnetic field inhomogeneity, is generated by an elec-
trode made from ferromagnetic material. In our setup the quadratic
portion of this bottle-shaped field amounts to B2 5 104 T m22 (ref. 24).
In this inhomogeneous field, the magnetic moment couples to the axial
motion and causes a small, spin-dependent frequency difference.
Provided all other influences on the axial frequency, notably the ion’s
energy and the voltages applied to the trap, can be sufficiently well
controlled, the determination of the axial frequency of the ion becomes
a quantum non-demolition measurement of the electron’s spin. We
use a double-trap setup to spatially separate the spin analysis in the
inhomogeneous field of the ‘analysis trap’ (AT) and the high-precision
eigenfrequency measurement in the ‘precision trap’ (PT) (Fig. 1).
During the experiment, the ion is adiabatically shuttled between these
two traps. After determining the initial spin-state in the AT, the ion is
transported to the PT, where a microwave excitation at a random
frequency offset with respect to the expected Larmor frequency probes
the Zeeman splitting at the same time as the ‘pulse and amplify’ mea-
surement of the cyclotron frequency is performed, which suppresses
fluctuations of the magnetic field. The axial frequency, which is basic-
ally independent of the magnetic field, is measured before and after the
‘pulse and amplify’ cycle and interpolated. After transporting the ion
back to the AT, an analysis of the spin state allows us to detect a
possible successful spin-flip in the PT. By repeating this process (see
Supplementary Fig. 1) several hundred times it becomes possible to
map the probability of spin-flips in the homogeneous magnetic field of
the PT as a function of the frequency ratio C (right panel of Fig. 1).

The dominant systematic uncertainty arises from the self-inter-
action mediated by image charges and currents in the trap electrodes
(see Table 1). In contrast to the free electron case9, the retardation of
the field and the resultant damping through a coupling to modes of the
trap acting as a cavity is negligible owing to the very much higher
cyclotron wavelength. However, instead, the influence of the imme-
diate Coulomb interaction —that is, image charges—is enhanced. Even
though the resultant shift can be readily calculated, finite machining
accuracies and the imperfect knowledge of the ion’s geometric position
impose a relative uncertainty of dncyc/ncyc 5 1.5 3 10211.

The extrapolated frequency ratio C 00%C(Ez~0), corrected for all
systematic shifts (Table 1), yields the final value C0 5 4376.21050089
(11)(7), with the statistical and systematic uncertainties, respectively,
given in parentheses.

The theoretical prediction of the g-factor presented here (see
Supplementary Table II) permits the calculation of the mass of the
electron in units of the ion’s mass. By correcting for the mass of the
missing electrons and their respective atomic binding energies25, we
can finally calculate me in atomic mass units:

me 5 0.000548579909067(14)(9)(2) (5)

The first two errors are the statistical and systematic uncertainties of
the measurement, and the third error represents the uncertainties of
the theoretical prediction of the g-factor and the electron binding
energies. The theoretical result for the g-factor, with corrections
obtained from the experimentally determined value for hydrogen-like
28Si131 (ref. 18), implicitly assumes the correctness of QED. However,
the thus-far-untested higher-order contribution determined in this
work scales with (Za)5 and thus contributes less than 10211 in relative
terms for the 12C51 system.

The relative precision of 3 3 10211 for me obtained in this work
surpasses that of the current CODATA6 averaged literature value by
a factor of 13 and the previous best measurement3 by a factor of 17 (see
Fig. 4). Furthermore, our result gives the electron–proton mass ratio
with a relative precision of 94 parts per trillion, solely limited by the
uncertainty (in parentheses) of the proton mass value

mp/me 5 1836.15267377(17) (6)

The main limitations seen in our work are the uncertainty resulting
from the ion’s self-interaction with its own image-charge in the trap
electrodes and the temperature of the ion in connection with the
temporal stability of the magnetic field.

Our result sets the stage for future ultrahigh precision tests of the
Standard Model at low energies. One example is the determination of
the fine-structure constant a via a measurement of the recoil momentum
exerted on an atom upon absorption of a photon26. The electron atomic

Table 1 | Relative systematic corrections and their uncertainties applied to the measured frequency ratio
Effect Correction (parts per trillion) Uncertainty (parts per trillion)

Image charge 2282.4 14.1
Image current 2.2 0.5
Residual electrostatic anharmonicity 0 0.25
Axial and magnetron temperature 0.04 0.04
Ionic mass 12C51 0 0.1

The small shift due to the residual cyclotron energy is eliminated by an extrapolation of the frequency ratios measured at different energies. For details see the Supplementary Information.
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Figure 4 | History of electron mass measurements. The last direct cyclotron
frequency determination dates back to 1995; the more recent values are all
indirect determinations based on QED predictions of g-factors or transition
energies1,4,12,13. The grey band is the 1s confidence interval of the CODATA
evaluations of the respective years. Recently, a flaw in the handling of systematic
shifts in one of the input values was found, suggesting a world average value
about 0.5s smaller than the current CODATA value6. For details see the
Supplementary Information. The error bar of the new value (red square) is
hidden by the symbol.
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recent (preliminary) result
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2015+2016 very very preliminary result
(Please don’t believe this so much)

Not yet all data analyzed……

C

2015 (4 days)+2016 (16 days)

2007-2010
2010-2012, 2015

ASACUSA, Nature 2011→
ASACUSA, Science 2016→

codata 
2010 

↓

codata 
2014 
↓

← more statistics  
+ ELENA
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Beam request 2017:
LEAR experiments
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Serendipitous discovery 

Precision now at ~10-9 (RFQ, Comb, 2-photon, ...) 

Contribute to fundamental constant (mp/me) 

Further improvements possible (takes exp/
theory efforts), esp. with the ELENA

p̅He contributes to CODATA & tests CPT
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