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two qubits
Hilbert space
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Local operators
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subsystems are correlated

tensor product structure of Hilbert space ———) cntanglement
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separability criteria

Schmidt decomposition: if there is more than one Schmidt coefficient different from 0O the state

s entangled!
Schmidt decomposition ~
W) =D cijloidles) > ) =) Ailes
ij l (change of basis) i l
singular value Schmidt coefficients

decomposition

Entanglement quantification
Entropy

E(Y) = =Tr[p, Inp,] = Z)\ In \;

Concurrence

C(¥) = [{Pv)] ‘/2§M ) = DY) = 0, @ oy i)
1#£] T

time reversal operator



identical particles

* indistinguishability of identical particles

* symmetrization postulate

fermions bosons
anti-symmetric states symmetric states
(half-integer spin) (integer spin)
[¥) = 7(Ia> 1B)2 — [B)1]ev)2) [¥) = \7(|a> 1B)2 + [8)1]e)2)

are these states entangled?
which is the nature of entanglement in identical particle systems?




identical particles

Hi=H=C"

dimension of the composite Hilbert space

distinguishable particles fermions bosons
H=C"@C" H=A[C"®C"| H=S5[C"®C"]
Dim(H) = n? Dim(H) n(n2— 1) Dim(#) = n(n2-|- 1)

No (obvious) tensor product structure
for the composite system
jentanglement?

symmetrization postulate
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distinguishable particles

i
Alice } Bob
|

| Yinit) AB = |¢>| Na®x)|)s

[K.Eckert, et al. Annals of Physics 299, 88 (2002) ]
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distinguishable particles indistinguishable particles

i
Alice } Bob
|

lower the barrier
=S

| inis)am = 6)] 14 © 0] Vs ()b = —=l18)] @ 0] D — ] 1 ©16)] sl
l, change potential

Increase the barrier

< , - +
| I
Alice : Bob Alice ! Bob
I |

| Yfinal) aB = %[I@I Na® s | ¥(t2))aB = %[I@I D@Dl b2 = )1 @ 19)] 12

+o) b a @) 1) 5] +HO) D1 @)l D2 = D)l Th @[¢)] 1)2]



Entangling via local spin exchange

Neutral atoms in optical tweezers

Time

[A.M. Kaufman et al, Nature 527,208-211 (2015)]



Entangling via local spin exchange

Neutral atoms in optical tweezers

Time

‘ /\ ! \Exchange'

D &
a2
3

® [T), spinup

® | ), spin down

[A.M. Kaufman et al, Nature 527,208-211 (2015)]
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Fermions
K change of basis R
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entanglement quantification

concurrence

(lowest dimensional systems)

= distinguishable particles

two-level
Hs = C2 H="Hs®Hsg C(|1)) = 2|1p129021 — V221011
Dim(H) = 4
= fermions
four-level
Hg = C* H=A(Hs ® Hs) C(Jw)) = 8lwiawsg + wiswag + wWi4wa3
Dim(#H) =6
= bosons
two-level
HS = C2 H = S(HS 0% HS) C(|¢>) = 4|’U11U22 — ’U%Q
Dim(#H) =3

[KEckert, et al. Annals of Physics 299, 88 (2002) ]



entanglement quantification

concurrence

(lowest dimensional systems)

= distinguishable particles

two-level
Hg = C? H =Hs ® Hs C(|v)) = 2[1h12¢21 — 221011
Dim(H) = 4 = 2[det(¢)]
= fermions
four-level
He =C* H=A(Hs ® Hs) C(|lw)) = 8|lwigwszs + wizwas + W14Was3
Dim(H) =6 — 8| det(w)|/?
= bosons
two-level
Hs = C* H = S(Hs ® Hs) C(1)) = 4fvi1vaz — vi|
Dim(H) =3 = 4| det(v)|

[KEckert, et al. Annals of Physics 299, 88 (2002) ]



entanglement quantification

distinguishable particles

@ <@ <@r<or<eo<e

SL-invariant measure
special linear group G =SL(d;,C) ® SL(d2,C) ® - -- ® SL(dn, C)

the group SL(d,C) of d x d matrices with determinant one.

e invariance &uv(9pg") = Envl(p)for g€ G
* homogeneity Env(rp) = r&inv(p) for r >0
* mixed states Eny(p) =min > piEiny(¢h;)

examples
*  concurrence
* three tangle (three-qubit)

G-Concurrence (bipartite systems)

[G. Gour, PRA 71,012318 (2005) ]
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* homogeneity Env(rp) = r&inv(p) for r >0
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identical particles

@ <@ <@r<or<eo<e

SL-invariant measure
special linear group: single particle space G = SL(d;,C)
the group SL(d,C) of d x d matrices with determinant one.

e invariance &uv(9pg") = Envl(p)for g€ G
* homogeneity Env(rp) = r&inv(p) for r >0
* mixed states Eny(p) =min > piEiny(¢h;)

examples

*  G-Concurrence (bipartite systems)




entanglement quantification

G-Concurrence

(higher dimensional systems)

fermions
2K 2K
fw) =" wq; £ £710) > |Ya) =D wylig) Y=Y = V2w
i\ i\
Ga—2x(|t0a)) = d| det(v4)|** = 2d| det(w)|*/*
bosons
K K
jv) = Zvi,jbjbﬂm > [s) = Z¢ij|ij> Vi; =Yy = \/5%']'
i\ i\

Ga=x ([1hs)) = d| det(1hs)[*? = 2d| det(v)|*/*




bipartite random states




why random states?

* entanglement is an useful resource for quantum computation and randomness is a way to
create It.

* useful in super dense coding, remote state preparation, data hiding protocols.
* they provide a natural benchmarks.

* random states allow to asset general behaviors with minimal prior information.



states distribution: uniform 60;

normalized pure states uniformly distributed on the Hilbert space

(Haar measure)

Usq,. € CUE

P(U) = P(¢1,...,92) = Ny 6(1 — |¥]?)

G-concurrence distribution P(Gq) = /[d¢]5 <Gd —d det(@bW)P/d) P(¥)
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G-concurrence distribution: simplest case

distinguishable particles

P(C) =3C(1 - C*)1/?

fermions

bosons

Py(C) = 2C




G-concurrence distribution

Ga(lv)) = d| det('¢))

1/d —

d|H)\ 2/d

PG = [10013 (Ga—dldestvi) ) P(v)



G-concurrence distribution él;

Gal[¥)) = d|der(w)|/* = d| [ A P(Ga) = [ 14016 (Gu — dl det(ws")|'/?) P(v)

Join probability density of Slater-Schmidt coefficients

PO, .. AN) _c<c>5< ZA)HQ NI

1<J

y(c) = 2¢ and ¢ = 0 distinguishable, c = —1 bosons, and ¢ = +1 fermions.

[K. Zyczkowski and H.-J. Sommers, J. Phys. a: Math. Gen. 34, 71 1| (2001)]
[V. Cappellini et al, PRA 74(6), 062322 (2006)]



G-concurrence distribution

Gal[u)) = dldet(wty) /¢ = | T P P(Ga) = [ 14016 (Gu — dl det(ws")|'/?) P(v)

Join probability density of Slater-Schmidt coefficients

PO, .. AN) _c@(s( ZA)HQ NI

i<j

y(c) = 2¢ and ¢ = 0 distinguishable, c = —1 bosons, and ¢ = +1 fermions.

Moments of G(e)n

N-1
I'(N+~yN(N —-1)) I'(1+ M/N +
(G%>N:NM<DM/N>N:NM ( TN (N / vJ)

) [(N+M+yN(N-1) 5 T +7j)

[K. Zyczkowski and H.-J. Sommers, J. Phys. a: Math. Gen. 34, 71 1| (2001)]
[V. Cappellini et al, PRA 74(6), 062322 (2006)]



G-concurrence distribution é“;

distinguishable particles

[V. Cappellini et al, PRA 74(6), 062322 (2006)]



G-concurrence distribution

distinguishable particles

3.0} :H:EI
—N=4
2.5F — N=6 ;’

OO\
v 5 i

6aos de Colombi:

fermions

0.0 0.2 0.4 06 08 1.0



outlook QLL

conclusions

* we identified the restriction of the SL-invariant measures to the symmetric and anti-

symmetric subspaces as possible measures for entanglement in systems of
indistinguishable particles.

* we used G-concurrence to study the distribution of entanglement in bipartite
systems of indistinguishable particles.

outlook

" extension of our ideas to multipartite systems (three tangle)
" extension of our ideas to mixed states



