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Disovery of Fission, Winter 1938/39

by Otto Hahn, Fritz Strassmann and Lisa Meitner and Otto Frish

O. Hahn and F. Straÿmann, Naturwiss. 27 (1939) 11

L. Meitner and O. R. Frish, Nature 143 (1939) 239.

C. F. v. Weizsäker, Z. Phys. 96 (1935) 431.

N. Bohr and A. Wheeler, Phys. Rev. 56 (1939) 426.
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Bohr and Wheeler theory:

ELD = avolA + asurfA
2/3Bsurf({α}) +
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.
Leptodermous expansion of the energy funtional

The one-body density of the nuleus is given by the integral:

ρ = A

∫ ∫

. . .

∫

Ψ⋆Ψ d3r2 · · · d
3rA ,

where Ψ(ξ1, ξ2, . . . , ξA) is the many-body wave funtion and A =
∫
ρd3r.

Similarly one de�nes the energy density:

η = −

∫ ∫

. . .

∫

Ψ⋆ĤΨ d3r2 · · · d
3rA .

The total energy of the nuleus is:

B =

∫

V

η dV =

∫

V

[η−bvol(ρ− ρ)] dV
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This energy integral an be deomposed in the following way:

B = bvolA +

∫

V

(η − bvol ρ) dV

= bvolA +

∫

Σ

dσ

{∞}∫

{−∞}

(η − bvol ρ) dr⊥

= bvolA + γ(0)
∫

Σ

dσ + γ ′κ a

∫

Σ
κ dσ

+
1

2
γ ′′κκ a 2

∫

Σ

κ2dσ + γ ′Γ a 2
∫

Σ

Γ dσ + . . . ,

where κ and Γ are the �rst order and the seond order (Gauss) urva-

tures respetively:

κ =
1

R1
+

1

R2
and Γ =

1

R1 ·R2
.

Here R1 and R2 are the loal main radii of the surfae.
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Spherial ase:

The nulear part of the total energy of a spherial nuleus an thus be

written down as

B = bvolA + 4πR2 · I0︸ ︷︷ ︸

bsurfA
2/3

+8πR · (I1 − I0R)
︸ ︷︷ ︸

bcurA
1/3

+4π · (I2 − 2RI1 + R2I0)
︸ ︷︷ ︸

bcurGA0

,

where

In =

∞∫

0

(η − bvolρ) r
ndr ,

Note, that the radius R = r0A
1/3

is not �xed here and in some reaso-

nable limits an be treated as a free expansion parameter, while In are

well de�ned by the both density distributions.
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Leptodermous expansion of the ETF-Skyrme energy:
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B =

∫

V
η d 3r = bvolA + bsurfA

2/3 + bcurvA
1/3 + bcurGA0 + . . .

The magnitudes of the surfae and urvature terms depend on

the hoie of the expansion radius!
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Marosopi � Mirosopi Model

∗

:

M(Z,N ; def) = ZMH + NMn − belecZ
2.39

+ bvol (1− κvol I
2 )A

+ bsurf (1− κsurfI
2 )A2/3Bsurf(def)

+ bcur (1− κcur I
2 )A1/3Bcur(def) ←− new term

+ 3
5

e2Z2

rch0 A1/3 BCoul(def)− C4
Z2

A

+Emicr(Z,N ; def) + Econg(Z,N)

where the mirosopi energy is the sum of the shell and pairing energies:

Emicr = δEshell + δEpair

and the ongruene energy is

†

: Econg = −10 · e−4.2|I|MeV

* W.D. Myers and W.J. �wi�ateki, Nul. Phys. 81, 1 1966.

† P. Möller, J.R. Nix, W.D. Myers, W.J. �wi�ateki, At. Data Nul. Data Tab. 59, 185 (1995).
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Lublin Strasbourg Drop

∗
Fit to the 2766 experimental masses

†

with Z ≥ 8 and N ≥ 8:

Term Units LDM LSD

bvol MeV -15.8484 -15.4920

κvol - 1.8475 1.8601

bsurf MeV 19.3859 16.9707

κsurf - 1.9830 2.2938

bcur MeV 0 3.8602

κcur - 0 -2.3764

r0 fm 1.18995 1.21725

C4 MeV 1.1995 0.9181

δM MeV 0.732 0.698

δVBZ>70

MeV 5.58 0.88

MH=7.289034 MeV; Mn=8.071431 MeV; belec=1.433 eV

∗

K. Pomorski , J. Dudek, Phys. Rev. C67, 044316 (2003).

†

Chart of Nulides by M.S. Antony, Strasbourg, 2002.
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Masses of isotopes:
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. Chart of Nulides by M.S. Antony, Strasbourg, 2002.

LSD: K. Pomorski, J. Dudek, Phys. Rev. C67, 044316 (2003).

TF: P. Möller, J.R. Nix, W.D. Myers, W.J. �wi�ateki, ADNDT 59, 185 (1995).
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.
Strutinsky's optimal shape proedure

∗

:

ρ(z)

z

ρ

ρ+δρ

zmin zmax

One looks here for the minimum of the LD energy with additional on-

straints for the volume of nuleus, its elongation, mass asymmetry and

nonaxiality.

This variational problem leads to the Eular-Lagrange equations for ρ(z).

∗

V. M. Strutinsky et al. Nul. Phys. 46, (1963) 659.

A. Ivanyuk and K. Pomorski, Phys. Rev. C 79, (2009) 054327.
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Optimal shapes for di�erent elongations

∗

:
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A. Ivanyuk and K. Pomorski, Phys. Rev. C 79, (2009) 054327.
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Optimal �ssion barriers:
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A. Ivanyuk and K. Pomorski, Phys. Rev. C 79, (2009) 054327.
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Examples of shape parametrization:

• Original Funny-Hills parametrisation

∗

:

ρ̃2s(z) =

{
R2

0c
2
(
1− u2

) (
A + αu + Bu2

)
, for B ≥ 0

R2
0c

2
(
1− u2

)
(A + αu) exp

(
Bc3u2

)
for B ≤ 0 ,

where u = (z− zsh)/z0, z0 = cR0, and zsh = −c3αz0/5.

• Modi�ed Funny-Hills (with Gaussian nek) parametrisation

†

:

ρ̃2s (z, ϕ) =
R2

0

c f(a,B)
(1− u2) (1−B e−w

2(u−α)2)

√

1− η2

1 + η cos(2ϕ)
.

The funtion f(a,B, α) ensures the volume onservation, while the

. deformation parameters: c,B, α and η, desribe respetively:

. elongation, nek, mass-asymmetry, and nonaxiality of the nuleus.

• Expansion in spherial harmonis:

R(θ) = R0

λmax∑

λ=0

βλPλ[cos(θ)] .

∗

M. Brak et al., Rev. Mod. Phys. 44 (1972) 320

†

J. Bartel, F. Ivanyuk and K. Pomorski, Int. J. Mod. Phys E19 (2010) 601.
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Optimal versus FH and MFH barriers:
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Fission barriers in the spherial harmonis expansion:
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PES of

240

Pu on the (,h) plane for α=0, η=0:

LSD with shell and pairing orretions are obtained with the Yukawa-

folded single-partile potential.

A. Dobrowolski, K. Pomorski, J. Bartel, Phys. Rev. C75(2007) 024613.
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Shemati plot of a �ssion barrier
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LSD + YF barrier heights
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VA = M(Z,A; defA)−M(Z,A; defgs)

and

VB = M(Z,A; defB)−M(Z,A; defgs)

where defgs, defA and defB orrespond to the ground-state, �rst and

seond saddle deformation, respetively.

∗

A. Dobrowolski, K. Pomorski, J. Bartel, Phys. Rev. C75 (2007) 024613.
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Topographical theorem of Swiatecki
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LSD and TF �ssion barrier heights
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Deformation dependent ongruene energy term is not inluded here!

K. Pomorski, J. Dudek: Phys. Rev. C67, 044316 (2003).

W. D. Myers, W. J. �wi¡teki, Nul.Phys. A601, 141 (1996). ←− The Thomas-Fermi model
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Deformation dependent ongruene energy:

Econg = −10 · e−4.2|I| MeV

fission

Econg 2 Econg

Vmacr(def) = ELSD(def) +
Econg

1 + e
rneck−a

b

with a=2 fm and b=0.3 fm.

W. D. Myers, W.J. �wi¡teki, Nul.Phys. A612 (1997) 249.
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E�et of the ongruene energy on �ssion barriers
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Average pairing energy

∗
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<Epair>g.s. = -13.86 MeV             r.m.s. dev. = 0.23  MeV

Ω=41/A1/3 MeV

<Epair>sciss. = -19.77 MeV           r.m.s. dev. = 0.69  MeV

The pairing strength was evaluated using the average experimental gaps

∆̄
(p)
exp =

4.8Bs

Z1/3
MeV ; ∆̄

(n)
exp =

4.8Bs

N1/3
MeV

taken from Ref. {P. Möller and J.R. Nix, Nul. Phys. A536 (1992) 61 }.

*K. Pomorski, F. Ivanyuk, Int. Journ. Mod. Phys. E18 (2009) 900.
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Average pairing energy is A almost independent !!

• What does it mean?

• What will happen with the pairing energy when nuleus

�ssion into two fragments?

?
fission

pair pair
<E    > 2< E    >

• Should the pairing strength depend on deformation of

�ssioning nuleus?
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E�et of the ongruene and the average pairing

∗
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*K. Pomorski, F. Ivanyuk, Int. Journ. Mod. Phys. E18 (2009) 900.
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Pure LSD saddle point masses of heavy nulei:
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J. Bartel, A. Dobrowolski, and K. Pomorski, IJMP E16, 459 (2007)
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LSD barriers aording to the topographial theorem
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Phys. Rev. 100 (1955) 937.
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�wi¡teki presription 58 years after

even−even isotopes
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of all isotopes are taken from the NUDAT

depository. The LSD model is used to estimate the marosopi part

of the binding energy. The data are plotted for k = 7.5.

The logarithm of the spontaneous �ssion half-lives is given by:

log(Tsf) = f(Z) + k · (Mexp −MLSD)
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�wi¡teki presription 58 years after

∗

even−even nuclei

∗

K. Pomorski and A. Zdeb, to be published
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Summary:

• Lublin Strasburg Drop desribes well masses of the known isotopes

both in the ground state and saddle points.

• The Modi�ed Funny-Hill parametrisation approximates well the opti-

mal in energy shapes of nulear liquid drops.

• Inlusion of the deformation dependent ongruene (Wigner) energy

and taking the pairing strength proportional to the surfae area improves

signi�antly the estimates of the barrier heights of the light nulei.

• Topographial theorem of �wi¡teki approximates very well the saddle

point masses and �ssion barrier heights.

• Old phenomenologial formula of �wi¡teki ombined with the LSD

masses reprodues well the �ssion life-times of heavy nulei.
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.
Welome to 20

th

Nulear Physis Workshop in Kazimierz Dolny
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.
If you like to learn more, read e.g.
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