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This work reports on a new reconstruction algorithm allowing us to reconstruct the decays of ortho-
positronium atoms into three photons using the places and times of photons recorded in the detector.
The method is based on trilateration and allows for a simultaneous reconstruction of both location and
time of the decay. Results of resolution tests of the new reconstruction in the J-PET detector based on
Monte Carlo simulations are presented, which yield a spatial resolution at the level of 2 cm (FWHM) for X
and Y and at the level of 1 cm (FWHM) for Z available with the present resolution of J-PET after appli-
cation of a kinematic fit. Prospects of employment of this method for studying angular correlations of
photons in decays of polarized ortho-positronia for the needs of tests of CP and CPT discrete symmetries
are also discussed. The new reconstruction method allows for discrimination of background from ran-
dom three-photon coincidences as well as for application of a novel method for determination of the
linear polarization of ortho-positronium atoms, which is also introduced in this work.

& 2016 Elsevier B.V. All rights reserved.
1. Introduction

Trilateration is a widely known technique used for the deter-
mination of a position of a point known to lie simultaneously on
surfaces of several spheres with given radii and centers. In a two-
dimensional space, knowledge of three intersecting and non-
identical circles is required in order to find a unique solution for
the aforementioned point. Similarly, in a three-dimensional case,
information about three spheres narrows the set of possible
solutions to at maximum two points. In practical trilateration
applications, additional requirements on the sought point location
usually exist which allow us to identify the correct solution of the
possible two.

Applications of trilateration-based localization usually deter-
mine the radii of the spheres by measuring the times of
rwiński).
propagation of certain types of signals exchanged between the
object being localized and several reference objects whose posi-
tions are well-defined and correspond to centers of the spheres.
The propagation time measurement requires both the object being
localized and the reference ones to determine the moment of
signal emission or arrival with respect to the same starting point.
This, however, is not possible in many practical realizations where
the signal arrival or emission time cannot be measured for the
localized object. The classical trilateration problem has then to be
extended to involve an additional unknown time and the radii of
the spheres become parametrized by this variable rather than
being constant. As the problem of finding an intersection of three
spheres with radii defined up to variable value is under-
determined, one additional constraint is required in order to limit
the set of solutions to two as in classical trilateration. The addi-
tional information can be provided by a fourth reference object, as
is the case in the most widely known application, the Global
Positioning System (GPS). A similar approach, however, was
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recently applied in particle physics for reconstruction of the KL

neutral meson decays into two and three neutral pions at the KLOE
experiment [1,2]. In these cases photons act as the exchanged
signal and the reference points are provided by the recording
places of the 4 and 6 photons, respectively coming from the decays
KL-2π0-4γ and KL-3π0-6γ.

Decays with three secondary particles only, however, can be
reconstructed as well in a similar manner when the additional
constraint is based on the geometry of the event rather than on a
fourth particle. In this paper, we present a reconstruction method
based on trilateration, intended for reconstructing decays of ortho-
positronium into three gamma quanta ðo�Ps-3γÞ for the needs of
discrete symmetry tests in ortho-positronium decays.
1 As the momentum of decaying positronium is not zero, the three photons
slightly deviate from coplanarity in the detector frame of reference. This effect was
studied using MC simulations and its contribution was found negligible with
respect to the O (1 cm) resolution achieved so far (Section 4).
2. Prospects of discrete symmetry studies with the J-PET
detector

Although the CP and CPT discrete symmetries are thoroughly
tested in a large variety of phenomena (see e.g. [3]), there have
been only a few experiments investigating their conservation in
the leptonic sector [4–8]. Ortho-positronium (o�Ps), the triplet
bound state of electron and positron, was pointed out as a purely
leptonic system sensitive to symmetry violation effects [9] and
several angular correlations observable in the ortho-positronium
decays into three photons have been defined [10]. These correla-
tions use momenta of the photons produced in the decay ordered

by energy j k!1 j4 j k!2 j4 j k!3 j and the spin S
!

of the posi-
tronium. The two latest experiments following this scheme sear-
ched for non-zero expectation values of the CP-odd correlation ðŜ �
k̂1ÞðŜ � k̂1 � k̂2Þ [8] and ðŜ � k̂1 � k̂2Þ sensitive to CPT violation [7] in
decays of spin-polarized ortho-positronia and both have limited
the symmetry violation with a precision between 10�2 and 10�3.

The J-PET device is a novel detector based on long (50 cm)
strips of fast plastic scintillator arranged axially in a multi-layer
barrel [11–13]. While J-PET was developed with Positron Emission
Tomography in mind, it is capable of recording photons from
ortho-positronium decays, thus allowing for tests of both CP and
CPT symmetries with the aforementioned angular photon corre-
lations. Detailed description of potential of the J-PET detector for
studies of discrete symmetries in decays of positronium atom can
be found in Ref. [14]. The design of J-PET system results in large
acceptance allowing us to record all three photons from a single
event and fast signals from plastic scintillators together with
dedicated readout electronics provide a resolution of the time of
photon interaction in the detector of about 80 ps [15,16], superior
to the setups of previously conducted experiments [8,7]. We
expect to significantly improve sensitivity for the CPT test by at
least an order of magnitude with respect to the experiment per-
formed using the Gammasphere [7] by collecting about two orders
of magnitude larger statistics due to the possibility of longer runs
and due to the usage of the higher rate of the positronium pro-
duction (10 MBq at J-PET vs. 0.4 MBq at Gammasphere) which was
limited by pile-ups and 1 μs coincidence window. This limitation
is overcome by J-PET detector due to its much higher granularity
and about two orders of magnitudes shorter duration of signals
leading to the significant reduction of pile-ups and due to the
triggerless DAQ [17] with no hardware coincidence window.
Additional factor is due to angular resolution, which at J-PET is 0.5°
and �1° for polar and azimuthal angles, respectively, while at
Gammasphere both are about 4°.

With the J-PET detector we expect to improve the sensitivity
for measuring expectation values of CP odd operator by more than
an order of magnitude with respect to the measurement per-
formed at Tokyo University [8] because of more than two orders of
magnitude larger statistics and about 3 times better angular
resolution. In addition, it is possible with J-PET to register any
orientation of the decay plane with respect to the spin direction
and any relative angle between the gamma quanta, while it was
fixed in the previous experiment [8]. Moreover since any of the
scintillator strips may detect any of the three gamma quanta, the J-
PET is less sensitive to geometric asymmetries of the relative
detector arrangement and asymmetries due to the uncertainties in
the detection efficiency determination.

It is also important to stress that the J-PET detector time
resolution is a few times higher than at the experiment at Tokyo
University [8] and by more than an order of magnitude better with
respect to the Gammasphere. This will allow us to reduce the
background significantly and hence to improve the sensitivity for
the studies of the C violating p�Ps-3γ process.

The J-PET system is a multipurpose detector, which allows for
positronium polarization determination, as it is described in Sec-
tion 5. Other experiments, like described in reference [18], aiming
at search of the phenomena beyond the Standard Model descrip-
tion of o�Ps decays were optimized for the acceptance, efficiency
end energy resolution for registration of gamma quanta compro-
mising both timing and angular resolutions. The latter is one of the
most important characteristics in the case of the correlations
studies. The usage of BGO crystals in previous experiments gives
and advantage of higher detection efficiency with respect to the
organic scintillators used by J-PET, however this could be com-
pensated by the application of additional layers to J-PET system.
On the other hand, the granularity of the scintillators at J-PET
results in the high angular resolution for gamma registration as
mentioned before, while fast timing of the organic scintillators
allows for the usage of high activity sources (10 MBq at J-PET vs.
3:6� 10�3 MBq [18]) without pile-up contribution.

In the experiments performed so far, the o�Ps decay place was
assumed to lie within positronium aerogel targets (e.g. a hemi-
sphere [7]) and no attempt was made to reconstruct the exact
point nor the time of its decay. In J-PET, however, due to its rela-
tively high angular acceptance and timing resolution, a recon-
struction of the o�Ps-3γ process is possible by means of a new
trilateration-based reconstruction method presented in the next
section. Advantages of such full reconstruction of the o�Ps decay
for its polarization determination and the CP and CPT symmetry
tests with J-PET are discussed in Section 5.
3. Principle of the o�Ps-3γ decay reconstruction

In the o�Ps-3γ decay, photons travel from the decay point
(which needs to be localized) to a particle detector where the
places and times of their interaction with the detector are recor-
ded and serve as reference points, further on referred to as photon
hits. The lack of a fourth reference is compensated by the fact that
all three photons are produced in a three-body decay and thus
their momenta as well as the o�Ps decay point are contained
within a single plane in the frame of reference of the decaying
positronium atom.1 Hence, an additional constraint needed for the
trilateration problem to be determined in this case can be intro-
duced as a requirement that the decay point lies on a plane
spanned by the tree photon recording points.

Fig. 1a shows a scheme of an o�Ps-3γ decay taking place
inside the J-PET detector. For clarity, only a single layer of the
detector is shown and the inter-strip spacing is increased. For each



Fig. 1. (a) A scheme of the J-PET detector with photon recording points marked in black. For clarity, only a single layer of the detector is shown and the inter-strip spacing is
increased. The gray area indicates the o�Ps-3γ decay plane. (b) Scheme of the decay reconstruction reduced to a two-dimensional problem in the decay plane. For each
recorded photon, its hit coordinates transformed to the decay plane constitute the center of a circle describing possible photon origin points, where radius of the circle
depends on the recording time and the unknown o�Ps decay time t. The decay point is found as an intersection of the three circles.
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of the photon recording points, its spatial coordinates and time are
determined as ðXi;Yi; Zi; TiÞ; i¼ 1;2;3. The X and Y coordinates are
obtained directly from the known centers of scintillator strip,
therefore the accuracy is determined fully by the size of scintilla-
tor, while Z and T are calculated from difference and sum of signal
arrival times at the two ends of scintillator strip, respectively [19].
Locations of the three points are used to determine their common
plane, further on referred to as the decay plane. Next, the spatial
coordinates of the hits are transformed from the detector frame of
reference to the decay plane. Let ðX0

i;Y
0
i; TiÞ; i¼ 1;2;3 be the

transformed coordinates. Hence, the information on coplanarity of
the whole event is used to reduce the reconstruction to a two-
dimensional problem, presented in Fig. 1b.

For a photon hit expressed in the decay plane, its possible
origin points constitute a circle centered in the hit point and with
a radius equal to the product of the photon's time of flight and the
speed of light. However, alike the cases described before, the radii
of the three circles are defined up to the time of the photons'
creation (measured with respect to the same starting point as the
hit recording times) which is unknown. Therefore, if the posi-
tronium atom is assumed to decay at time t, for the ith hit, the
photon origin points ðx0; y0Þ must satisfy the following equation:

ðx0 �X0
iÞ2þðy0 �Y 0

iÞ2 ¼ c2ðTi�tÞ2: ð1Þ
It is immediately noticed that the o�Ps-3γ decay point, as the

common origin of the photons, must lie on an intersection of such
circles and thus can be found as a solution of the above equations
defined for i¼ 1;2;3. Solving this system of equations for ðx0; y0; tÞ
yields the location of the o�Ps decay point as well as time of the
decay. In contrast to a classical trilateration problem with constant
radii of the circles, at maximum two intersections of the circles
defined above can exist. Therefore, one of the solutions must be
discriminated using additional criteria based on the reconstructed
decay vertex and time taking the solution closer to the region of
the positronium production target. The last step of reconstruction
is a transformation of the coordinates ðx0; y0Þ of the chosen solution
from the decay plane back to the three-dimensional frame of
reference of the detector.

An important property of this reconstruction method is that it
allows for obtaining the time of the o�Ps-3γ decay simulta-
neously with its spatial coordinates, which allows for its applica-
tion not only to discrete symmetry studies in ortho-positronium
decays but also for determination of o�Ps lifetime distribution in
the material where it is created, as proposed in a novel concept of
medical imaging based on positronium lifetime spectroscopy
[20,21].
4. Reconstruction performance studies with MC simulations

A Monte Carlo simulation of o�Ps-3γ decays in the J-PET
detector was prepared in order to study performance of the
reconstruction method presented in Section 3. The simulation
included βþ decays of 22Na taking place in the center of the device,
positrons' propagation in a wall of cylinder-shaped target medium
before thermalization, as well as o�Ps creation and its lifetime in
the medium. Finally, o�Ps-3γ decays were simulated including
dependence of the o�Ps-3γ transition amplitude on the energy
of photons according to the predictions based on quantum elec-
trodynamics [22] and taking into account non-zero momentum of
the decaying positronium in the detector frame of reference in
order to estimate the effect of non-coplanarity of the photons'
momenta on reconstruction. Subsequently, the energy depen-
dence of the cross-section for Compton scattering in the plastic
scintillators was considered in order to simulate the detector
response to photons produced in the o�Ps decay. Simulated points
and times of photons' interaction in the detector were smeared
with the corresponding resolutions of the J-PET detector
(σðthitÞ ¼ 80 ps, σðzhitÞ ¼ 0:93 cm [15]).

The simulated detector consisted of four cylindrical layers of
scintillator strips with dimensions of 7 mm�19 mm�500 mm
oriented axially, as shown schematically in Fig. 1a for the case of a
single layer. An idealized acceptance was assumed, where the
inter-strip spaces within layers were maximally reduced. The
diameter of the innermost detector layer amounts to 427.8 mm
and consists of 384 strips [23]. The size of a single scintillator
corresponds to the dimensions of the one used in the real J-PET
detector. Photon recording points were resolved up to one strip in
the XY plane which resulted in an angular resolution of Δφ� 0:51.
However, resolution of the Z coordinate (along the scintillator
strips) and of photon recording time in J-PET are correlated and
dependent on the signal reconstruction method used due to the
specific features of this detector [16,24–26]. Moreover, they are
subject to a possible future improvement with an advancement of
reconstruction methods applied in J-PET based on multi-SiPM
readout [27]. Therefore, reconstruction studies were performed
both for fixed detector resolutions of σðthitÞ ¼ 80 ps and σðzhitÞ ¼
0:93 cm presently achieved with prototypes [15] and for these
resolutions varying in the range from 0 ps to 160 ps and from 0 cm
to 2 cm, respectively.

A sample of 105 events lying fully within detector sensitive area
were generated and reconstructed. o�Ps decay points obtained
from reconstruction were compared with MC-generated decay
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Fig. 2. Spatial resolution of the o�Ps decay point in the three Cartesian coordinates and polar angle as obtained with Monte Carlo simulations (black histogram) with
assumed detector resolution σðthit Þ ¼ 80 ps and σðzhit Þ ¼ 0:93 cm. Solid gray line denotes results obtained after a kinematic fit of reconstructed events. The parameters varied
within experimental accuracy are the spatial and time coordinates of annihilation gamma quanta interaction points with the detector, while the position of the o�Ps decay is
constrained to be in the aerogel cylinder wall.

) [ps]
hit

(Tσ
0 20 40 60 80 100 120 140 160

(v
tx

) [
cm

]
σ

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0
Resolution in X

Resolution in Y

Resolution in Z

) [cm]
hit

(Zσ
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

(v
tx

) [
cm

]
σ

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0
Resolution in X

Resolution in Y

Resolution in Z

Fig. 3. Resolution of o�Ps decay point reconstruction in three Cartesian coordinates as a function of detector time resolution with Z resolution of the detector fixed at
0.93 cm (a) and detector resolution in Zwith σðthit Þ fixed at 80 ps (b). While the achievable resolution in three dimensions is strongly dependent on the timing capabilities, its
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Fig. 4. Scheme of a possible o�Ps spin direction determination with the J-PET
detector. A βþ source is located in the center of a vacuum-filled cylinder covered by
aerogel (gray band) in which o�Ps formation and decays take place. Dashed lines
denote lines of flight of the three photons used to reconstruct the decay vertex
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places separately in each Cartesian coordinate and the polar angle.
In order to improve performance of the reconstruction a kinematic
fit was introduced. For each of the three gamma quanta its time and
three spatial coordinates of interaction point in scintillator were
varied within their experimental uncertainty, which for X and Y
spatial coordinates corresponds to dimension of the scintillator
strip, while for Z and time to detector resolutions (σðzhitÞ and σðthitÞ,
respectively). Since the positronium production medium is shaped
as a thin wall cylinder target, the imposed constraint is equivalent
to the vertex being localized in the middle of the cylinder wall in X
–Y plane. Fig. 2 shows the resulting spectra of reconstruction error
when the presently achievable detector resolutions are assumed in
simulations. Application of a kinematic fit yields the RMS of 2.1 cm
for X and Y, 2.3 cm for the Z coordinate and 14.6° for the polar angle
of the reconstructed o�Ps decay point.

The improvement is visible mostly in the resolution of X and Y
coordinates due to the applied constraint.

Dependence of o�Ps-3γ reconstruction on resolution of
photon hits in the detector is presented in Fig. 3. It is visible that
final resolution is mostly dependent on the timing properties of
the device rather than on spatial resolution.
which, in turn, allows us to estimate the positron momentum direction and spin
direction Ŝ of the ortho-positronium.
5. Advantages of o�Ps-3γ decay vertex reconstruction

The reconstruction technique presented above offers several
advantages for the symmetry tests. Firstly, it is a simple and effi-
cient way to discriminate random photon coincidences. As shown
in Ref. [23] the two-gamma accidental coincidence rate recorded
by the J-PET detector is expected to be about 20% of the total
annihilation rate for a 10 MBq source and 5 ns coincidence win-
dow. While these studies concerned two-gamma coincidences, the
rate of accidental triple coincidences for aforementioned source
activity is expected to be of the same order as the average time
differences between annihilation events are larger than between
recording times of photons from a single event. Therefore, a typical
accidental triple coincidence would be constituted by one anni-
hilation event accompanied by a photon from another annihila-
tion. The above considerations show that even though good timing
properties of the plastic scintillators used in J-PET allow for a very
narrow coincidence window, a fraction of accidental coincidence
background at the level of thousands per second irreducible by
means of the time window is still expected. Based on the dedi-
cated simulations of the setup described in Ref. [23] including an
aerogel target shaped as a hollow cylinder around a source (as
presented in Fig. 4) with an activity of 10 MBq we studied the
accidental triple coincidences and obtained a recorded rate of
2800/s within a time window of 5 ns. These can be efficiently
removed by means of the presented vertex reconstruction. As the
reconstruction technique is especially sensitive to the timing
information, events where the three photons used were not
emitted at the same time (significantly beyond the 80 ps resolu-
tion) will be immediately recognized by the reconstructed point
and time being either non-physical or significantly shifted off the
cylindrical target. Based on the aforementioned simulations this
approach allowed us to reject 89% of the remaining accidental
coincidences. Therefore combination of both the narrow coin-
cidence window and trilateration based reconstruction allows for a
rejection of accidentals at a level of 98%.

Secondly, o�Ps decay point reconstruction offers new possibi-
lities to determine the polarization of the decaying positronium.
As the ortho-positronia must be polarized in order to study the
angular correlations in their decays, previous experiments have
either used an external magnetic field [8] or limited the linear
polarization of positrons used to form o�Ps by geometrically
restricting their momenta to a single hemisphere [7]. In the latter
approach, one takes advantage of the parity violation in the βþ

decays which results in the polarization of emitted positrons along
their direction of motion with a degree of P ¼ υ

c where υ is the
velocity of positron. This polarization is to large extent preserved
during the thermalization process and transferred to the posi-
tronium [28,29]. However, allowing for positrons' momenta in a
whole hemisphere around the given direction results in a further
decrease of polarization by a factor 1/2.

The ability to reconstruct the o�Ps decay vertex allows for a
different way of polarization estimation, presented schematically
in Fig. 4 [14]. If a βþ source is located inside a vacuum-filled
cylinder covered with a layer of a medium for positronium for-
mation (such as aerogel), then reconstructed position of the o�Ps
-3γ decay can be used to obtain the positron momentum direc-
tion. As the average polarization of positron from a β decay along
their momentum is 67% for 22Na and 90% for 68Ge as estimated in
[7], the eþ momentum direction reconstructed an event-by-event
basis can be further used to statistically estimate the o�Ps polar-
ization. The average polarization P of positrons can be expressed as
P ¼ υ

cð1þ cosαÞ=2 if positrons are emitted in a cone with an
opening angle of 2α [30]. With the J-PET detector and the
cylindrical positronium target with a radius of 10 cm (as presented
schematically in Fig. 4) the uncertainty of determination of posi-
tron direction will amount to about 15° as shown in Fig. 2.
Therefore the polarization is reduced by 2% only, while in case of
Gammasphere [7], where positrons were emitted in a whole
hemisphere ðα¼ 901Þ, polarization was reduced by factor of 2.
6. Summary

Decays of ortho-positronium atoms into three photons can be
reconstructed in terms of time and place of the decay using the
trilateration-based method presented in this paper. Places and
times of recording the three produced gamma quanta in the J-PET
detector constitute sufficient input information to obtain an ana-
lytical solution for the decay thanks to the specific geometry of the
three-body o�Ps-3γ decay where the photon recording points are
co-planar with the decay place. Performance of the reconstruction
for the novel J-PET device was estimated with Monte Carlo simu-
lations and the spatial resolution achievable with a kinematic fit is
at the level of 2 cm (FWHM) for X and Y and at the level of 1 cm
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(FWHM) for Z with the present timing capabilities of J-PET. The
presented reconstruction method can be used in the tests of the CP
and CPT symmetries with the J-PET detector, allowing for back-
ground rejection as well as determination of o�Ps polarization.
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