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LIST OF ABBREVIATIONS

GATE - Geant4 Application for Tomographic Emission
J-PET - Jagiellonian positron emission tomography scanner
MC - Monte Carlo

0-Ps — ortho-positronium

PET - positron emission tomography

p-Ps — para-positronium

Ps — positronium

XCAT - eXtended CArdiac-Torso phantom

BRIEF DESCRIPTION OF THE WORK

This work investigates the absorption in human tissue of gamma
quanta from para- (p-Ps) and ortho-positronium (o-Ps) decays,
using both simplified phantom models and a detailed eXtended
CArdiac-Torso (XCAT) human phantom. o-Ps, formed in electron-
-positron interactions in tissue, can decay into three photons,
which carry additional information not captured by standard
positron emission tomography (PET) devices. The Jagiellonian-
PET (J-PET) detector, capable of multi-photon detection, can
use this information for positronium imaging with o-Ps lifetime
and 3y/2y decay ratio methods. By generating emission-point-
-specific absorption maps, this study serves as a basis for accurate
attenuation correction in three-gamma imaging.

INTRODUCTION

Positron emitted inside the human body during PET can either
annihilate directly with an electron from the environment or form
a metastable-electron-positron-bound state known as positronium
(Ps). Positronium can exist in two spin configurations: the singlet
state, known as p-Ps, and the triplet state, known as o-Ps, which in
a vacuum predominantly decay into two- and three-gamma quanta,
respectively [1]. However, in the tissue the properties of 0-Ps,
such as its lifetime and the fraction of decays into three photons,
are strongly influenced by the tissue submolecular structure [2].
This dependence has led to the development of a new imaging
technique known as positronium imaging [3-7].

Current state-of-the-art PET scanners are limited to register-
ing only two-photon decays and are therefore unable to provide
information necessary for positronium imaging methods,
which require the simultaneous registration of multiple pho-
tons from the same decay [8]. However, the J-PET, capable
of multi-photon detection, addresses this limitation by pro-
viding the missing information [9]. The J-PET collabora-
tion is currently investigating two main techniques of posi-
tronium imaging: positronium lifetime imaging [7, 10-12]
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and the method based on the 3y/2y annihilation ratio [13, 14]. The
former relies on radionuclides that emit an additional de-excita-
tion photon (prompt) immediately following the * decay, which
provides information about the positronium formation time, and
on the subsequent detection of the two photons resulting from
positronium annihilation, which provides information about the
time of its decay, allowing the measurement of positronium life-
time [12]. This imaging method is referred to as two-plus-one
-gamma imaging.

The second technique, based on the 3y/2y ratio, involves the
detection of annihilation events from both, two-photon and three-
-photon decays [13]. This method offers the advantage of not
relying on the presence of a prompt gamma emitted during the
decay of the radioisotope, enabling the use of a broader range of
radiopharmaceuticals for PET imaging applications. The approach,
which reconstructs spatial information from the o-Ps —3y
annihilation events, is known as three-gamma imaging [14, 15].
After demonstration of the first positronium images [6, 7] and
three-gamma images [14], both positronium lifetime imaging
[16-28] and three-gamma imaging [15, 29-37] are currently
undergoing rapid development.

A primary goal of both, conventional two-gamma and novel three-
-gamma PET imaging, is to reconstruct the spatial distribution
of a radioactive tracer within the patient’s body. However, the
reconstruction is affected by several sources of inaccuracy,
the most significant of which is the attenuation of gamma quanta
in matter (such as human tissue). The attenuation leads to an
underestimation of radiopharmaceutical concentration in deeper
tissues. To compensate for this effect, attenuation correction must
be applied. In the J-PET scanner, a CT-based attenuation correction
for two-gamma imaging is employed [11, 38, 39]. However,
the standard attenuation maps optimised for two photons with
energies of 511 keV are insufficient for three-gamma imaging.
Developing attenuation maps dedicated to three-photon detection
is challenging due to the more complex three-body decay nature
[40]. In the o-Ps —3y annihilation, the photons are emitted in
a single plane with energies ranging from 0 to 510 keV, such
that momentum and energy are conserved. Therefore, energy-
-dependent attenuation corrections are needed.

The aim of this work is to investigate the three- and two-
-gamma quanta absorption in simplified human-body
phantoms as well as the XCAT, using a custom-developed toy
Monte Carlo (MC) and the Geant 4 Application for Tomographic
Emission (GATE) simulation tool. The study demonstrates how
the probability of photon absorption depends on the decay
point and develops absorption maps for 2y and 3y annihilations,
forming the basis for attenuation maps necessary for PET
images corrections.
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METHODS

In this study, the gamma quanta absorption in various materials
was evaluated using a toy MC simulation developed in the ROOT
v6.26/10 data analysis framework [41], as well as with the GATE
v9.0 simulation toolkit [42], based on Geant v4 10.7.4 [43].
The simulations were carried out using simplified phantoms
approximating the human body and a detailed mesh50_XCAT
human phantom. The descriptions of the simulation procedures
and used phantoms are presented in the next subsections.

Toy MC simulation

A key aspect of the toy MC simulations was the generation of
the p-Ps and o-Ps decays, with kinematic constraints taken into
account. The p-Ps decayed into two photons, and o-Ps decayed
into three photons, were simulated. In this work we study the
attenuation of photons in the imaged object, which is the same
for photons originating from p-Ps —2y decay and direct electron-
-positron annihilation into 2y. Similarly, the attenuation of photons
from o0-Ps —3y decay is the same as that of photons from the
direct electron-positron annihilation into 3y.

In the case of p-Ps, two gamma-quanta emitted, back-to-back,
each with the energy E = 511 keV, were generated. The decay
simulation consistedgf a random selection of the first photon’s
momentum direction (k,) uniformly over the solid angle, with a fixed
momentum magnitude of 511 keV. The sphere was parametrised
by two angles: the polar angle 6 defined as the angle between
the radial vector and the polar axis, and azimuthal angle ¢, which
represents the rotation of the radial vector around the polar axis.
The random direction was generated by sampling ¢<[0, 360)°
and cos(0) € [-1,1]. According to the momentum conservation
rule, th_(? dirg:)tion of the second photon’s momentum vector was
setto k, =—k,.

For the 0-Ps decay into three photons (schematically shown in Fig. 1.),
its dynamics is described with matrix element MO_PHW defined
by non-relativistic quantum electrodynamics (NRQED) [44] as:

me—El)z (me—Ez)z (me‘_Eg)z

E3E; E\E5

MO—PS—»3]/ = ( E:[Eg

(1)

where m_is electron mass and E, E,, E; are the energies of the
gamma quanta.

In the simulation, the photons’ energies are randomised as
follows:

E, € (0,511 keV),
E, € (511 keV — Ey,511 keV),

— (2)
E3 = Mps — E; — Ej,

where M, = 1022 keV is the positronium mass.
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Fig. 1. Schematic illustration of the o-Ps decay.

The relative angle between two photons in the decay plane HU
was determined based on energy-momentum conservation. For
massless photons, where E = p, the relations are as follows:

6. = cos-1 (pf = p,?)
= A
PiP; 3)

The decay plane is then rotated in the three-dimensional frame of
reference by applying a random rotation matrix, generated by using
a method based on the uniform sampling of unit quaternions [45].

Generated events are accepted or rejected using the MC hit-
-or-miss method, with a weight specified by the matrix element
Equation (1). The results of the simulation are presented in Fig. 2.
Panel (A) shows the energy distribution of a photon from the
0-Ps decay, while panels (B, C) present Dalitz plots in energy and
angular representations. The Dalitz plots describe the kinematics
of the decay using two independent parameters, e.g., photons
energies (E,, E,) or the relative angles between them (6, ,, 6,.) [46].
After the positronium decay, a photon can interact with the
surrounding material’s electrons, nuclei or atoms. The interactions
lead to loss of gamma quantum energy or changes in its direction of
movement. The dominant processes of interaction, where photons
lose part or all of their energy, are the photoelectric effect, Compton
scattering and pair production [47]. Summarily, these effects are
included in the linear attenuation coefficient p(E),which describes
the fraction of attenuated gamma quanta from a monoenergetic
beam per unit thickness of a material. The probability that gamma
quantum with the energy E is not absorbed over distance d in the
material takes the following form:
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Fig. 2. Results of the o0-Ps—3y decay simulation generated for 107
events. (A) Photon energy distribution; (B) Dalitz plot in energy
representation; (C) Dalitz plot in angular representation.

For a photon passing through m different materials, the escape
probability is the product of the individual transmission probabilities:
P=1] _e*m ®dm The total probability that all photons from
a positronium decay pass through the material is then P,_=[]P.
To determine whether a given gamma quanta pair or triplet escapes
the phantom, a MC hit-or-miss method is applied using a weight
specified with the probability P_. The toy MC simulations were
performed by generating 107 of p-Ps and o-Ps decays in simplified
human-body models, described later.

GATE simulations

Similar simulations were performed using the GATE v9.0 simulation
toolkit [42] with the em_livermore_polar physics list, standard for
J-PET MC simulations [48]. In the studies, the §* source decay was
not directly simulated. p-Ps was represented as back-to-back
photon pairs, while 0-Ps was simulated using ExtendedVSource
extension [42].

The GATE simulations were performed using simple phantom
models as well as the XCAT human model, described in the next
subsections. No explicit PET detector geometry was implemented
in the simulation, as the primary focus of this study was the
absorption of photons within the phantom models. Instead,
the phantom volumes themselves were defined as crystalSD
sensitive detectors, allowing the recording of all photon interactions
within the simulated models.

The crystalSD sensitive detector in GATE records detailed
information about particle interactions occurring inside a specified
volume [42]. This approach was chosen to enable the analysis of
photon interactions within the phantom models independently
of a specific detector design.

Simple phantom models

The toy MC and Gate simulations were performed for different
models approximating the human body. In the simplest model,
the human brain was approximated by a sphere with water,
with a radius calculated from volume of the average size of the
brain from Ref. [49], equalling 7 cm (Fig. 3A.), while the body
was approximated by a cylinder with water with a radius and
height of 15 cm and 150 cm, respectively (Fig. 3B.). A more
complicated head model consisted of a sphere with brain tissue
with a radius of 7 cm surrounded by a 0.655-cm-thick layer
of bone (Fig. 3C.).

The properties of the materials included in the simplified human-
-body model are presented in Tab. |. The values of mass attenuation
coefficients of used materials were acquired from the NIST
Standard Reference Database 126 [50], while the linear attenuation
coefficients were calculated as:
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A B c

Fig. 3. Simplified phantom models. (A) Water sphere; (B) Water cylinder; (C) Head model.

Tab. I. Materials used in the toy MC and GATE simulations, and their densities [42].

MATERIAL NIST MATERIAL GATE
DENSITY 2

STANDARD REFERENCE DATABASE (TOY MC) MATERIAL DATABASE [gfcm?]
Water, liquid Water 1.00
Bone, cortical Skull 161
Brain, grey/white matter Brain 1.04
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- K - K = B
E \ £ £y £ kN
107\ 2 F\ 2 10°k
= \ o 10 W 3 'k\

107 ¥ EoW o\
Ll 'IDQH % \
10 \ : '\* 1 Cl' n
\ 10, : f
1 \ f ..". 1 .\'«
d 1 X N\
S ) t ‘-"‘_ .
107" T, e 10! e
e 1Y 107 = T
o 1 i — heid szl .TL’*--
107 10° 10" 1 10 10 107 1 10 107° 10°% 107" 1 10
E [MeV] E [MeV] E [MeV]

Fig. 4. Linear attenuation coefficients of the materials used in the toy MC simulation as a function of photon energy. The points represent the values
of linear attenuation coefficients calculated for the values available in NIST Standard Reference Database 126, and the line corresponds to the
interpolation. (A) Water, liquid; (B) Bone, cortical; (C) Brain, grey/white matter.

H = Plmass (5)

where p is the material density. The materials were assigned
densities according to the GATE material database [42].

To perform a toy MC simulation of the absorption of gamma quanta
originating from o-Ps decays, a continuous distribution of the linear
attenuation coefficient was needed. However, since the data from
the NIST Standard Reference Database 126 are available only for
discrete energy values, interpolation was performed for water,
brain and bone tissues, as shown in Fig. 4.
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The simulations were performed for both, p-Ps and o-Ps decays,
uniformly distributed within the model.

XCAT phantom model

Using the GATE simulation toolkit, more advanced simulations
were performed for a realistic human-body XCAT phantom. In this
study, a mesh50_XCAT phantom, developed and maintained by
Auer Benjamin, was used (Fig. 5.) [61, 52]. The mesh50_XCAT
phantom represents a 50t percentile American male, meaning
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Fig. 5. Detailed view of the human-body mesh50_XCAT Phantom [51, 52].

Tab. Il. Components of the mesh50_XCAT phantom and their materials [51, 52] with their densities [42].

PHANTOM COMPONENT MATERIAL DENSITY [g/cm?]
Body Water 1.00
Air cavity Air 1.29-103
Brain Brain 1.04
Skeleton SpineBone 1.42
A
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|
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Fig. 6. Voxelised versions of the mesh50_XCAT phantom; white denotes bone, pink — brain, blue — water, purple — air. (A) Voxel dimensions of (1, 1, 1)
mm?; (B) Voxel dimensions of (5, 5, 5) mm?3.

that its body measurements (height, weight and major circum- As a uniformly distributed source of p-Ps, a voxelised version of
ferences) correspond to the median values in the PeopleSize an- the phantom was used with voxel dimensions of 1 x 1 x 1 mm?3
thropometric database for U.S. adult males [53]. For the purpose (Fig. 6A.). The simulation with p-Ps consisted of 107 events.

of this work, a head-only model was implemented. The individual

components of the phantom structure, and their assigned mate- Due to the fact that the GATE v9.0 does not allow use of the
rials from the GATE material database, are presented in Tab. Il. voxelised source type and the ExtendedVSource library
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simultaneously, 0-Ps decays were simulated in a loop. To perform
the simulations, a voxelised source was resampled into voxels with
the dimensions of 5 x 5 x 5 mm?3 (Fig. 6B.). This resampling was
performed to reduce the overall computational time by limiting
the number of independent sources to be simulated. Each of the
44,350 voxels was simulated as a singular cubic source of 0-Ps,
and each simulation consisted of 10° events.

RESULTS

The simulations allowed investigation of the percentage of
non-absorbed photon pairs (p-Ps) and triplets (o-Ps) relative to
generated events in the phantom models. The numerical results are
presented in Tab. Ill. Only the photon multiplets from which none

of the particles reacted in the phantom (e.g., by the photoelectric
or Compton effect) were considered as non-absorbed. Statistical
uncertainties are negligible due to the high statistics of simulated
samples of 107 events.

The results obtained from the toy MC and GATE show good overall
agreement. Minor differences can be attributed to differences in
the implemented linear attenuation coefficients.

Additionally, absorption maps were generated. These provide
emission-point-specific information about the fraction of photon
multiplets emitted from a given volume in the phantom, for
which at least one gamma quantum interacted with a model’s
material. Example absorption maps obtained from GATE simulation

Tab. lll. Percentages of non-absorbed gamma quanta pairs (p-Ps) and triplets (o-Ps) from toy MC and GATE simulations for different phantom models.

NON-ABSORBED GAMMA QUANTA MULTIPLETS [%]

PHANTOM
p-Ps (2y) TOY MC p-Ps (2y) GATE 0-Ps (3y) TOY MC o-Ps (3y) GATE
Water sphere 37.8 379 18.1 18.2
Water cylinder 7.6 1.6 1.6
Head model 30.2 30.1 119 119
Mesh50_XCAT - 24.9 - 10.3
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Fig. 7. Absorption maps of the water sphere phantom (Fig. 3A.) for positronium decays. The maps are presented as a projection onto an XY plane (A, D),
0.5-cm central slice (B, E), obtained from the GATE simulation, and 1D absorption maps obtained from both toy MC and GATE simulations (C, F).
(A) p-Ps (2y) absorption map — projection; (B) p-Ps (2y) absorption map — 0.5 cm slice; (C) 1D p-Ps (2y) absorption map; (D) o-Ps (3y) absorption
map — projection; (E) o-Ps (3y) absorption map — 0.5 cm slice; (F) 1D o-Ps (3y) absorption map.
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Fig. 8. Absorption maps in the coronal transverse and sagittal planes of the XCAT human-body phantom (Fig. 4.), obtained from the GATE simulation. (A)

p-Ps (2y) absorption maps; (B) 0-Ps (3y) absorption maps

corresponding to the water sphere model are presented in Fig. 7.,
and to the mesh50_XCAT phantom in Fig. 8. The maps represent
a full projection of the entire model onto a single plane, as well as
a central slice with a thickness of 0.5 cm within + 0.25 cm from
0 along the axis perpendicular to the given plane.

Furthermore, the percentage of surviving photon multiplets was
calculated as a function of the distance between the decay point
and the centre of the model for spherical phantoms. The plots
were compared between the toy MC and GATE simulations. The
results obtained for the water sphere model are presented in Fig.
7C. and 7F. The graphs did not reveal any significant differences
between the simulations performed with the two tools, confirming
the correctness of the toy MC implementation.

The numerical results, along with the absorption maps, indicate
that the absorption of photons produced in three-body decays is
significantly higher than that of photons from two-body decays.
This observation is consistent with expectations, not only due to
the lower energy of each photon in the three-body decay, which
leads to a higher linear attenuation coefficient, but also due to the
increased probability that at least one gamma quantum will be
absorbed in a photon triplet compared to a photon pair. The overall
ratio of unabsorbed photon multiplets from 3y/2y decays ranges
from 1/4 to about 1/2, depending on the phantom (lower for the
cylindrical model and higher for the head models). As expected, for

BIO-ALGORITHMS AND MED-SYSTEMS, 2025; (SPECIAL ISSUE NEW TRENDS IN NUCLEAR AND MEDICAL PHYSICS): 42-51

the cylindrical phantom simulating the human torso, the attenuation
of both 2y and 3y photons is higher than in the head phantoms,
amounting to approximately 92.5% and 98.4%, respectively.

CONCLUSIONS

The aim of this study was to investigate the absorption of gamma
quanta originating from p-Ps —2y and o-Ps —3y decays within
various phantoms. The analysis was based on simulations of
these decay processes and the photon interactions with matter,
performed using two simulation tools: a custom developed
toy MC algorithm implemented with the ROOT data analysis
framework, and GATE (Geant4 Application for Tomographic
Emission). Simulations were carried out using both simplified
human-body models and the anatomically detailed mesh50_
XCAT human phantom. Within the scope of this work, the ratios
of gamma quanta multiplets, from which none of the photons
interacted in the phantom was calculated for sources, were
distributed uniformly within the phantoms. The key outcome of
this study, however, was the generation of absorption maps that
provide emission-point-specific information on gamma quantum
absorption. These maps form the foundation for constructing
attenuation maps (u-maps), which are essential for tomographic
image correction, particularly for three-gamma images. Such
p-maps have not yet been developed for three-gamma imaging,
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which remains challenging due to the more complex, energy-
-dependent kinematics.
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